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ANALYTICAL STUDIES FCR EVEN SUB-HARMONIC SYNCHRONIZATION
OF A WEAKLY NON-LINEAR CONSERVATIVE PHYSICAL SYSTEM

By A.M. El Naggar and G.M. Hamd-Allah

1. Introduection

Through other non-linear phenomena there exist the phenomenon of synchroni-
zation (entrainment of frequency), from the point of view of mathematics
the study of this phenomenon reduces to study of harmonic and sub-harmonic
solution of differential equation. There exist different approach for treatment
of this subject, among these is the analytical approach; the advantage of this
approach permited us to obtain an algebraic from of solution without necessity
of introducing numerical values for parameters or initial conditions,

After proving the existence of those synchronization [3], and established the
natural frequency, the approach amplitude and the approach explicit formula
of harmonic and sub-harmonic synchronization of add order [4] of our physical
system to 0(23), this paper is devoted to calculate the approach total phase,
the approach amplitude and the approach explicit formula of sub-harmonic
synchronization of order m, (m=2,4) of the previous physical system to o),
these results are compared with the results which are obtained by using the
index method which give us a best justification (Fig.d). One of the important
analytical method for solving a weakly non-linear differential equation is the
generalized synchronization method which makes the subject of the following
section.

2. The generalized synchronization method

Consider the following system of # differential equations
T @

where x is a vector in the Euclidean space of dimension n, f(x, £) is a periodic
function in ¢ with period T, and an analytical function in x, and 4 is a very
small parameter, to this system we associated the following reduced system:

dy _ -3
7—35'(}') . €]
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where x=y+Gy, 1) (4)
and — and ~ (tilda) means that there exist two functions of different natures,
and the functions F(y), G(y, t) are defined in the following form:

4

F=F () +AF ) ++2""'F () + =
Gl =16, (3. ) +1.Go(y, )+ +2"C, (3, D)+
where F,(»)=F(». D ]
F._,(y)=§—; ] 7y, t)drj (6
. y
and Gy 0=[F(. Dat
. B i B - 7 7
60y, =[{-2- 7 at} +-ZL [ 57a dt-{f(f%dt)dt}f[ W

3. Equation in the standard form

When 2=0 in the previous differential equation, its solution is
x=a cos(wt+¢), } ®
1= —aw sin(wt +¢)
where @, ¢ are constant of integration, when 4 is not zero we consider ¢ and
¢ as unknowns functions of time in general solution (8), from (1) and (8), we
can deduce the following exact system:

L{a(t)]_ .?.as(t) [a(t)(Zsin ¢, +2sin ¢4 +3sin ¢, +sin ¢, +sin ¢ 1 @
di ¢(t)__ 320 | 10c0s ¢, +10c0s ¢b,+5c0s ¢, +5¢08 8, +c08 ¢h5+c0s ¢ |
where
$1=(@+Dt+¢(0), ¢,=(w-DI+¢), G=Bu+Di+3@) )
¢4=Bu—1t+3p@), ¢s=Gw+1)t+56(), ¢s=(Baw—1)t+56(t) J 10)
when  is not in the neighbourhood of 1, - and —-, one find
; , (7,0 &
7. D=0, F (3, t)=L 7,05, 0
_A [A(2sin ¢, +2sin @, 3sin ¢;-+3sin ¢, +sin ¢, +sin ¢6"J R
52w | 10cos ¢, + 10cos ¢, +5¢08 ¢4+ 5c08 ¢, +c0s 5 +c0s ¢

Now we calculate the function F,(y,#), from (6) and (11), we have



Analytical Studies for Even Sub-harmonic Synchronization 205
|F EN t)‘ [A ] b
2@(} t) o) =

A
Fpu(0, ) _(_%r[ w}r 7 [25in(26)) +25in(g, +¢,) — 18sin(¢, — ¢}
+ 335")((}51 - q53) - 578i1'1(¢3 —‘(ﬁl) + 338i1’1(¢1 + ¢’4) . 57Sin(954 0 ¢1)
—20sin(gh5— ¢, ) + 2Lsin(@; + @) +21sin(eh; +f) — 29sin(ghs — &) )]

514. ffl(y- dt+ lf:f'-g(y t)dt

2(3’-

7.G PP Y ffz(y Dt

where

+—=-2sin(¢) +8,) + 18sin(¢, — )+ 25in(25,) +33sin(h, +55)
—57sin(¢hy — ;) +33sin (¢, +¢,) — 57sin(g, — ¢,) +21sin (¢, +¢5)

—295in (¢~ ) +21sin(¢, + ) — 298in (s~ ¢)] + ) +1[ 7sin(g, +b,)
+17sin(hy— ) — 731n(¢2+¢3)+17sm(¢3 ¢2)+ sm(2¢3)

+sin(y ) — Sh-sin( — ) + o sm(¢3+¢5)- ST sin(gs— )

+B iy + ) —G-sin(g— )|+ | ~TSinGs, +6))

+17sin(¢,— $,) —7sin(p,+¢,) +17sin(¢,— b,) +—- sxn(¢3+¢ »)
+%Sin@4—¢3)+isin(2¢4)+—13—sin(¢4+¢5)—;z-sin(gas-@)

L i+ — 2 -sin(ts— ¢4)]+ = +1[ 3sin(gh, +¢55) + Bein (b, — )
—3Qm(czovqxs)T5sm(95 —¢y)— sm(<p5 9,3)~—~Sm(rro é3)

- %sln(éﬁ- ¢s) +-£ Sln(¢5 P +—5 sm(2¢:5) +—2—sin(qﬁ5+¢6)

——sin(g;- -55)] +ﬁ [ —3sin(, +¢5) +5sin(gy—,) —3sin(;+¢,)
+5sin(¢hs— o) + sm(gbﬁ ) -—ﬂsm(g:s-i—qbg) —-—s1n(¢5 +¢y)

+~7sinc¢6—¢4)+7sin(¢6+¢5)+7sin(¢5-¢5)+—2—sin(2¢6)] (13)

6
4 { 1180~ 20c0s(24) — 20c0s(y +¢,)
(320)°

Foy 0=-— 7 | a31
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+80cos (i, — ) —60cos(¢, +@3) +90cos(¢hy — b)) — 60cos (¢ +¢,)
+90cos(¢, —-qbl) - 22cos(r;:'*5+¢l) +28cos(gs—Py) — 22cos(¢, +¢)

1
w—1

- 2Ocos{2r§2) —60cos(¢, +¢,) +90cos(¢3— $,) —60cos(¢r+¢ 8
+90c0s(¢,— $,) — 22c08($y+¢5) +28c05(¢.——-¢r,)

+28cos(¢f5— ¢ + [80—20cos(¢, +¢,) +80cos(¢h, — ;)

~22c08(¢,+ ) +28c08(¢5—¢x)] +—5 1 [60+20cos (¢ +¢)

+70c0s(¢3— ;) +20cos(ghr+¢5) + 7‘0305(;@3 — o) —15c0s(2¢,) —15cos(@;+¢4,)
+60c0s (¢, — $5) —8cos(¢hy +¢5) +17c0s (g5 — Py) —Bcos(¢hy + ) +17cos(F5— 3]
g [60-+20008(6+ ) +7008(38y — )+ 2005 by +8,) + 7000833y~ )
—15c0s(2¢,) — 15c0s(¢5, +85) +60cos (¢, — ¢3) — 8cos(¢h, + ¢5)

+17c0s(¢b5— ) —8cos(¢y+ ) +17 cos(¢hg— ¥l + 5w1+ T4
+10cos(¢5+¢,) +20(¢5; — ;) + 10cos (g5 + o) +20c0s(¢b5 — ¢3)
+15¢05(f5 +eby) +1508(¢55 — ) —C08(2f5) — cos(y+ i) +4cos (s — 6]

g 14+ 100085+ 8, + 2008 (5= ) + 1008 ¢h) + 20008 (b= 5,)
+15c08(f5— ¢by) +15c0s(g ~ ) —c0s(Phg+ebs) +4cos (b — &)

—cos(2¢g)] } a4y

4, Sub-harmonic synchronization of order 2

In this case @ is in the neighbourhood of '-é_ from eq. (12) and (13) we

have
29 5 7 5
A[‘ i1 TEa—Toin We—d)+ ( TR i T g )SID(¢2+¢4)]‘[
F A 80 80 60 60 4 4
» t = —_ ¥ 2L
. (32w)° [mT1+m 1 7 30+1 T30-1 " Betl " Bo-1
20 60 .
+(m+l TEn- 1)‘:05 (%6~ ¢1)+(3w 1T~ =1 /0s(¢,+¢y)

(15)
The reduced system (3) with eq. (15) takes the form:
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. (-2t * T~ T D) ]
Li_’iz?-zﬂa‘i_[so 8 . 60 60 4 4 |
@t |y~ @207 Lotl To-T T30+l T B0-1 " Bw+l " sw-1 |

L H T+ BT BT - wsgl)‘m(“‘“'z)”@)”
(16)
For obtaining sub-harmonic synchronization of order 2, we must have,
<44 —o an
To satisfy this condition, we must take
(4o —2)t+40 =k (18)

Where £=0, 1, 2, 3, 4, 5, 6, 7. with the aid eq. (18) and the second equation of
(16), we obtain

21 1 2,6
w =—4‘+0.91 1"A (19}
for k=0, 2, 4, 6, and
'=4--0.58 4° (20)

for k=1, 38,5, 7
Then we obtain & sub-harmonic synchronization of order 2, 4 for co2<% and 4

for w2> tlT from the first function of eq. (7) and (11), we have

Bty ] 0
o _{f?w(y. 0

Also, from the second function of eq. (7) and (11), we have
[Gop(3 D)

€38]

ég(y- t) =

The amplitude and the total phase for the second approximation are defined
by:
aO=A+2G (3 D+ICo (3, 1), $=wt+¢+2G1,00, D+ECy(r. D ()

By substitution from eq. (21) and (22) into (23), one obtains

o=~ T 5 onl o S2) Gl Gor ) G Jor-5)
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+greos(G 446 cos( G+ ) -4 oo g7
- 2;: | rcos{7t-+5-#m )+~ cos(6t-+2km)-+ ~—cos(t+-3-#r)

+ 322 cos(5t+—5- ) +—g-COS(At-+20kx) + 2 cos (4t + k)
+-g-cos(3t+—-kr ) - {g; cos(3t+ x| + 1220 cos(31+—-)
+6e0s(2+ 2k7) — S5 cos(2t+ ) — L202-cos(2t) ~35cos{t+ -

(L )— 38 cos{t -4 J e

2
reror 4 Fanl pov S ) an( o0 3)s i oo 5

+ ﬂsm(it*%) 1051[1( z 34]” ):—EOSin(% - _ki'_‘_)]

+—5rg ’ggg [49 Sm(n‘+ kn) 105 —=e-sin(6f+2kr) + sm(SH— kﬂ

+308 sm(5z+—kr)+ ~S-sin(4f +2kr) + 22sin (4 + 2n)

_i- 5,0\, 21, o i B

v 51{1(32’-4— 5 k) + sm(31+ ];«-) 53 sm\3t+ 2 )

~+8sin(2f +2k7) — 384 sin(2t+kn) — 532 sin(2f) —~sm<t+~——-k~r)

13774 i kx 1284 M ﬂ 1 o=
o5 (i-r > )— 5 sm(t 5 )J' (23)

Then the approach analytical expression is:
x=a(t)cos(wt+p())= [A+}ié1a(y. ) +?.2G"25(y, )] cos(et +P +R@1(y, ) +2.2G"2(y, )

By using Talyor expansion for the second approximation of 2, we have

x=A cos(—tz—+ ]:"f )— %[TCOS(M-I- 3 k:r>+ 35 —=cos(3t+ k)

+ icos(% —1-%&::) =t icos(2l + kr )+2cos(f+kr:) ——g—cos(t)

3 5 -
——IICOS( kz" )]_ ?:TI‘;Z [ 429 \_1°_t+_1_1—k-r) g% cos(%’—t—!—%izzj‘
+—cos(A s Al )+ 20 coq( Ayt Top) 4 42 cos( G+ ke
+ 13838 coak*t+ ku)-{'*—.‘?"COS(%t'F AL k-»)-i- COS( 5 '——;k.‘.:}
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NRL WS OHE PRI WS PR VO BT PR
P ol G4) e 1T h) A ol 1 )
T 3 ) D )
8 (2
avr

when A—0, a(f)—A, ———1/2, and x—A cos(% ———%'—)

Tdt
5. Sub-harmonie synchroization of order 4

When w is in the neighbourhood of ji— we get what is called sub-harmonic
synchronization of order 4, from eq. (13) and (4), we get the function F o9 £),.
then the reduced system (3) takes the form:

17222 -2 Jsin((B—2)1-+80)
d ([A__228| s 8 e 60 . 4 4
@ g, @G| Lo+l w-1 30+l F3u-1 7w+l ¥ So-1
8

S Cos((Bu—2)t+80) |
(26)
To satisfy (17), we must take
(Bw—2)t+8D=pr @7
where £=0, 1, 2, 3,..., 15.
With the aid of eq. (27) and the second function of eq. (26), we obtain

2

w‘z%s—l.5522A6, for =0, 2, 4,..., 14 (28)
and .:.%%—2. 05224%. for k=1, ..., 15 (29)

Then we obtain 16 sub-harmonic synchronization of order 4, for w2<%.

From the eq. (7) and (11) we have

GG D7 Go(y, D
1( L= l k :|' Gy(3, )= _,2 H (30)
Glﬁ(y' t) G%(Jb t)

By substitution from (30) into (23), we obtain

7A4[ (9”5”) 12 (%Hagn)

a(f)=A-

T
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+ %CDS( ';2 : ksx ) &= %cos(%t — %) +4cos(‘Tz +—g—kﬂ)

by B )] LJ{SI COS(EH—,@T)T 6 cos(at+ k)

~1zcos(--+ 54 ) | - “F 2

RESENEN SN A

1 o 005 ) B ol T {30

OB Cos(—g—f-— SuB 1224 cos(t+E%- )+%eo (t -5 )+ oo +5-4r)

B ol il 3] -

F=t+0- 28‘43 [-o-sin(S-t+-2-tx) 4+ Zsin(F-1+ 2 1r)
)l e ) ]
[ sin( 5+ g lzrr) A sinCar +h) +- 22 sin( L1+ 4n)

sl )G Jur) A 305

+'%’7ism(2t+kn)— 624 sin(20) +i§§’isin(%z+%kz)
T I ST NS

ol S )T ) M 3]

Then the approach analytical expression for subharmonic synchronization or

order 4 is:

sl e [ ) o 34 0)

32 cos(®)+8cos( 5~ ) + 24005( £ )]_ A { cos( L4+ k)
+-gaga-cos{ gk ey cos(gt+ )+ —Tger cos (—H?”f)
(L) o - ) S 4+ )
() T (1T 8 7 )
- o t+-gokem ) Fie R cos( e~ )+11°°S(%f 5 #)
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; coo S ) 8 (34 B e 44 L)
B ol )+ B - o)
0.3'-2

index method
—-—-— sccond approximation

w o
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(Fig.d) Results obtained by two Methods
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: ar 1 JE | k)
When 2—0, a(t)—A4, TR and x—A4 cos( +—3 )
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