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AKALYTICAL STUDIES FOR EVEN SUB.HARMONIC SYNCHRONIZATION 

OF A WEAKLY NON.LINEAR CONSERVATIVE PHYSICAL SYSTEM 

By A. :vI. EI ~aggar and G. M. Hamd-Allah 

1. Introduction 

Through other non-linear phenomena tbere exist the phenomenon of synchroni

zation (entrainment of frequency). from the point of view of mathematics 
the study of this pbenomenon reduces to study of harmonic and sub.harmonic 
solution of differential equation. There exist different approach for treatment 

of this subject, among these is the analytical approach; the advantage of this 
approach permited us to obtain an algebraic from of solution without necessity 

of introducing numerical va]ues for parameters Qr initial conditions. 

After pro\'ing the existence of those synchronization [3J . and established the 
natura l frequency , the approach amplitude and the approach explicit formula 

of r.armonic and sub-harmonic synchronization of add order [4] of Qur physical 

system to 0(
3

) , this paper is devoted to calculate the approach total phase. 
the approach amplitude and the approach explicit formula of sub-harmonic 

synchronization of order 111, (111=2 , 4) of the previous physical system to 00\ 
these results are compared with the results which are obtained by using the 
index method which give us a best justification (Fig. d). One of the important 

analytical method for solving a weakly non-linear differential equation is the 

generalized synchronization method which makes the subject of the following 

section. 

2. The generalized synchronization method 

Consider the following system of " differential equations 

뿜=Af(x. l) (2) 

where x is a vector in the Euclidean space of dimension κ f (x , t) is a periodic 

function in 1 with period T , and an analytical function in x, and À is a very 

small parameter, to this system we as∞ciated the following reduced system 

뿜=AF(y) (3) 
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、‘ here x= y + è (y, t) (4) 

and - and - ( tilda) means that there ex ist two fun ctions of different natures, 
and the functions F(y) , è(y , t ) are defined in the following form: 

where 

and 

F(y)=F}(y)샤깐(y)+ … +2m-IF，a(y)+ - - l 
è(y，I) =Ãδ} (y， t)+산è2(y， 1) + ... + 2m，δm(y， I)+ ... ) 

F}0'’) =π;η 1 
F2(y) =량파꾀1 

è}(y , 1)= Jl(Y, t)dl 

è2(y , 1) =[(꽁 1 dl ) +뿜I( !S]dtJ dt - (j(J쁨 dt) d꺼 

3. Equation in the standard forrn 

When 2=0 in the previous di fferential equation, its solution is 

x=acos(ωI +rþ). 1 
x = -aωsin (wl+rþ)J 

(5) 

(6) 

(7) 

(8) 

where a, ø are constant of integration. when À. is not zero we consider a and 
ø as unknowns functions of time in general solution (8), from (1) and (8) , we 

can deduce the following exact system 

동ra(t)l 잭iflF(t)(&ln @l+앓in Ø3+3sin 낌+sin 와+sin Ø6 , l (9) 

dl Lø(I)F 32w L IOcos씨+ IOcos 이2+5cosØ3+5cOS씨+COS9\+COSØJ 

where 

φ}=(ω+1)I+Ø(I)， φ2=(ω -1)1 +Ø(I), \lÍ3 = (3ω + 1)I+3Ø(I) 
(10) 

씨=(3ω 1)1 +3Ø(t) , ø‘5=(5ω+1)1+없(1) ， Ø6 =(5ω 1)t+5Ø(t) J 

‘.vhen ω is not in the neighbo뼈ood of 1, 충 and 송， one fi nd 

rl ,(y, t) 1 
l(y, 1) =0. l(y, t) =1 ‘ I 112(y, t)J 

.43 r A (2sin φ1 +2sin 씬+3sin ifJ3 + 3sin 씨+sin \lÍ5+ sin ø6 I 1.-1 ( 11) 
ι2ω L IOcosφ} + IOcosØ2+ 5cOSφ3+5cos씨+cos원+cosØ6 J 

.'\0‘ \' we ca lculate the function F2(y , l), from (6) and (11)‘ we haye 
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(12) 
「응짧삶17끼f끼71(ι(y， t)뻐)d써써dιdt+μ+1짧삶f떠2“μ(yμt)펴dtl r;마κ따F감딩2.(Y ， tη써)끼1 대 

z(y' t)=키I ~샤1 ” J=”R( / 씨 Y=I n 1 

[꿇I7，(y， t)dt+숲þz(y， t)에 ll' zøι 1) J L ø J 

'wbere 

A7 
( 1 

F2a(y, t)=강강석감i[2sin(2tþl)+앓in(，여1 +\óz) -18sin(\Ó? -φ1) 

+33sin(까 +tþ;> - 57sin(써-씨) + 33sin(tþ, +tþ4) -57sin(씨 씨) 

-29s in(써-씨) +21sinC'여1 + \Ó5)+21sinCtþl +tþ~ -29sinCtþ6 까)J 

+삼12sin(까 +tþz)+ l8sin싸-57sin (tþ3 -\ÓZ) +33sin(，싹+찌) -57sin (tþ, -tþZ) +21sinC여z+ \ó) 
-잃sin (훤껴)+21sinCtþz+썽-앓in(셉z)J +삶l[ -7sin (까 +tþ3) 

+떠n(ø3 -씨) -7sin(øZ+φ) +l7sin(\Ó3-까>+옹sin(찌 
81 ~ ~_ '_l _l' , 13 ~~_""" 37 +τ송in(\Ó3+tþ4)-갱'-sin (tþ4 - tþ3) + .2' sin(tþ3+ \Ó5) -τC-sin(\Ó5 -야'3) 

13 , " 37 ,,1 1 r 
+2영in(tþ3+ø6)- v2 sin(ø6 -씨 +깊걱 1 -7sin(φ1 +때) 

+ 17sin(ø, - tþl) -7sin(tþ2+ø,) + 17sin (썩 와)+용si n(ø3+ø4) 
81 ' " ,' , 9 ' ，~， '， 13 . ., . " 37 

+각i sin(때-썽 + :2 sin(2Ø4)+ 2 sin(때 +155)-τ; sin(φ'5 -φ4) 

13 , ., 37 . . , ,,1 1 r 
+τsin(씨얘6) --y-sin Cø6-씨) J +표피 -앓in C씨+원)+ 5sin Cøs - 씨) 

21 
- 3sin(\Ó2+øs> +5sinC씬-\ó2)-τsin(ø5+ø3)+ "2. sin (\Ó5- ø3) 

21 
- ;; sin(때+øs>+ 2. sinCø5 - \Ó4>+i-sin(2썽+τsin(써+여6) 

-융smφ6 맹]+표난 [ -3sin(씨+째+5sin (ø얀1) -3sin(，φ'6+ 152) 
21 

+5sin(ø6- \Ó)+ "2 sin(ø6 - \Ó)-τsin(깜+φ3)-τsin(\Ó6+ qJ，) 

+쯤sin(Ø6- tþ，)+움sin(<p6+썽+옹sin(tþ6 - \Ó)+승sin (쟁] ( 13) 

A6 
( 1 

싫(y， 1)=-강젊석감了 [80-2야os(2Ø，) - 20cos(여1+여z) 
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+80cos(r>2 - <Þ1) - 6Ocos(φ1 +<Þ3) + 90C05(<þ3- 야1) - 60c05(씨+ø，) 

+90cos(써-φ1) -22cos(씬+φ1)+ 28C05(Ø5-φ1)-22c05(~\ +øJ 

+짧os(니6 이1) ] +냥1 [80 -았os(<Þ1 +Ø2)+80c∞(<þz -φ1) 

- 2Ocos(정2) - 6Ocos(야3÷화)+9Ocos(Ø3 -여'z) - 6Oc05(써+썩) 

+9Ocos(씨- <þz) - 22cos(여'2+썽 +28cos(씬- <Þz) 

-22c야(써+썽+ 28cos(여'6 - Ø2)] +옳1[60+았05(1'11 +썽 
+7Ocos(<þ3 -까)+2Ocos(아2+~9+70c05(<Þ3 -씨) -15c05(2써) -15cos(，썩+원) 

+6Ocos(외-썽-8cos(<þ3+원)+l7cos(Ø5 - <Þ:강-8cos(Ø3+Ø6) + 1 ícos(Ø6-썽l 

+숲了 [60+∞c∞(아'.+Ø1 ) +7Ocos(야4 φ1) 十잉cos(<þ2+써)+70cos(Ø， - Øz) 
-l5cos(쩌) -15cos(씨+팽+6Ocos(써- <þ3) - 8cos(써+월) 

+1η뼈7 

+ 10cos아(Øs+φ씨1)+20아(Ø5- ~\)+ lOcos(써+Ø2) +2Ocos(얀 - <Þ3) 

+l5cos(써+써) +15cos(띤-Ø，)-cos(2갱'5) - cos(rP6+Ø5)+ 4cos(쐐-야'，y] 

+싫=-r [4+ lOcos(Ø6+φ1)+2야os(<þ6 -φ1 ) + lOcos(Ø6+Ø2) +2Ocos(Ø6-현) 

+l5cos(Ø6-띠3) +l5cOS("6-씩) -COS(얘+<þ5)+4COS(ØG- <Þ5) 

-cos(쟁J} (14) 

4. Sub.harmonic synchronization of order 2 

l 1n this case 띠 is in the neighbourhood of τ!' from eq. (12) and (13) W e' 

have 

. 6 

F'o(y. t) ".? 
ι (32w)' 

Ä[ 정 5 ", /33 7 \ 1 -교주r+굶각sin (rþ6 -φ1)+넘:r -3Jr)Sln(써+씨)1 

r.80. 80 , . _ 60 . _.Ji<L ._ .4 4 1-:• •• +~+ .... . ~-， ~ +~+7:"←--t 띠+1 ω 1+ :x,;+ 1 +3ω=-r T 5w.;-l 7 '5ω -1 

+( 잃 + m ) ( m % 꼬후r 표그 때 ("6- rþ1)+ 짧-도τ)cosc써÷써) 
(15) 

The reduced system (3) with eq. (15) takes the form: 
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( - wZ::1 + 5w~1 + w3~f- 3w~ \ -꼬후1+굶:r+꼬-f 표'- 1 )sin(4띠 -2)t +4Ø) 

r80 80 60 60 4 4 d시-~품 
dl Lφ .J (32ω)' 

- ， ---~→~ ----~ ----~---- ~ - --
L ω+1 1 ω 1 • 3ω+1 ' 3w - 1 ' 50> +1 ‘ 5w -1 
1 28 20 20 60\ 1 +\ w"';:1 + fu;~ 1 1 3w'"::: 1 - w".:: 1 )COS((4úJ - 2)1+4φ)1 \ ω+ 1 T 5w -1 ' 3w - 1 - w-1 rw，，~ - / " , '-/j 

( 16) 

For obtaining sub-harmonic synchronization of order 2, τve must have, 

dA 
πii =0 (17) 

T o satisfy this condition , we must take 

(4úJ -2)1 +4φ= 1r.r (18) 

Where k=O, 1, 2, 3, 4. 5. 6. 7. with the aid eq. (18) and the second equation of 
(16) , we oblain 

J=송+0.91 À
2A6 

for k=O, 2, 4, 6. and 

L "',.........2 ,, 6 
ω =숭-0.58λ A 

for k=1. 3. 5. 7 

Then we obtain 8- su배빠b-l때t 

lω따o아r ω삶2> 소 from th뼈h따e fi띠lπrs야t fl미un때1C 

~ël“n(Yι’ tο)'1 1 
G,=(y. t)= 1 _'“ | 

L G1P(Y' 1) J 

Also. from lhe second function of eq. ( 7) and (11). we bave 

1 G?n(y' t)l 
G?(y. 1) =1 _‘ | 

‘ l G2pCY. 1) 1 

(19) 

(20) 

(2샤 

The amplitude and the total phase for tbe second approximation are defined 

by: 

a(I)=A+Àδla(y. I)+.<"'강2a(Y' 1). 야=ωI+Ø+ ì.깅lØ(Y' 1)+λ2C24(y. t) (23) 

By substitution from eq. (21) and (22) into (23). one obtains 

a(I)=A-뽑[옹 c∞(;1+ 환)+흉cos(흉1+.1쓴)+흥cos(흉1+빨) 
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+ 환os(흉1+뚱)+6 cos(승+.1쁨) -4C∞(승-뚱)] 

22 A7 r 1 (_ . . 5 \ 38 __ . . _. ,. 2 r ζ 、
-짚6다9"'에7f+찬π)+파cos(61+2kπ)+숲cos(5t+환π) 

523 r_ .. 3 \ 124 
÷뉴훈cos댄t+τkπ)十경;;' cos( 41+ 2k;r)+건5' cos(4t + kπ) 

1 r _. . 5 、 702 ( _. . 3 \ 1127 ( 、
+ 二c-cosI 31 +←~kπ 1- : ~; cosl31+~kπ 1+←→;~ . cos(3t+ .;;. ) \ 2 .... ; 105 、 2 .... ; . 45 끼 2 J 

304 1593 、
+ 6cos(21+ 2k:r) - 견등-cos(21얘π) - .7Ct cos(2t) -35CosV+τ쩌 

156 ( . . k" \ 338 ( . k" \ 1 + '.-,- co혀 t + ←←;--1 - ←←=-CO히 t- -'•ë-- 11 15 ~~‘ \ 2 ; 5 ~--\ 2 JJ (24) 

2A3 r 2 . ( 7 . . 5kπ \ ( 5 .. 3kπ\ 2.r3 .. 5kπ \ 
.7jf =ω，1 +φ + "~ ~ I ~sin( •1+ ~~ .• 1+2sinl ~ 1 +←ë'- l+~sin( ~ t+ ~~" 1 16 L 7 \ 2 " 4 J \ 2" 4 ;-. 3 0

''' \ 2" 4 ). 

20 ( 3 .. k;r 、 . ( t 3kπ \ ( f kπ n 
+τsm녀t+ '4' ) + 10sín\호+그→)+20sin\-효 -4)1 

À
2A6 r 2 _. f _ , , 5 \ 19 . , .,,.. , n~ . . _", 4 . "_ f \ 

+걷56 l행sin\7t+τ찌-굶sin(6t+2kπ)+표sin(51+환πJ 

374 . ( "" 3 \ 24 
÷ 교응sin(5! +τkπ)+τsin(41 + 2kπ) + 22sin( 41+2k;r) 

2 _._ f 0' , 5 \ 20. / 0" 3 \ 2311 _.J 0' , k \ 
→二:--sínl 3t + -i'←kπ 1+二T-s i띠 31 +--;• k;r 1+ --;:~' sín I 31 +--'긍'-- 1 \ 2 .... J ' 21 \ 2 .... ; ’ 63 \ 2 J 

384 . __ . . . , 532. __ ., 62. ( .. 3 、
+8sin(2t +2kπ)- '7← sin(21 + kπ) -τí~ sin(낀)-τsinV+람π) 

13774 . r. . kπ \ 1284 . r. k;r \1 
- τ05' sín(l+ '2' ) - ~동-'--sínV -τA 

Then the approach analytical expression is 

(25) 

x=a(t) cos(ωt +여(t)) = [A+2Cla(y, t) + 22C2a(y, t)] cos(ωt+φ+λCl(Yj t) ÷X2C2(1. t)) 

By using Talyor expansion for the second approximation of λ we have 

( t k" 、 J.A4 r 1 __ J . , . 3 \ 
x = A cos날+τ)-견~ I -t"cos에+τk;，)+똥cos(31 +쩌) 

1 ( _. 3 、 1 ( ‘- \ " 0 ÷숭c에21+강π)+효cos(2t +승)+ 2cos(l +kπ)-뚱cos(t) 

+ 1 7COS(량)] 줬[옳f야(꽁t+딴)+짧c에꽁냐써 
4 ( 11. . 11 \ 209 __ ( 11 . . 7 \ 176 " J 9 " 9 

十한C에τ1+τkπj+ 75{ C%[?t+ ;[ktj + 꽁-C엑-21+τA: 

13928 . I 9 , . 5 、 1 .. J 7 , . 11 \ 266 .... 01 .1 \ 
+ 굉SC∞(?+「Jkπ)+τcos(τ1+τkrr) + iõ5 cos(τt +τkrr) 
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19097 . • J 7 " 3 \ 86 .• J 5 " 9 \ 628 .. J 5 " 5 \ 
+격I了cos\ 2 I 수τkπ)+ ~9" c∞(τI+-t"")+ "5 co만τt+τkπ) 

28576 •. J 5 " kπ \ 134 •. .1 3 " 7 \ 2127 __ ( 3 " 3 \ 
+견15" cos( :2 t + '4' ) - '3 • cos\ -yl+-t찌+ ~35 ' cos\τt +←kπ) \2" 4 r 3 \2 ., 4 .... /' 35 \2"'4""/ 

+ 277666 / 3 t Kt \ 1750 .. J t 5. \ 4811 . . J I kπ ] 
-7승-I，;U::i\?‘ -←n十피-I，;V:::\τr--r-τ““j -3s-W•\τ -"-4-j 

13048 .. J I 3.\1 
~Ç05\τ τ''''시 

dψ / 1 krr\ 
when J.• O. aα)→A. 개「→1/2. and x• A cos낱 +τ) 

5. Sub-harmonie svnehroization of order 4 

w‘v빠r 
s앙yncπchπron찌11ιza따l니ion of order 4. from eq. (13) and (4). we get the function F 2(Y' 1). 

then the reduced system (3) takes the form 
r. ,n( 13 3\ 

A I 1/2(공)- 1 -표τ[ )sin((&I-2)1+뼈) 

d íAl 쉰Aε1 
dtlll> 1- ( 32wi 

_ r웬 ， 횡) ， 펴L L호oι 4 
L교주T ->- 꼬=T T3교주T ->-3교二T ->-5교주[->- 5w -1 

-옳T cos((8w -2)1+8φ)] 

To satisfy (17), we must take 

(8ω 2)1+811>="" 
where k=α 1. 2. 3 .. . " 15. 

With the aid of eq , (27) and the second function of eq . 

and 

• ...... .,2 .. 6 
W =---:스~ - l. 55l.~AU. for k=O, 2, 4 ..... 14 16 

2: 1 n ",,.. ., 2 .. 6 
ω :←→-2. 05λ A". for k= 1. 3 ..... 15 16 

T빠h뼈en뼈w뼈，ve 0야빼bt뼈뼈t떠떼a없III뼈16 su빠l 

From the e택q . (7) and (11) . we have 

r,G,.(y, t>l.. rδo.(Y. /)l 
G,(y,t)=II.,a -- • 1. G?(y. /)=1 .. "a--" I 
1'''' lG1ø(y, 1) J ‘ LG껑(Y. t) J 

By substitution from (30) into (23). we obtain 

l.A4 r 4 . . J 9 . , 5 \ 12 .. .1 7 . , 3kπ\ 
a(t)=A-갱-녀Cτ1+옹찌+ '7 cos다t+얘"-) 

(26), we obtain 

(26) 

(27) 

(28) 

(29) 

(30) 
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+ 8 / 5 J十 kπ \ 8 oj 3 t Kr L 4cos/ t j • 5 ) 
웅C"'~τ‘ -숭)-호C 안τ -←숭JT \J‘ T옹 / 

( 1 3 \1 ;?A' r 4 ( 9 .. 5 \ 16 
-12c08날 +량π)J - 국:t- l정r-cos~ :; 1 +감π) 十걷f-<:08( 41 + k r.) 

3578 ( 7. 3kπ\ 2848 ( n . . kπ\ 8 ( 5 " 5 \ + ~.;"."- cosl --;,- I + _.;., 1+ -，-n~- cosI3t +-꺼← l+ -7é-cosl -;← 1 +-'→kπ l 735 \ 2" 4) ' 135 \ 2 / ' ~ \2" 4 .... ) 

3485, , . J 5 • . krr \ 1123 . ( n. . 3737 \ 4YI 1 3 . . 3 \ + -;~: . cosl ~ 1+ -'7- 1+ ' ~7~ COS( 31 + ~~:' )+ ':n' cosl -7.-/十 kπ 1 
。ιa \2 . . 4 ) ' 21 \ 35 / ' 1δ \2 ., 4"" / 

+뽑C잉(흉1-쭈)+뽑썩1+뽕)+뽑cos(t -풍)+ 4CO샀+한π) 

+펌효c에등+뚱)+116cOS(승 -뽑효)] (31) 

ψ=1+φ+뽑[융sin(옹1+흉kπ)+쭈sin(응1 +흉kπ) 
( 5 .. kπ\ 40 . /3. kπ \ I 1 5kπ \ ( 1 3 \1 

+8sin( -'i-I + n~. )_ ~ 8in( -'i-I- ";' )+4sin( -'.-+ v';;' )-20sin( • - -'!c--kπI [ \ 4"8) 3 \ 4 . 8 /' .•. _\ 4 ' 8 / \ 4 8 .... / J 

;."A
6
r-8.f9. . 5 \ 11 '. " .. ,." 2568 .• J 7 .. 3 \ -국:; l공t-sin(τ1 +τrkπ)+ :îÎ sin(41 +kπ)+것합sin~장t+「Jkπj 

176 . J n" kπ \ 16 . J 5 " 5 \ 4.4 . . .1 5 . . kπ \ - .~- sinl31+ '~' ) ←←~sinr. ::: t + →←←kπ ) - :.". sinl ~ 1+ •• '--) \ 2 / 9 \2" 4 .... ) 15 \2" 4 / 

96 . .n. . ., 7264 . .• n., . 1856. ( 3 ., 3 \ 
+7송in(21 +kπ)-τ3' sin(2t) +견了sin~τ1+4꿰 

4688 •. 1 3 , kπ \ 11776 . •. 1. , kr. \ 512 .•. / \ - . : : - sinl ::: 1- •• '-1- ^:::- sinll +←←'--1 수」→← sinl 1 - .;:' I 
63 \ 2' 4 r 315 \ 2 / ' 5 \ 2 ) 

n • / 1 5.\ 25042.(1 kπ \ 416 . .1 1 3 , \ 1 
-ösm\τ十τRπ)--경38m\τ +-4-j --3-W1\τ-4' ''" )J (32) 

Then the approach analytical expression for subharmonic sync hronizati on Qr 

.order 4 is: 

1 1 kπ \ 2A4 「 16 / Kr \ 64 (3.. kπ \ .x=A cos(':'+ ";' 1+ '"~' [.••é-c os[ 21+ -;一)+←→cos( -;• 1+•• 1 \ 4 ' 8J'8L63 \ 2 ) ' 35 \2" 4 I 

304 .... , ", • n _ (t krr \ / kπ \ 1 iA' r 11 .. ( 19 . . 11 \ 
-τ了 Cos(l)十&엑τ-τ) + 24cos( -'쉰j τ56 폐CO얀τ1+합π) 

+ ~~~~ cos( l: t + ~ \ 38481 / 15 .. 7 \ 7~~?47 cos( 1;' t + ~ krr ì ::~: cosl -=i--t + -òè- kπ ) + -;-:,;--;;. cos( ←←→I+ -òè- kπ) + co히-←t+7krr ) 4533 \ 4 ., 8 .... ) ' 17640 \ 2 . , 8 n .. ), 661" ._-\ 4 ., H .... / 

43 / 11. . 11 \ 17549 / 11 . . 3 \ 6166 I 9 . , 9 \ 
+ 18 C05~τíl +τ찌+고5꽁 cos(낌+효kπ)-τ3'c엑한+3rkπj 

119053 .. ( 9 . . kπ \ 7997 . . ( 7. , 7 \ 11806 . . / 7 \ 
+ co허 -7-1+ • •'-- 1+ ~:~~ c051-'. 1+ --;，-kπ 1+ ^^;•"- c051 •• 1 - ..:::;;:- ) 70 끼 4" 8)' 3780 \ 4" 8 .... ) ' 35 \4 ' ~ / 

712 ( 5..5 \ 81412 .. 1 5. 3 、 ( 3 ., 11 \ 
-~CO외 I+ -òè- krr)+ . :::- c051 '"→ - -òè-kπ 1+ l1cosl -7-1+•• • krr J 63 \ 4 ., 8 .... /' 315 \ 4' 8 .... J \ 4 ., 8 .... / 



Analylical Studies for E ven Sub- haTm01Iic Sy l1 chroll;zation 211 
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dW 1 , ~ ~J t k r. \ 
I\"hcn ?• 0 , a(t)• A, τ→τ and x• A co쉰+꾀· 
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