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RELATIVE IDEALS IN GROUPS 

By T. K. Dutta 

Let S be a semigroup and T be a sub-semigroup of S. Now a nonemptγ 

subset A of S is ca11ed a 1앙t T -ideal if T A득A [4]. The right T -ideal is defined 

a nalogously. A nonempty subset A of S is called a T -ideal if it is both left 

T -ideal and right T-idea l. 

In [4] A. D. Wa11ace has shown how Faucett’ s theorem on cut-poin ts of the 

minimal ideal of a compact connected semigroup may bc relativized. Also in 

[5] . he has studied the relativized Green ’ s relation. 

Now the object of this paper is to study the relative ideals in groups. The 

examples given below show that a group may contain relative ideals. 、Vith the 

help of this notion of relative ideals we have obtained a numèer of cri teria for 

a subsemigroup T of a group S to be a subgroup and also to be a normal 

subgroup. AIso the results obtained in this paper generalise SQme results on 
"Ge1Zeralised semi ideals 01 semigroups" introduced by M. K. Sen [2] . 

EXAMPLE 1. Let M 2 be the set of a11 2X2 nonsingular metr ices over the fi eld ' 

of rational numbers. Then M 2 is a group w. r. t. matrix mu lt iplication. Let 

T = ((g 잉， 껴here a. b are integers} and A= {(따). e. f. g. Iz. are even intege싹 
Then A is a left T -ideal as 、vell as a right T -ideal of M2 

EXAMPLE 2. Let R be the multiplicative group of the set of all nonzero 

rational numbers. Let T= {r2/7ERl . Then T ls a subsemlgroup of R. I A3t A= 

{융r2/rER} . Then A is a T-ideal of R 

PROPOSITION 1. Lel G be a group a1Zd A be a 1lOnelllply subsel 01 G. The1Z Ihere 

exists a 5ιbsemigroup T 01 G s. l. A is lell (righl ) T -ideal 01 G. 

PROOF. Let T= (1εG/tA도A) . Obviously. T is nonempty since 1. the identity 

element 01 G. belongs to T. Let 11' '2εT then IjA득A and '2A도A. Now (tj . 12) 

A=11 (12A)도11A득A. So /t" 2ET. so T is a subsemigroup of G and A is a left 

T -ideal. Similarly we can show that A is a right Tj-ideal of G for a subsemigroup 

T j of G. 
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EXA 'vIPLE 3. Let 1 be the additive group of all integers and 12 be the 5Ct of 

all positive even integers. Then 12 is a sllbsemigroup of 1. Let A = {aEl la>6}. 

Then A is a 12-ideal but the complement of A in 1 is not a 1 2-ideal. 

PROPOSITION 2. Lel G be a semigrouþ. A subsenzigrouþ T 01 G ，ωII be a grotlþ 

il co…þlemellt 01 eνery T .ideal (bolh lelt alld right ) is also a T .ideal. C01IVCTsely. 

11 comþlemenf 01 every T .ideal is a T .ideal Ozen bolh T and G are grouþs. 

PROOF. First we assume that T is a group. Let A be a left T.ideal of G a nd 

xEG/ A ( lhe complement of A in G). we shall show that fxεG/A ‘,\" here tεT. 

If possible. let fxEA . Then 1-1(tx)EA i.e xEA. which is a contradiction . So 

fxεGI A and hence G/ A is a left T .idea l. Conversely. we assllme that complement 

of every T. ideal is a T .ideal. Let A be an ideal of the semigroup T. Then A is 

a T- ideal. Hence T/A will also be a T .ideal. Let tET and aEA. T hen taEA. 

AIso laET / A since A and T / A are ideals of T. so T does not contain any proper 

ideal. (toth left and right) . So T is a group. Similarly. we can show that G 

lS a group. 

COROLLARY 1. A semigroup S toill be a gTOtφ ，ιf comþleme1lt 01 ever)' ideal 

is an ideal. Followillg M. K. Sell [2]. a subset A 01 a semigrouþ S will be 

called a ge1!eralised Iζft semiideal (g.l.s.) ,j .<' AÇ;; A. VxES. 

COROLLARY 2. A commu!ative se…igrouþ S 10ill be a com",u!ative grouþ ill 

comp!emenl 01 eνery g. s. ideal is a g. s. ideal. 

PROPOSITION 3. Let G be a semigrouþ with tlze subse1lligroup T. Theu T will 

be a gr.ltlp il the diκferetlce A-B 01 fwo Tτdeals (bollllκfl olld right) ,:s a T .ideal 

(assumillg t Ílal ø. the emþly set is also a T.ideol). COllversel)'. U the d,jlcre1lce 

,ollwo T .ideals is T • ideal fhe’‘ bol/,‘ T U1zd G ωill be gro1tþs. 

Let I (S) be the set of all T-ideals (I;oth left and right) of a semigroup S and 

P(S) be the set of all T .idcals A s. t. faEA::::::;aEA and atEA::::::;aEA . 

PROPOSITION 4. A stlbsemigrotlp T 01 a semigrotlρ G will be a groltp ,jl 
I(G)=P(G). 

PROOF. Lct the subsemigroup T of G be a group. Obviously. P(G)드I (G) . Let 

A be a le ft T .ideal of G and faεA. Then a=t - 1(ta)EA. so AEP(G). Similarly . 

if A is a right T.ideal of G. Thcn atEA==;>aE A. so A EP(G). So [ (G) =P(G). 

Conversely. let I (G)=P(G). Let A be a left T .ideal of G. We sha ll sho“ that 

G/ A is also a left T .idea l. Let aεG/A and tET. Then faEG/ A. For if faEA 

then aEA 、vhich is a contradiction. So G/ A is also a T .idea l. l\ow thc 
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proposition follows from Propositi <J n 2. 

PROPOSITIO'{ 5. Let S be α se>>;αgγ01tp wilh 1 and T be α subsemigroup with 1 ... 

Let Pj (S) be the sel of all T-ideαIs of S wlzicμ contαtη l. Thell Pj(S) is α 

sermgγoπþ w.‘th the identi!y element and zero. 

PROOF. Let A. BEPj(S). Then ABEPj(S). Since AB is also a T • ideal 

containing l. Also (AB)C=.4(BC). where .4. B , CEPj(S). \low TA드A and also 

.4Ç;TA since l ET. Thereforc T .4 =A. Similarly .4=.4T. So T is the iGentity 

element 01 Pj(S). Similarly, 、ve can show tba r. AS=S=SA. 50 S is the zero 

element of P j(S). 

PROPOSITIOK 6. Let T be a subgro1tp of a semigroαþ S. Thell 1(5) is a Boolean 

algebra w. r. t. U, n and comþlementation (1Oe as-'ume that <þE/(S)) . 

PROOF. Proposition follows from Proposition 2. 

PROPOSITION 7. P(S) is a Booleau rillg 011 assμming that φεP(S). 

PROOF. Let A , BEP(S). Then A-BEP(S). For if aEA-B and tET then ta 

EA-B, since taEB킹aEB wh iCh contradicts our assumption aEA - B. 50 A - B 

E P(S). Also we can sho \V that .4 UB , AnBEP(S). 50 P(S) is a Boolean ring. 

PROPOSITIO'{ 8. Lel T be a s1tbgrouþ of a grozψ G. Lel P bι I he coll ect i‘ on of 

all left T-ideαI 11‘α laEG). Theu P is a parlilion of G. 

PROOF. Obviously, any element X 01 G belongs to Tx i. e. , to som" memLer of 

P. Also any two members of P are disjo int. On the contrary, jf possible , let 

TanTb ""rþ. Let xETanTb. Then there exist eJements g l' g2 in T s. t. x=g ‘ a= 

g2b. So a=gl 1(g2 b)=(gl• 1 g2) beTb. Thus Ta드Tb. 

5imiJa r1 y, Tb드Ta. 50 Ta=Tb. Hence P forms a partition 01 G. 

A semigroup S will be called a left(right) T • simple se…zε roup iff S is the 

onJy lef t (right) T-ideaJ of S. A semigrou p which is both IcJ t. T-simple and 

right T -simple is called T-símpie. 

PROPOSITIOK 9. A semigrouþ S will be left T-simple 'ff for eνery a in S we 

have T a=S. 

PROOF. Let us suppose that S is left T-simple and aES. Then taETa, where 

tET. Then for any tjET , tj(la)ETa. So Ta is a left T - ideal of S. Hencc Ta =S 
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"Since S is left T-simple. Conversely, let T a= S for every a in S. Let A be a 

le ft T- ideal of S and aEAÇ;;S. Then S=Ta드AÇ;; S. 50 S= A. T hus S conta ins 

no proper left T -ideal. Hence the proposition. 

COROLLARY. A c011lm“tative semigrouþ S will be gelleralised simp!e [3J iff f or 

.every a i1t S we have Sa = S where S= Ix' lxESJ. 

PROPOSITJON 10. A se",i gr01ψ S will be a grOl‘P if it is T -si,’‘þle. 

PROOF. P roposition fo11o\\'s from the fact tha t the existence of an ideal of S 

i rnplies t he existence of a T- ideal of S. 

S uppose A is a T-ideal of commuta tive semigroup S. Let β(A) denote the set 

{)f a11 those elements a of S for each of 、\' hi ch there exists an elemen t tE T 

S . t . taεA . It is c1ear that A드ß(A) . 

PROPOSITION 11. β(A) is a T -ideal of S. If T Is a group IlIell ß(A ) = .4 . 

C01tνersely， ,j β(.4) =A f or a1ty T -ideal A of S tllm botll T alld S wμI be groups. 

PROOF. Let aεβ(A) . Then taεA for 50me IεT. Let IIET. T hen II (ta)E A 

1. e. t(t l a)E A 50 I1 aE ß(A ). Hence ß(A) is a T-ideal of S. l\cxt, let T be a 

s ubgroup of S. Obviously, A드β(A) . Let aEβ(A). 50 laEA for 50me tET. 

Then a=t-1(ta)E A. 50 β(A) Ç;;A . Hence A = ß(A ). Converselγ， let ß( .4 ) =.4 for 

oevery T -idea l A of S. Now Ta is a T - ideal of S where aεT. 50 ß(Ta )= Ta. 

But from de fi ni t ion ß(T a)=T. So T a= T . Hence T is a grou p. Simi larly, we 

-Can sho \V t hat S is a group. 

PROPOSITION 12. A subgroup A of a grouþ G wi/l be 1ζfl T -idcal Iff I1 is a 

rlglll T - Ideal. 

A semigroup S is said to have the properties lX, β or r if the relation L1nLz 

=LILz, R1nRz= R,Rz or Lln R,= LIR, hold fo r left T- ideals L" Lz and right 

T • ideals R I' Rz of S. 

PROPOSlTIO'< 13. 11. a semigroup S havillg þroþerty α (/5 or r ) eνery lef t 

{ ,.,'ght , 0'" slded) T -ideal is a right (lef t , two sided) T - Ideal. 

PπOOF. Let S be a semigroup having pr때erty α. Let L, be a left T-ideal of 

.s. :\ow LI= L1nS=L1S i. e. L, is also a right ideal and hence a r igòt T-ideal 

of S. 

PROPOSITJO'< 14. Let S be a se씨'grouþ havillg properly r (α or ß) alld T be 

.a subsemigrollρ 01 S. Tllen T is a 11.ormal subsemigrouþ 01 S. 
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PROOF. Let S be a semigroup having the property r(a or ß) and aES. Now 

Ta is a left T-ideal of S and hence also a right T-ideal of S. :'<oW Ta=Ta n Ta 

=Ta Ta. Similarly we have aT=aTnaT = aT aT. Since aT is a t“。 sided

T-ideal of S. so T(aT)도aT. Hence Ta Ta도a Ta. 50 aTa is also a left T - ideal 

and hence a t、vo sided T - ideal of S. 50 by property r. Ta Ta = aTanTa Ta = a 

'Ta Ta Ta. Similarly aT aT=a Ta Ta Ta. So Ta Ta=aT aT. Hence aT=Ta. 

50 T is normal subsemigroup of S. 

COROLLARY. A sμbsemigroαÞ T 01 a grollþ G will óe a 11or",ol sμbgroαþ '1 

i1ze coη'Iþlement 01 ally T-iåeal is a T-iåeal. 

PROOF. Corollary follo\\'s from Proposition 2 and 14. 

PROPOSITIO'l 15. A semigroltþ S havi1lg Ihe þroþerly r is regtllar. 

PROPOSITIO'l 16. A semigrouþ S havùrg the þroþerly r is a semilattice 01 

gTOUþS. 

Proposition 15 and 16 follows from Theorems 3 & 4 [1] since every ideal is a 

T-idea l. 
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