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A NOTE ON V-IDEALS
By Young Soo Jo and Sang Ki Lee

1. Intreduction

In [6], Vi-ideals and translations of an universal algebra Ul are introduced
by Tae Ho Choe. He used unary algebraic polynomials of 21 to construct
Ui-ideal. In this paper, we obtain a necessarv and sufficient condition between
Ui-ideal N and congruence relation 0y induced by N. Finally we find some
properties of topological Ul-ideal. The terminoclogies and the definitions used
here mainly follow [8] for universal algebras, [4] for category and [2] for
topology. Throughout this paper, all universal algebras will be of finite type,
i.e., by a r-algebra we mean a pair <A, F=(f);=;>, where A is a set, F a
family of operations: maps f, of A™ into A, where mi is the arity of the f,
that is nonnegative integer and 7 is a finite ordered set (1, 2,..., ¢}, Then we
say that it is of arity type v=(ml, m2,... mt). Throughout this paper, we
assume that F has a distinguished nullary operation ¢, which we call the zero
of Ul

Denote Ul[x] to be the set of all unary algebraic polynomials over Ul

2. Ul-ideals

LEMMA 2.1. Let Ul and & be t-algebras and I a homomor phism of U inte Z.
Then for any unary algebraic polynomial p(x)EUV[x] there exists q(x)EL [x]
such that hp(x)=q(h, i.e., k(p(a))=qh{a)) for all aEA.

LEMMA 2.2, Lot Ul end & be t-algebras and h a komomor phism of Ul onto .
Then for any g(x)EF (x] there exists p(x)EVi[x] such that hp(x)=q(x)h.

THEOREM 2.1. Let Ul and & be t-algebras and k a homomorphism of Ul into
. Let M be @ F-ideal. Then lfl(M) is also Vl-ideal.

PROOF. For any p(x)&Ul[x] if p(cz)Ek—I (M) for some aEk_l(M). By Lemma
2,1, there exists g(x)E. [x] such that zp(x)=q(x)k. Then k(p(a))=q(r(a))EM.
If 6k~ (M) then h(p(B))=q(R(D)EM.
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THEOREM. 2.2, Let Ul and & be t-algebras and h a homomor phism of Ul onlo
. Let N be an Ul-ideal. If Ker hC0Oy then h(N) is a Z-ideal.

PROOF. For any q(x)EF [x] if q(6)Ek(N) for some d3&EkE(N) then there exists
a&N such that k(a)=5. Then by Lemma 2.2 there exists p(x)Eii[x] such that
hp(x)=q(x)h, thus k(p(a))=q(b)ER(N). Then (pla), n)EKer I for some nEN.
Since Ker hC8y, p(a)EN. Then for any dER(N)q(d)=q(h(e))=h(p(e))ER(N),
where ¢eEN and k(e)=d.

THEOREM 2.3. The interseclion of any Ul-ideals of t-algebra is an Ul-ideal.

Therefore {N,|{€I} forms a complete lattice, its greatest element is Ul and
least element is MN,. Denote Ul, to be the set of all Ui-ideals (about 0).

=1
DEFINITION 2.2. [6] Let Ul be a r-algebra and let ¢= (¢, (x)EU [x] [eEA} bea
set of nonidentically zero unary algebraic polynomials such that ¢, (#)=0 has
the unigue solution @ in Ul Such a ¢ is called a framsiation (about 0) of UL

DEFINITION 2.3. [6] Let Ul be a r-algebra and let ¢ ke a translaticn of Ul ¢
is said to be left invertible if ¢, (x)E¢ has a left inverse ¥ (x)EUi[x] (in the
sense that ¥ (¢ (x))==x) and ¢ (x)=x.

3. Topoelcg'cal z-algebras

DEFINITION 3.1. [7] A topological r-algebra is an object (A, ()., 7 >,
where (A4, (fz'):'51> is a t-algebra and .~ is a Hausdorff topology on A such

that each f; is a continuous map of the product space (Afm., f"mi) into (A4, .9 ).

THEOREM 3.1. Let (U, ) be a topological t-algebra and let C be a component
of O them C is Ul-ideal.

PROOF. For anyv p(x)e&Ul[x] if p(a)EC for some a€C, then p(B)EC for all
BEC, Suppose p(M&EC for some #EC. Since each operation is continuous pla) :
Ml—l is a centinuous map. Then p(C) is connected. Since p(a)&Sp(CINC,
CUpC) is connected and GECUH(C) and p(8)EC but p(BHeCUL(C). Thus C
is a proper subset of CUp(C). It is a contradiction to the fact that C is
a component of O.

THEOREM 3.2. Let (U, 97) be a topological t-algebra and let N be an Ul-ideal.
Let o= {p ()€U [x] |a€A} be a left invertibly transiation of Ul. Then N is open
in Ul if and only if Oy is open in UXUL
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PROOF. For any (e, »)E8y and §,(x)EP since ¢,(B)EN, ¢, (a)=0EN and
$,(x) 1 U—>Ul is continuous there exists neighborhood U and V of a and b,
respectively, such that ¢ (U)CN and ¢, (V)CN. Then UxV is a neighborhaod
of (a,b) such that UXVC#y. Because for any (¢,d)EU XV let p(x)EUl[x] and
p(c)EN. Then there exists g(x)EUl[x] such that p(x)=¢(g,(x)). Since ;(c)=
q(¢ (a))EN p(d)=q($,(d))EN. Hence (¢, d)E0,. Conversely, if 8 is open
in U then [a],, is open in U for each ¢€Ul. Since N= [n]0y for some nEN, N
is open in UL

THEOREM 3.3, Let (U, .57) be a topological t-algebra and let g&:{géa(x}e

U[x] la=A) be a left invertible tramslation. Then every open Ul-ideal is closed
in Ul

PROOF. Let N be an open Ul-ideal. Then by Theorem 3.2 8y is open in UIXUL
Thus for each a&A [a], is open. Then N=A-U)al, . SinceU [a], isopen, N
¥ aEN ¥ agEN ¥
is closed in Vi

THEOREM 3.4. Let (U, 5) be a topological t-algebra and let N be an Ui-ideal.
Let ¢= ¢, (x)EU[x] |aEA] be a left invertible translation. Then VI/N is discrele
if and only if N is open in Ul

THEOREM 3.5. Let (U, 5 ) be a lopological t-algebra and let C be a component
of O. Let ¢ be a left inverlible translation. Then O has a component consisted 0
only in UI/C.

PROOF. Let U be a component of O in UI/C and let @ : I—Ul/C be a canonical
map. Suppose there exists ¥*U such that £#0. Then ¢ '(U/) is a subset of %
and Cqudl(U), since for any ¢€C (c)Ep(C)CU. Moreover, C is a proper
subset of ga—l(é’), since x€£C but ngo”l(U). Since C is a component of O
w_l(U)is not connected. Then there exist open subsets P, @ in Ul such that

M ¢ '@ =(PNe~ @NU@Ne ™). where (PNg~ UNNQNe ™ @))=
@ and neither set is empty. Then it is verified that U=(e(P)NU)U((@NU).
For any a€U since g;._l(U):UU[a] 5, 1a] G‘CUIEF] e Then by (1) laly =(PN
[a] t%)U(Qn [a] Bc)‘ Since Ul hat.!sE a left inverat(igb]e translation ¥ _([0] 56):¥7a(C)
= [a] o since bE& [a] 5c¢>(b, a)EBc@t;Sa(b)EC@Wa(gﬁa(b))=bEfFa(C). Since ¥ (x)
is continuous [aly, is connected. Then [al, C(PNI[alg) or [al, C(QN [a] ).
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Thus ;c-(Pﬂp_l(U))ﬂ;o(Qﬂga_l(U ))=¢. For, suppose there exisic d=
¢(PNg " @NNP@QNe @), Then ¢ '(AICP, ¢~ (CQand ¢~ (a)= [u]6e.
Thus [#] ﬁ;CPﬂ@_i(U) and [zé]ﬁcCQﬂqo_l(Ef ). It is a contradiction. Then
(PN =DN@@NU)=¢ and since ¢ is an open map, each is open in
U. It is contradictory to the fact that U is connected.

THEOREM 3.6. Let (Ui, .57) be a topological t-algcltra with a lefi invertible
translation ¢. Then an Vi-ideal N is closed in Ul if and culy if la] 6, 1S closed in
Ui, for each a&EA.

PROCF. For any t&E [a}gv since (b, a)&0, Ly Proposition 2.5, ¢, (B)EN. Since
NEis open in Ul and ¢,(x) is continuous there exists an open tet U in Ul such

that d&U and gﬁg(U)CNC. Moreover, UC[algN. since for any u«€U¢_ (u)ENC
8, (a)=0€EN.

THEOREM 3.7. Let (Ul, 9) be a compact t-algebra with a left invertible
translation ¢. If N be an open Ul-ideal then ¢:Ul—UI/N is a closed map.

PROOF. Let H be closed in Ul and let ¢€Ul/N—g(H), where é¢= le]y, and

tzEIUH[h] g, Since N is open by Theorem 3.2 0 is open in UXUL. Then {[A]g |
d= b

heEH] is an open covering of H. Since H is compact, there exist [/1] FRREEr [hn] 8,

such that ’Liil[hz'] g, 2H. Since N is open and Ul has a left invertible translation ¢
by Theorem 3.3 and 3.6 [h], Is closed in Ul Thcnigllkz‘] g, is closed. Thus
there exists an open set U in # such that aEUCE/T-rlZII[hz'! 5, Since ¢ is an open
map o(U) is a neighborhood of ¢. And ;-a(U)ch-¢.§_L='Jl[;zz-] 5 )CU/N —g(H).
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