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ON STABILITY OF PERTURBED THIRD ORDER 

LINEAR DIFFERENTIAL EQUATION 
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The equation considered here is of the form 

u+aü+ù-aι=씨 (tt. û, “, μ) 
” ( 

in which a is a constant, ι is a real analytic function in all its arguments and 

μ is a real small parameter. The dots ind icate differen tiation v~ri (h respect to 

thc time t. 
Any equation in the form 

u+aü+bi‘ +C:α=μh (κ• û. ü. μ) 

where a, b and c are constants reduced by certain transformation to equation 

(1). 

The muin ussumption in t his paper is that t he unperturbed equation 

α十aι十μ+aα=0

hus a pair of imaginary eigenvalues. This problem is quite different from that 

considerecl by Ezeilo [2] . 

Let 

Zl =ι Z2=μ， z3 =“ 
then equation (1) is recluced to the system 

z=Bz+μg (z, μ) (2) 

where 
r z,l í 0 1 Oì ro ì 

z=1 z; 1, 8=1 0 0 1 1, g(z, μ)=1 0 

I Zjll-a- l - o l 1"(zl, 22, 23' μ기 

The transformation z=QX 、vith det Q낯O 

\V ill let equation (2) takes the form 

x = Ax.μ f(x , rt) (3) 

where 
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and f=Q-l g. 

It is easy to see that the eigenvalues of A a re -a, +i, -i, i.e. A has one 

real and t\VQ pure imaginary roots which are in accordance with Qllr assumption. 

Through this paper the followi n,; a bbreviations will be used: 

R(:r:, μ)= /z(Q:r:， μ) 

1 (1) =R( b cost, b sinl, 0; 0) 

끼(t) =RXt(b cost, b sint, 0 , 0) 

η(1) =R'μ(b cost, b sint, 0 ; 0) 

where b is a real constant. 

THEOREM 1, [f a real c011-sla .. ! b~O exisl for lOilich 

2:1" 

a1ld 
2 .. 

J r( -1) [cos !-a sin t] dl타(b)=O 
o 

i!F(b ) ( 
풍칸=} [cos I-a sin tl [η(- I)C05 t-72( -t ) sin t] dt낯o t /zell for I μ ! 

O 

sufficiently s /llall equatio /l ( 1) Itas a μnique l101lCOtlstant periodic solutioll p (t, μ) 

of period T(μ)= 2+δ(μ) sμ clt tha!: 

P(t, O)=b cos 1, 

T(O) = 2π， alld 

lim 빡=c=--←-지( -1) [sin 1 + a cos tl dl 
μ→」 μ b(a" + 1) ‘) 

The solulio" P(t; μ) is a1lalytic f or all t a1ld I μI sufficielllly s1llall. 

The proof of this theorem is analogous to that of T heorems 4, 1 and 4, 2 Chapter 

14, [I J. a nd therefore be omitted. 

Let q(t ; μ) be the periodic solution of (3) . T he first variational system of 

system ( 3) corresponding to q(t, ,u) is 

y=[Aι， 7μf’， (q (l ; μ) ; μ)Jy (4) 

where y = [Yl· Y2, y3l T , A노 쁨 

THEORE~I 2. U.여cr tlze hypotheses of Theorem 1, t/ Iμ I is "'ffiιie1lUy s’lJtall. 

μ~O alld 
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2.. 

μ f [r 1( I) + arz(t )J dl> 0 (5) 
o 

then the characterisHc lnιltiþliers of (4) satisfying Ihe follo1Uilzg conditiolls 

λ1(μ)= 1. / Xz(μ) / < 1 <<Izd / Àiμ) / < 1. 

t 1zι5 l1ze þer jodjc solu /ÍO/z p(t. μ) of (1) is orbilally asymplolically slab/ • . 

PROOF. By Liouville’ s formula we have 

T(μ) 

써3=exp{ -aT -월['I+ar2 - r3J 혜 
Since iz(l . μ) is a periodic solu tion of (4) . then onc of the characterist ic 

mul tiplicrs 01' system (4) is in modulus equal to 1. say 신 i. e.λ1(μ) / = 1. 

Thus 

T(" ) 
Î.2(μ). Á3(μ)=exp l -aT-냄감 f ['I + a' 2- r3J dl) 

o 

where 2lμ) is the characteristic mu1t iplier of (4) for wh ich λ3(0) = e Zta. T hus 

the condition / À3(μ)| = e-Ta< 1 holds if | μ / is sufficiently smal l. 

The relation between the character istic multiplier and the corresponding 

charac teristic e xponent is given by 

ì. =e
Tp 

(7) 

[t is obviously ":,(1') . η. q and T are analytic fu nctions of μ for / μ / suff iciently 

sma ll. Hence 
2π 

lυ써2싱'2(t씨{μ시씨‘ο이)/ =e썩x앤쩨p아{닐항헥JIhr#2-%싸J dl찌t←-μ때2값찌π때찌찌pκ따/닝'2(0) 

‘\V‘\' here p~’2아(ω0이)= [μd.o2

“
Id!μ씨l샤J ，μ’"=0α). On t he other hand from (η we have 

P2(0) =숲(λ찌crr" + ac). (9) 

Using Loud Theorem 1. [41. or Farkas method [3J one can determine λ닝 (0) as 

follo \Vs 
2π 

션(0) = - ace-2:a + 」7 e-2M I mq(t) dt. 
i + a 6 J 

(10) 

Substitution (10) into (9) the condition J}.lμ) / < 1 is satisfied. T his completes 

t he proof of the theorem. 
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REMA와(S. (1) If 
2π 

μ [rr/I) +arll뼈이 
O 

The conditions of the Theorem 2 do not hold and thus the periodic solution 

Þ(t. μ) of (1) is unstable. 
(2) If 

2π 

!rrl( t) + ar2(1)] dl=O 
o 

the stability condition depends on the coefficient of the second approximation 

of μ2 in (8). 

(3) The above method can be extended to the real perturbed Iinear equation 

of order n which takes the fol1owing form 
(서 (,. - 1) I _ .,<" - 2) , _ .. ~ I _ •• _ .. l.l' .. , ~ ， A' •• ( 11-1) 

ι +al,‘ +a2'μ + ... a ,,+a “=μII(ι • U, te • •• , U~ μ) 

where the characteristic equation 

r ”+alr” l ÷- --a,-l7+a”=o 
of the corresponding unperturbed equation has two pure imaginary roots and 

a l1 the other roots are simple and have negative real parts. 
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