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A NOTE ON GENERIC SUBMANIFOLDS OF A!,; 

ODD.D1MENSIONAL SPHERE 

By U -. ang Ki and Y oung Ho Kim 

a. Introduction 

Recently many papers on generic submanifolds of a Riemannian manifold 

have been submitted by several authors who found out a general notion of an 
intrinsic character of bypersurfaces by using various methods (see [3]. [4]. 

[5]. [6]. [7J and [8]). 

But the present authors [6J studied a ge r>eric submanifold M of an odd.d imen

sional sphere S2n'+1( 1) under the condition that the structure tensor f induced 

on M and the second fundamental tensor " commute. 

The purpose of the present paper is to explore the generic submanifolds of 

an odd-dimensional sphere tangent to the Sasakian structure vector when tbe 

structure tensor f and the second fundamental tensor " anticommute. 

1n 1. we recall fundamental properties and structure equations for generic 

subm :tnifolds immersej 1n a Sasakian manifold and define the structure tensor 

indu :::ed 0 0 lvl is antinormal. 
,2m + l In 2, we look into the fundamental pr때erties of submanifolds of S-"T' (1) 

and introdu ce some theorems for Iater use. 

ln the last 3, we characterize the generic submanifold of S2"' +1(1) tangent 

to the Sasakian structure vector field. 

1. Generic submanifolds of a Sasakian manifold 

2111+1 Let M""' T' be a (2끼 + 1)-dimensional Sasakian manifold covered by a system. 
it, . ; ,.... " of coordinate neighborhoods [U: z") and (F í', gji' ~") the set of structure ten-

SQrs of M 2m+ l , where here and in the sequel the indices h. ι j and k run over 

the range {1, 2, "', 2m+l). We then have 

( l.l) FfFlj= -a?+ε R alF,1=o. Ffsj=o, 

.. i .... h ,.... Ir 
Sß' =1, 한=gjiS‘ ， F/F/ghk=gji-sli 

and 
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(1. 2) 
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h . ~h 
F껴 =F1 . V1Fr = -glla +01e., 

,yhere Vj ùenotes the operator of c。、 ariant differentiation 、，vith respect to gjia 

Let M be an n-dimensional Riemannian manifold coγered by a system of 
2111+1 .coordinatc neighborhoods {V: x"} , which is isometrically immersed ;n M 

2m .,... ! 
by the immersion t- : M-• M"'" ' ., and identify i(M) with M itseIf and repre-

h h/ a sent the immersion i by y"= y" (x") (throughout this paper the indices a, b, c, d 
h ":I • .h .and e run 0γer the range [1, 2, n)). If 、ve put B ,"=ò,:i', o, =%x", then B, 

2111+1 
are μ linearly independent 、 ectors of M""' -'. tangent to M. Denoting by g" the 

iundamental metric tensor of M , we then have 

(1. 3) gcó=Bc1B;gji 

because the immersion is isometric. 

We now denote by c: 2m+1-n mu tually orthogonal unit normals of M (the 

indises tt, V , W , x, y and z run over the range [n+ 1, "', 2111 + 1)). Thus, denot 

ing '1, by the operator of 、 an der ~r aerden-Bortolotti covariant differentiation 

with respeot to the Christoffel symbols [:,} formed with g，ν we obtain equa

tions of Gauss and Weingarten 

(1. 4) 

(1. 5) 

lres야ctively， 、w、v뼈r 

Vß:=ιcZcr， 

VcCxk= kcaxBQh 

norma외lks Cr and hcax = kcbY g%xy, gxy be lng the metrIC tensor of ttmorma1 bun

이lle of M given by g，y=gj，c，'C~， and (g'얀 (g，，) - \ 

2m + l A submanifold M of a Sasakian manifold M""' ~ . is called a gelleric (an anti-

holomarþhic) s삐nanifold if the normal space N/M) of M at any point Pεn 

is always mapped into the tangent space T ,(M) by the action of the strusture p 

,tensor F of the ambient manifold M
2m

+l, that is. FNpCM)CT/M) for all 

pεM (5ee [6] . [7] ). 

From DQ'\'{ OD, 、‘re consider throughout this paper generic submanifolds im 
2m+l mersed in a Sasakian manifold M ... "' -..... Then we can put in each coordinate 

cne ig h bor hood 

(1. 6) F1hBcl =fcaB2 -fcxcf. 



A Nole 01l Gelleric Submallilolds 01 an Odd.di끼eUSJ01t이 Sþherc 225 

(1. 7) 

(1.8) 

F1hCx1=f zaB2-

h a... h e..l".... h 
f'=η B;'H -C; ’ 

where f ,' is a tensor field of ty야 (1, 1) defi뼈 on M , f ,' a local l-form for 

each fixed indeχ X , η .. a vector field and S' a funct ion for each f ixed index x, 

and f r=fcyg@gyx· 

Applying F to (1, 6) and (1. 7) respectively and using (1.0 and these eq l1 a

tions, we easily JÏnd ([31 , [71 , [81) 

f cef ea= -δr+fcxfxa+nf. 

f cef Z= ηC ~K， 

fxefZ=강-s， s'， 

ηefZ= t ‘ f;:O, ηefex=0. 

gdefZfhe=gcb -4xflb-ηc η/)' 

ηana+5xax=1， 

where η'a=geaη" But, the last relationship fo l1ows from (1. 3) , (1 . 8) and the-

(1. 9) 

tac t that fj F=l. 

Putting f ,.=f:g'a a nd f ,,=f;g,%, then we easily verify f rom (1. 9) that f ,.= 

f ., and f ,,= f xc' 

When the 5ubmanifold M is a hyper5urface of M 2m +l , (1. 9) become5 the 50 

ca l1ed (ι g, U , V , 2) -struct뼈ax=5x=2. 

The agglegate (fr , gω， f cx’ η" ç%) satisfying (1. 9) is said to be a1lti1l0T1IIal 

([3]. [7]) iî 

( l . l0) ltcexfZ+4e hJI =o 

holds, or equi\"alently 
m --( 

hιeifbe= lzbexfee-

Transvecting (1. 11) with f: and using the first relation of (1.9) , 、.ve fin á 

",:C -δae+faa fze +ηa ηt) = llbex4efab, 
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f rom which, taking the skew-symmetric part with respect to the indices c and a , 

( L l2) (licexζe)fZ- (llaexfze)4.+(I:cex η') '1. - (1.,,' η') '1， =0. 

Differentiating (1. 6)~(1. 8) cQ\.ariantly along M and using (1.1)~(1. 5) , we 

find respectively (see [3]. [6]. [ï ]) 

(1 . 13) VJ: = - g,b Ti, +Õ셈+lzdxfr-haxff. 

(1 .14) 

( 1. 15) 

( 1. 16) 

(1. 17) 

까지=g，파+hJff. 

hecxfey = kceyf ex’ 

pcηb=['b + h",' s%’ 

V， E‘=-fZ-fluxηe 

with the aid of (1. 6)~(1. 8). 

2. Intrinsic properties of snbmanifolds of 장m+l (I) 

Let M be an ,,-dimensional submani fold of an odd-dimensional unit spherc 

SZm+' (1), then the equations of Gauss, Codazzi and Ricci for M are respectively 

given by 

(2.1) 

(2.2) 

(2.3) 

Kd"" =δZ gcb - δca gdb + hZx flcbx - Itcz kdbx’ 

V "h.: - V_"": =0, 
d'~cb 

y c '~db 

K .X=h ， % ι 8 
-Jt ’ ιe dcy -'-de ' .C y '~ce '"'d y’ 

Kd'b' and K d'Y% being the curvature tensor of M and that of the connection in 

.d uced in the normal bundle respectively. 

From the Ricci identity 

V"V_h.' -V.V" , .. %= -K , . .' h_% -K ".' h .% 
d ι ba 

~- c'-d '.00 - - ~ .. dcò '.oe ...... dC4 nbe ’ 

"\ve have 

(2.4) (/'VdV, h,/)h'b%- (V ,V b 
h%)h안=K꾀MY hc;-Kd뼈 kay 

kt 

because of (2.2), whele we have put t=gcb ItJ , Kdcaa=Kdcbke, Kcb=gdaKdcba· 

We have from (2. 1) 

(2.5) Kd=(”-l)gcb+ laX/tcbx-IZcellabex, 

‘,vhich implies 

(2. 6) K=n(n- 1) +h까-μι앙， 
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K being the 5calar curvature of M. 

'Ye nO\V suppose that the connection induced in the normal bundle of kl is 

flat. that is. K d',' =0. Then we have from (2. 3) 

(2. 7) h ‘ h' -ι X h.e åe '.c y-"'ce nd y. 

Substituting (2. 1) and (2. 5) into (2.4) and taking account of the identity 

frAUldx k성 =(/aVdVah,.’ )h"% + II V싸Z”2， 
we have 

(2. 밍 융ó.c“μcbx)=”hJιtC-kxμX+kXkcexh;Yktt-(hdxhcbY)(%x썩) 

+ (Vc?bltx)/tc&x + 1|Pd IIJ||2 

with the belp of (2.7). where 6. is the Laplacian given by 6. =g
da

V/la' 

For a submanifold of 3n m-dimensionaI sphere S"'. K. Yano and M. Kon 

(101 proved the fo lIowing theorem 

THEOREM A. Lel M be a c011lþlele n-di1llensiol1 al sαbmani[old 01 so. wilh[lal 

normal c01Z1zecti01l . 11 the second fuηdamenlal [ orm o[ M is þarallel. Iheη M “ 
a small sþhere. a greal sþhere or a þylhagorean þrodκcl o[ a cerlain 1Iumbcr o[ 

.sPheres. M oreover, tf.M is 01 essential codimeμSt011 m 一 11. tI .. Il M is a þylhagorean 

producl o[ Ihe [orm 

SÞ'(r
j

) X ... X SÞ'(rN). r;+ ... +r:= I. N = m-n+1 

cr a þylhagorean þroduc/ o[ Ihe [orm 

S?1(7l) × --- × SP/(7Ar/)CS”‘ 1(r)ES”, r2+ -+ 72=72< l , Nr=m-”-

On the other hand. by K. Yano and M. Kon [101 and K. Yano and S. bhi 

hara [11]. we can easily obtain the fo lIowing theorem 

THEORE끼 B. Let.'M. be a complete mi1limal sαbmantfold 01 di11lellsùm 1t im

mersed ;'1 S씨 wilh þarallel second [iμ1lda11le1ltal f orm a1td flat nor11lal cotmection. 

1[ Ilze lengllz o[ secolld [,mdame’“al form is conslo l1t , thell M z"s a great sPhere 

c[ S’” o7 a pyIliagoremt product qf tlle form 

SP'(r1) X .. . X S-"(r!.). η=ι강n (1= 1. .... N ). 

a1zd ZQith essential codimensioη N- 1. ωhere Þ1• ÞN르 1 . Pl +"'+Þ. =11. 
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3. Generic submanifolds of an odd-dim ensional sphere 8 2m
+l (1) tangent to 

thc Sasakian structnre vector field 

In this sectioo we assume that the Sasakian structure vector field defioed orr 

S2n' +1 (1) is taogent to the submanifold M. that is. ~x=O identically. the 00'

mal connection of M is flat and (1. 11) is satisfied. Then (1. 9) reduces to 

(3. 1) 

and (1.14)~(1.17) to 

(3. 2) 

(3. 3) 

(3. 4) 

(3. 5) 

f caf Z = δr+fZfr+ηcf， 

f ctf ; = o, ηefta=0. f f ex = 0. 

fxtff=δZ， 

gdefcd4e=gcb-fcxf샤-η'l'v 

ηef=1 

?cf;=hcexfbe, 

lsccxfey=liceyfex· 

V， η'b=fcb' 

ltcex f= -fcx. 

LE끼MA 3. 1. Let M be an n-di11lensional generic snbmamfold wil" flal 1Zormal ’ 

2…+ 1 connection 01 m~ odd-dintensz"oll이 '111,1 sphere S."''' (1). If Ihe slrαclκre t l띠“ced 
2’11+ 1 。tl M ,s antinornzal and the Sasakian strαclnre veclor 011 S."''' ( 1) is la /lgenl 10 

M. Ihe" we have 

(3. 6) 웅씨Jh안)=2(tl- 1>I-1) [2h .. ’까+h， h‘) +('"，'"1 "’)h싼 IIVd l，녕 112， 

P ROOF. Trans‘recting ( 1. 11) with f .. b f d' and taking account of (3.1). 
y - " 

-%x강+ (hJ ηeν;b ηd+(llbaxfjbfze)fJ=0. 

from wbich. using (3.5). 

(3. 7) kcexCe=Py;fcz-강 ηf 

、i\. he re 、\'e ha ve pu t 

Py;=%‘ficfxb. 

\Ve put P yZX = PyZw g W%’ then we see from (3.3) that P yze is symmetric for al1 -
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If we transvect ( 1. 11) wi th 꺼 and make use of (3. 1), then ‘,\'e get 

h%~ h‘txfze+ }Zcex，7cη。，

or, use (3.5) and (3. 7) , 

(3. 8) lzX = p x’ 

\vhere 、;\'e have put Ý =g'zp yx
ZO 

Since the normal connection of the submanifold M is flat , by trans、 ccting.

(2. ï ) with 상 anù 때ng account of (3. 5) and (3. 7), we get 

Py낀Pf{ U?? -δJ까)+gy‘f2=Pω;zxCPVY'ιfcU -δyψη，)+δasJL， 

from which, transvecting f.' and using (3.0 , 

(3. 9) P" ιP.，“x+gy‘a;=Pwzxp‘r +agxgy‘. 
Contrac tion with respect to the indices x and z yields 

(3. lO) py,,P."=p ,p y
“
,'+(p-1)g,‘’ 

‘νhere p ~ 2m -.-1 ’1, and consequently 

(3. 1J) PxyiPxyz=hAh‘ +P(P- 1) 

with thc aid of (3.8) . 

Differentiating (3. 7) covariantly and substituting (3.2) and (3. 4) , we lïnd 

('V /'"‘)f:+ιe끼@μtZ=(?。Py;YLz+Py끼d;fce -δ'yX f dc’ 

from “ hich, taking the skew-symmetric parc with respect to d and c, and 

using (1 .11 ) and (2.2) , 

(3. 12) 2깐X lzeay f/=C'VåPy긴Cz (VcPyax)fdz - 2δyγd，' 
If we transvect (3.12) with f w

d and use (3. 1), then we obtain 

? dPyr= σzepcPyω，X)fc
UJ • 

Substituting t his into (3. 12) and using Py:~P，:， 、，ve have 

llg xha;f Z=gyJ cd· 

Trans、rection f Z glves 

hctxkZ’(-af+4zfr+%，a)=gyz(와-6 -1:16'-η'，176)' 
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irom which , using (3.5) and (3, 7) , 

(β3 ， 13) h간싶C 

-gy/g,,-I,' 자，). 

Transvecting (3.13) with g" and taking account of (3. 1) and (3.10) , we get 

h" λk앙=pZPZYX十 (2p 十2 η)gy，’ 
irom which, 

(3, 14) lZcix/tcbx= 1txlf ÷ P(2P +2 -12) 

and 

(3. l5) (kcbxfY) (kdaxhd;) = PyzzhYhγ+(P - 1) h，h' 十 2(2p+2-χ)lZx￠ 

+P(2p十2-“)2
이vith the help of (3.8) and (3.10). 

Since we have from (3.10) and (3. 13) 

licerltbex=pxpxyzj?fbz+2P(fbxfcx+1?c%)-px(fbx17c+fcxη，)-pg 

it follows that 

(3.16) hxlZQaxhc얀c6y =Py상Yh'h' + (2p+ l)h,h' 

‘because of (3. 7)~(3 ， 10). 

Substituting (3.14) and (3. 15) into (2.8) , we find 

웅A(hcf꺼) =(η -p- 1) (3iz ,h' +갱(2P+2- ")) +(\7，\7ιh')h" ， +1I \7.h,; 112, 

irom which, using (3, 14) and the fact that p = 2m + l -η， 

농A(hcZACC) = 2(” - ttz - 1) {2hcbik싼kxhXj 十 (VcVbhX)h℃ + jlVdhJlj2. 

Thus, Lemma 3.1 is completely pro\'ed. 

LEM:.!A 3, 2. Let M be aη n-dimensioηal gellen"c sιbmam/old with Ilal πormal 
:::111 ι l 

ιomzeciion 01 atl odd -dimensi이tal 5phere S"'" , • (1) 씨ose Sasak~.an structμre ν(J~tor 

.is tangent 10 ‘ν， 11 the 5trμctαre tensor indιced on M is antinorma! and the 

mea1t cιrvature vector is parallel in the 1Zorη'zal bκndle， Ihen M is 01 dimension 

m+l tνilh parallel second l'μ，d ament al lorm. 

PROOF, Since the mean curvature vector is parallel in the normal bundle, 

,it is shown from (3. 14) that h,/ h" , is constant. Thus (3.6) impiles 

(3. 17) (”-”r l) {2kJIFX • h)") =0 
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and 

(3.18) V> 11 ‘ = 0. d " cb 

But, we can see from the fi rst relationship of (3.1) that n르m+ 1 ， If 2/,‘cbx lf bx 

+11야=O and hence "c:=O, then (3. 5) becomes Py:lc'-δ야'c = 0. Transvection 

with η，c gives p= 2m+ 1-" because of (3, 1) , It contradicts the fact that the 

codimension p르 1. And consequently 1/=",+ 1, Therefore, our lemma is proved. 

On t he other hand, the submanifold M does not admit any umbilical section 

because of (3. 7) a nd hence M is of e똥entia l codimension 11l. Thus. combining 

Lemma 3. 1, 3. 2 and this fact wi th Theorem A and B in 2, we ha \'e 

THEOREM 3. 3. L el λ1 be an n~dime1lsional C01'ψlefe ge1teric sttbmamfold with 

flat llormal C0111lection 01 G1t odd~dimelηsioual ιllil sPhere S2m+ l (1). Suþþose Ihal 

J he mean cz.‘rvatltre vector is parallel in the llormal òUlldle alld tlze iuduced strtlC~ 

lure 011 1\1 is aηtillormal. I f the Sasakian sfructure vecto1' dξfined 0η Sω+ 1 (1) 

is la1lge1l1 10 Ihe submollilold, 1""" M is 0 pythagore띠， prodιCI 01 Ihe lorm 

s l(7l) × ·× Sl(7…+1)' 수 + 7;+l = l , η%파후1. (1 = 1, 2, " ' , m + 1). 

Kyungpool‘ Unìvcrsity 
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