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0. Introduction

Recently many papers on generic submanifolds of a Riemannian manifold
have been submitted by several authors who found out a general notion of an
intrinsic character of hypersurfaces by using various methods (see [3], [4],
[5], [6], [7] and [8]). '

But the present authors [6] studied a gereric submanifold M of an odd-dimen-
sional sphere Szmﬂ(l) under the condition that the structure tensor f induced
on M and the second fundamental tensor 2 commute.

The purpose of the present paper is to explore the generic submanifolds of
an odd-dimensional sphere tangent to the Sasakian structure vector when the
structure tensor f and the second fundamental tensor k anticommute.

In 1, we recall fundamental properties and structure equations for generic:
submanifolds immersed in a Sasakian manifold and define the structure tensor
induced on M is antinormal.

In 2, we ook into the fundamental properties of submanifolds of gl (1
and introduce some theorems for later use.

Sﬁm +1

In the last 3, we characterize the generic submanifold of (1) tangent

to the Sasakian structure vector field.

1. Generic submanifolds of a Sasakian manifold

Let M1l pe a (2m+1)-dimensional Sasakian manifold covered by a system.
of coordinate neighborhoods (U : z"} and (F jh, g Ek) the set of structure ten-

sors of ME”'+1, where here and in the sequel the indices &, #, j and & run over
the range {1, 2, -, 2m+1}. We then have

T v i j i
(.1 F; Fl=-0;+§,€, ngiJ_zo' Fi’?]:o’
i A Rk
EJE =1, fj—gﬂg ' F_r F:' gkk_gj-‘-'_fffl'

and
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(1.2) VE'=F; Vi =-g&"+ole,
where V]. denotes the operator of covariant differentiation with respect to g

Let M he an w-dimensional Riemannian manifold covered by a system of
coordinate neighborhoods {V :x°}, which is isometrically immersed in M>"™!
"1 and identify (M) with M itself and repre-

sent the immersion 7 by yh: yk(xa) (throughout this paper the indices @, 6, ¢, d
A

: Swu & 2
by the immersion ¢ : M—M

and e run over the range {1, 2, -, n}). If we put Bb”:é‘byk. E;‘bza/ﬂxb, then B,
are # linearly independent vectors of MQWrl tangent to M. Denoting by g, the
fundamental metric tensor of M, we then have

(1.3 gcb:Bchbigji
because the immersion is isometric.

We now denote by C xk 2m~+1-—n mutually orthogonal unit normals of M (the
indices #, », w, %, y and z run over the range {#+1, -, 2m—+1}). Thus, denot-
ing V_ by the operator of van der Waerden-Bortolotti covariant differentiation
with respect to the Christoffel symbols {cab} formed with g,, we obtain equa-
tions of Gauss and Weingarten

(1.4) VB, =hC

1.5 v.el=-n'B"
respectively, where hrz are the second fundamental forms with respect to the
normals C Ik and hrax=kcby gﬂbg <y &y Deing the metric tensor of the normal bun-
dle of M given by gxy:gﬁcij;. and (gw)z(gcb)_l.

A submanifold M of a Sasakian manifold M>" " is called a generic (an anti-
Rolomorphic) submanifold if the normal space N _;.(M ) of M at any point PEM
is always mapped into the tangent space TPCM) by the action of the structure
tensor F of the ambient manifold Mgmﬂ, that is, FNﬁ(M)CTP(M) for all

PEM (see [6], [7]).
From now on, we consider throughout this paper generic submanifolds im-

2m+1

mersed in a Sasakian manifold M . Then we can put in each coordinate

-meighborhood
(1.6) F'B/=f’B}-rC/\
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- ki __paph
(1:7) chx —fxBa,
k [ | . S
(L.8) g=r"B!+ect

where fj is a tensor field of type (1,1) defined on M, f : a local 1-form for
each fixed index x, 7" a vector field and £* a function for each fixed index x,
and f::fcygarg”.

Applying F to (1.6) and (1.7) respectively and using (1.1) and these equa-
tions, we easily find ([3], [7], [8])

( Fifi==0+fF
fEff=-n¢,
fof]=07-¢8,

7 fl=-Erl 7F]=0,

(1.9

d
P fbezgrb _f:fzb_"’.: Ty

7,7 +€,8=1,

hY

where Tjazgmr,ve. But, the last relationship follows from (1.3), (1.8) and the
fact that E}.Ej=1.

Putting Jr:.b:f:,g'&'z and fa=fcygﬂ, then we easily verify from (1.9) that fu=
~fy and =1 .

When the submanifold M is a hypersurface of MZ"'H, (1.9) becomes the so-
called (f, g, u, v, 2)-structure ([1], [2]), where we have put f::uc. 7"=2",
E=f =2

The aggregate (f, g4 f) 7" &) satisfying (1.9) is said to be anmtinormal
(81, [71)if

e 0, e, 8 _
(1.10) kc zfe +fc kax_o
holds, or equivalently
T e x
(L1D kce fb =kbe f:'

Transvecting (1.11) with fab and using the first relation of (1.9), we [ind

xz e z e x b
hce (-Ja +fa f:+ﬂa1? )=hbe fcefa i
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from which, taking the skew-symmetric part with respect to the indices ¢ and a,
(1.12) Chy, FOF, =) FOF ) 70, — (b, 10)m, =0
Differentiating (1.6)~(1.8) covariantly along M and using (1.1)~(1.5), we
find respectively (see [3], [6], [7])

(1.13) Vofy = =gy, 40, el £ =k 1y,
(1.14) Vol =g, 8 +h 1)

(1.15) L s T

(1.16) Va,=f, cb+hcbx £

(1.17) VE=-f-n1

with the aid of (1.6)~(1.8).
2. Intrinsie properties of submanifolds of gomdepy

Let M be an n-dimensional submanifold of an odd-dimensional unit sphere
82m+1(1), then the equations of Gauss, Codazzi and Ricei for M are respectively
given by

2.1 K a’cba - 5; g~ 5: Ent kdﬂx hcb: &= kcax kdbx'
X x
2.2 V=V, =0,
x X e x e
(2.3) - B S B T

K,y and K, * being the curvature tensor of M and that of the connection in-

duced in the normal bundle respectively.
From the Ricci identity

x €y X
Vdvckb:_vcvd hbax= = ch; hae _Ka‘ca hi’le g
‘we have
da b Xyga0h ¥ pcb day ,ck
(2' 4) (g Vdva kcb >k :-(chbk )h xﬁKcehive h y—Kdrba h h ¥

because of (2.2), where we have put k'=g" by K =K, 000 Ku= K -
We have from (2.1)
(2.5) Ky=—1)g,+hhy—h 1,

which implies
(2.6) K=n(n—-1)+k'h ~h, r°,
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K being the scalar curvature of M.

We now suppose that the connection induced in the normal bundle of A is
flat, that is, Kn,cyx=0. Then we have from (2.3)

z 4 x e
@n U A T
Substituting (2.1) and (2.5) into (2.4) and taking account of the identity
ch a. x b x
A K )=V, i DR 4+ IV i I

we have

s da
dax L _v:J

(2.8) S AU B =nh SR — b 0k, 7 R~ G E G

cex

+(V VIR + 1V, kI

with the help of (2.7), where A is the Laplacian given by A=gdanVa.
For a submanifold of an m-dimensional sphere S”, K. Yano and M. Kon

{10] proved the following theorem:

THEOREM A. Let M be a complele n-dimensional submanifold of S™ with flat
normal connection. If the second fundamental form of M is parallel, then M is
a small sphere, a great sphere or a pythagorean product of a certain number of
spheres. Moreover, if M is of essential codimension m—mn, then M is a pythagorean
product of the form

Sﬂ'(rl)x---xs”"(rﬁ). rf+---+rz=1, N=m—n+1,
or a pythagorean product of the form
Sp'(?‘l)x'"XSp”’(?'N,)CSm_l(r)CS"’, P4t r’=r"<1, N'=m—-n.
On the other hand, by K. Yano and M. Kon [10] and K. Yano and S. Ishi-
hara [l1], we can easily obtain the following theorem:

THEOREM B. Let M be a complete minimal submanifold of dimension n im-
mersed in S with parallel second fundamental form and flat normal connection.
If the length of second fundamental form is constant, then M is a great spkere

of S™ or a pythagorean product of the form
SD:(?‘I):'{'"XS‘QN(TN), r,=+"p/n (t=1, -, N),

and with essential codimension N —1, where p), -, py=1, p,+--+p =n.
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3. Generic submanifolds of an odd-dimensional sphere S EI tangent to
the Sasakian structure vector field

In this section we assume that the Sasakian structure vector field defined om
g (1) is tangent to the submanifold M, that is, £'=0 identically, the nor-
mal connection of M is flat and (1.11) is satisfied. Then (1.9) reduces to

( & pa__ a x a
L f ==a 41l f
f: f:: o, Tiz f:':U, 1?3 f:= 0,
€ ry_
@B.1) Frfr=5"

d b
ga’sfc fbezgc _fcxfxb_"?cvé’

e

| =1
and (1.19)~(L.17) to
(3.2) V.1, =h, 1}
(3.3) R FI=h7F,,
3.4 V. 1=fop
(3.5) b, 1'=-f

LEMMA 3.1, Let M be an n-dimensional generic submanifold with fiat normal
.Szm+1 (1). If the structure induced

connection of an odd-dimensional unit sphere
s™* ) is tangent fo

on M is antinormal and the Sasakian structure vector on
M, then we have
(3.6) AU, K )=2m-m—1) 2k, K A1 W)+ VY, KR +IV 1, 1P
PROOF. Transvecting (1.11) with fyb o ; and taking account of (3.1),
—hyg f) g 1O m Oy f) £ OF =0
from which, using (3.5),
@D B, f =P fi-0 7,
where we have put
E £ ,.C 0
Pyz =h, fy £

We put P, = s zw g, then we see from (3.3) that P18 symmetric for all
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indices.
If we transvect (1.11) with fd’ and make use of (3.1), then we get

T A F.8.8
h Mkccfz +kceqq’
or, use (3.5) and (3.7),
(3.8) K =P,
where we have put P*=g" ZP;Z.
Since the normal connection of the submanifold M is flat, by transvecting

(2.7) with f:" and taking account of (3.5) and (3.7), we get

w XaU -~ % ; =~ W x
PJ’Z (PN'L' fc _aw ?C)+gyifcx:szx(PByfbfﬂv_.0.3' T‘JC>+§3 'fCJ"
from which, transvecting f: and using (3.1),
w X X x w x
3.9) PPy 8,0, =P Py +d, -
Contraction with respect to the indices # and z yields
zZx z

(3.10) Pyszu =P2Pyu +(P—1)gy,‘.
where p=2m—+1—n, and consequently

(3.11) P07 =h i +p(p—1)

with the aid of (3.8).
Differentiating (3.7) covariantly and substituting (3.2) and (3.4), we find

X

Iypl , 4 €X a__ z X, 2 r€ x
(thce )fy Thc kdayfe _'(vaPJrz )fc TPyz kde fc _5:; fdc’
from which, taking the skew-symmetric part with respect to 4 and ¢, and
using (1.11) and (2.2),
x a - x z . x z x
(3.12) 2 k£ =V, PO~ (VP )y —20 e

If we transvect (3.12) with fwd and use (3.1), then we obtain

VP, =V P Or".

o yw
Substituting this into (3.12) and using Py: IPZ;. we have
& o8
hccxkc yfd 'gyxfod'
Transvection f: gives

Bty (=03 +ff =g, (e =1, 1, =17,



230 U-Hang Ki and Young Ho Kim
from which, using (3.5) and (3.7),
(B.13) kb =P P Iy =P A )t 2y A F sy
~ 8, 8y=1 ] T
Transvecting (3.13) with gca and taking account of (3.1) and (3.10), we get
hcbszby-—:PzP”;‘r(2P+2—ﬁ)gyz-
from which,
(3.14) b 0 = p(2p+2-m)
.and
(3.15) (b ™ )y i) =P WHH + (0= DR I +2(2p +2-m)i W'

+p(2p+2-n)°
with the help of (3.8) and (3.10).
Since we have from (3.10) and (3.13)

hcexhngsznyzf cyf bz-l_zp (f bxf cx+ﬂctjb)—Px(f beic +f cxﬂb) —PL
it follows that
% chy Wi B S x

(3.16) Rhyh' 0 =P  WEE +@2p+Dhh
Dbecause of (3.7)~(3.10).

Substituting (3.14) and (3.15) into (2.8), we find

LA )= (== 1) B "+ 2p(2p+2-m)) + (VY 0+ 1V o F1

from which, using (3.14) and the fact that p=2m+1—n,

x,ch

1 b b 2
AU, B ) =2(n—m =1 2k, /5" +h B} + (VN DR AV I
"Thus, Lemma 3.1 is completely proved.

LEMMA 3.2, Let M be an n-dimensional generic submanifold with flat normal
connection of an odd-dimensional sphere g (1) whose Sasakian structure vastor
4s tangent to M. If the structure temsor induced on M is aniinormal and the
mean curvature vector is parallel in the normal bundle, then M is of dimension
am+1 with paraliel second fundamenial form.

PROOF. Since the mean curvature vector is parallel in the normal bundle,
it is shown from (3.14) that hcbx hwx is constant. Thus (3.6) impiles

3,17) , w—m—1)128 1" +h 1} =0
( el x ¥
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and

(3.18) V h, =0.

But, we can see from the first relationship of (3.1) that a=m+1, If 2k, W

X
£_ X.2 £ __ A
+h =0 and hence &, =0, then (3.5) becomes PJ-; fc —B‘y 1,=0. Transvection
with 7° gives p=2m+1-n because of (3.1). It contradicts the fact that the
codimension p=1. And consequently #=m+1. Therefore, our lemma is proved.

On the other hand, the submanifold M does not admit any umbilical section
because of (3.7) and hence M is of essential codimension m. Thus, combining
Lemma 3.1, 3.2 and this fact with Theorem A and B in 2, we have

THEOREM 3.3. Let M be an n-dimensional complete generic submanifold with
Flat normal connection of an odd-dimensional unit sphere gl (1). Suppose that
the mean curvature vector is parallel in the normal bundle and the induced struc-
fure on M is antinormal. If the Sasakian siructure vector defined on gl (1)
is tangent to the submanifold, then M is a pythagorean product of the form

2

S xS\, O ritetrt =L r AT (=1, 2, -, mtD).
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