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A RE~fARK ON THE SPECIAL CLASSES OF ANALYTIC FUNCTIONS II 

By Shigeyoshi Owa 

Introduction 

There are many cJasses of analytic functions in the unit disk U. 1n this 

place. we consider about the special cJasses C(k). P*(a. ß). Do(k). G(k). 

P (k). and R( k) of analytÌC funct ions in the unit disk U. And it is the purpose 

of this paper to give a rela tion among these classes. 

DEFIl\ITION 1. Let D(k) denote the class of functions 
∞ 

[ (z)= z + ε a”ZR 
n=::! 

analytic in the unit disk U and satisfying 

|둬깝.H < k ( zEU) f'(zl+ l I 

for some k(Q <k트 1) . And let DJ k) denote the class of analytic and univalent 

functions [(z) in the class D(h시. 

For this class D(k). K. S. Padmanabhan showed the following result in [4] . 

LEMMA 1. Lel IIIe [.μηctiOll 

∞ 

[ (z) =z+ ε: a-Zn 
,,= 2 ,. 

belo7tg 10 tlze class D (k). Then. we have 

I [찌든관껄「 
[ or zEU. 

Moreover. S. Owa showed some results for the fractional calculus of functions 

f (z ) in th is cJass D (k) in [2]. 

DEFINITION 2. Let R(k) denote the class of functions 
∞ 

[(z) = z+ ε:; a .. z‘ 
n=2 .. 

analytic in the unit disk U and satisfying 
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Re [f'(z)} > k 

for some k(O듣k <l) . 

For this cJass R(k). D. B. Shaffer gave some resul ts in [히 • 

DEF[l\1T[O~ 3. Let P ( k ) denote the cJass of functions 
∞ 

f ( z) = z + r;. a.z" 
n= ~ 

analytic in the unit disk U and satisfying 

I r상 
for some k(O르k <l). 

For this cJass P (k ) . D. B. Shaffer showed the following lemma in [6]. 

LEMMA 2. Lel Ihe fiμtzctioll 

∞ 

f ( z)=z+ r:: a.z’ 
n= 2 ,. 

be j ’‘ t1le cla55 P (k ) . Tlzeι for zE U. 

- Izl ..-n _ r ~' r _'\l ~ 1+ 치 
I 간걱찌긋「 르Reσ’ (z) } 등 τ강는꾀뎌 +(1-2잉 치 1 -(1 - 2꺼 치 

DEFINIT!ON 4. Let G(k) denote the cJass of functions 
∞ 

f (z) = z+ ι a .. z'“ 
11= 2 ,. 

analytic and univalent in the unit disk U and satisfying 

11'(z) -1 1 < k 

for some k(O르k르1). 

For this cJass G( k) . V. Singh gave some resul ts in [8] . 

DEFIκ1T!OK 5. Let C(k) denote the cJass of functions 
∞ 

f (2)=Z- r:: a ‘ z" (a .르0) 
n=2 ’ … 

that are convex of order k(O르k<l) in the unit disk U. 

For tbis cJass C(k) . H. Silverman gave 5αne res비 ts in [7]. 

DEFINIT!ON 6. L앙 P‘(α， β) denote the class of functions 
∞ 

f ( z) =z- r:: a.z" (a.르0) 
’ = 2 

analytic and univalent in tbe unit disk U for wh ich 



A Remark 011 the Special Classes 01 AnalyJic FUllctiollS n 19S 

| f (z)- 1
2a

) I 
[' (z)+ (l-2a) 1 

where 0든 "' <1 and O <ß든1. 

Fur this class P‘(α， ß) ， V. P. Gupta and P. K. Jain showed some results 
in [1]. 

Recently. S. Owa show the following Jemma in [3]. 

LEMMA 3. Lel O<k를L T hen , we have 

{ l-k 、
C(l -k)CP‘ (0, k) CD(k)CR( ~ ~ ':. ) \ l+k I 

111 parlic“lar, 
C(2-‘12)ζP*(O，.，I2 - l)CDι 2- 1)CR(、/호-1) 

(J, tld 

C(O)ζP*(O， 1)ζD(l)ζR(O) . 

THEOREM. Let 0 <k르1/3. Theι ωe have 

C(l -k)CP*(O. k)CD/k)CG("1빨)ζP(+)CRω') . 

PROOF. In the first pJace. Jet a function 
∞ 

I(z) =z+ ε a, z” 
1'1 =2 “ 

he in the cJass Do(k). Then. we have 

l+k 
I['(z) 1 르---1- k 

with the aid of Lemma 1. Moreover, from Definition 1, 
1['(z) -1 1 <k( I[' (z ) 1 + 1). 

Hence. we have 

폐
 앓-{
 

에
 -- -

내
 

서
 

?
、

Mu 

Consequently, we have 

DO(k)CG(훔) 
for O<k든1/3. 

In the second place, we have 
h 

힌
 

/ 
에
 
、

I 
R 

패
 

이
 、
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fo r O<k든 1/3 from Defini tion 3 and Definit ion 4. And if the funct ion f (z ) 

belongs to the class P(1/ 2) . by us ing Lemma 2. we have briefly 

Re [f' (z)J >0, 
that is, 

P (웅) C R (O) 

Accordingly , we have the relation 

( 2k \ ( 1 \ 
C(I-k)ζP*(O， k )CDo(k )CGC l':::'k )CPCτ)CR(O) 

for O<k든1/3 with the a id 01 Lemma 3. 

COROLLARY. W e ilave Iile relalion 

C(융)CP*(O， 충)ζDO(놓)CG(!)ζP(융)ζR(O). 
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