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A REMARK ON THE CLASSES D(k ) AND R(k) 

By Shigeyoshi 0、，va

1. Introduction 

Let 50 denote the c1ass of lunctions 

∞ 

I(z)=~ a.Z" 
n=l … 

that are analytic and univalent in the unit disk U = {J zl < 1}. For k(O든k<l). 

let 50(k) and Ko(k) denote the subclasscs 01 50 consisting of the functions that 

are star like of order k and convex of order k. respecth'ely . . 
For these classes 50(k ) and Ko(k ) . H. Silverman [llJ showed the following 

lemmas. 

LH!I,IA 1. A 1'"κlio1t 

∞ 

I(z) =ιz ε~ a .. z’ ‘ 

n=2 ’· 

is ;11 the class K o(k) 11 alld 01l/y ;1 

ε:2X(1t • k)a'l르ap-k). 

LEM~jA 2. A 1’‘’κliol1 

∞ 

I(z)=a,z ε a-z” 
‘ n=2 .. 

is ;Il the c/ass 50(k) il and only '1 
∞ 

ε (n-k)a‘든a ，(l -k). 
11 = 2 

(a，/는0) 

(a.르0) 

Lct 5/z) be thc Schwarzian dcrivativc ol/(z) at zEU. that is. 

5/2)=(주펑)’ -융(핏앓)2 
And let p(z) be the density 01 non-euclidean metric defined in the unit disk 

U. Then. R. Kuehnau [1] gave the following lemma for the Schπarzian 
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derivative. 

LEMiI1A 3. 1[ the [unction [(z) is analytic and 1miνalent in the αnit disk U, 

then 

sup U 1 S[( z) 1 .o (z)-2든6. 
‘εU 

2. Sorne results for the classes D(k) and R(k) 

DEFIl\ITION 1. Lct D(k) denote thc class of functions 
∞ 

[(z) = z + ι-:; a“z” 
n::=2 .. 

analytic in the uni t disk U and satisfying 

I I'(z)-11 
냐Zτtl<k (zεU) 

for some k (O<k드 1). 

For this class , K. S. Padmanabhan [7] gave the following lemmas. 

LEYlMA 4. I[ the fιηctì01t 

∞ 

[(z) =z +ε α.z“ 
n= 3 … 

끼
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and 

I[ (z) 1 드 Izl-웅log(l-klz j) 

[or z르U. 

LEM:VIA 5. Let the [iκ 11CtìOη 

/(z) = z+ζa.z” 
n::=2 ,. 

beloηgs to the class D(k). Theκ [or aηy n르2， 

2k 
l a.1 르-운· 

REMARK 1. In 1980, S. Owa [6] showed some results for the fractional calculus 

of functions [(z) in the class D(k). 
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DEFINITION 2. Lct R( k) denote the c1ass of functions 

∞ 

f(z)=z +εa.z” 
n=2 .. 

analytic in the unit disk U and satisfying 

Ref'(z)>k 

for some k (0르k<O. 

For this class. D. B. Shaffer [1이 showed the following Icmma. 

LE\'1 ~ IA 6. Lel Ihe f 1<n<lio1l 

f(z)=z+윌 a.앙 

be i1. Ihe class R( k ). Thell. 

|뒤장~< 2(냥) 
f'Cz) [- (1 [z [) [1+(1 2k)[ zIJ 

f or zεU. 

TH EOREM 1. If th. f 1<nclion 

∞ 

f(z)=z+ε a .. i' 
n=2 

17i 

belongs 10 the class D(k). then the f，μηction f(z) is inlhe class R 1(I-k)/(l +k)} . 

that is. the class D(k) is 0 subclass of R ((I-k)/ (1 +k)} . 

PROOF. Since the function f(z) is in the c1ass D(O . by using Lcmma 4. we 

have 

for zEU. Furthermore. 

Ref’ (z)르픔힘감 

>끌솥 

l -k 
O르~<l. l + k 

for O <k든1. This completes the proof of the theorem. 

COROLLARY l. I n þarlicttlar •• J IIIe fu’1C1i01. f (z) is i1. Ihe class D(、1"2-1)‘

Ihet.. f (z) belO1.gs 10 Ihe class R(ι2. O. alld if Ihe f utlcliO/l f (z) is i1. IIIe class 

D(1). Ihen. f(z) belollgs 10 Ihe class R(O). 

THEOREM 2. Lel Ihe f，ι1lcUOt1 

∞ 

f ( z) =z ε-; a .. z" (aH르0) 
n=2 .. “ 
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belong 10 Ihe class S;(O). Then. Ihe fUllction f(z) is in the class D(l). 

PROOF. Since f(z)εS~(O). by using Lemma 2, we have 

|짧감l든쫓헬1 
∞ 

121ζ na .. 
드 ff~ε-二 
- ∞ 

2- 1 21당la. 

< IZI 
= 2-lzl 

<1. 
Hence. the Íunction f(z) belongs to the class D (1). 

THEOREM 3. Lel Ihe fiμllctíon 

∞ 

f(2)=Z-ε a.z" (a.르0) 
n=2 ‘ … 

be in the class Ko(k). Then , Ihe functioη f(z) belongs 10 Ihe class D [(1 -k)j 

(3 -k) }. 

PROOF. Since the function f( z) is in the class Ko(k). by lIsing Lemma 1, 

∞ ∞ 

(2 - k) :C; na.드 :C; n(n - k)a. 
η=2 .. n=2 σ 

든 1-k 

for 0든k<1. Hence , we have 

j짧|든윌摩L 
< l-k • 

3-k 

<1. 

Therefore, the function f(z) is in the class D ((1-k)j(3-k) }. 

COROLLARY 2. Lel Ihe fuηction 

∞ 

f(z)=z- :C; ιz" (a.르0) 
n=2 ,. 
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be ;n Ihe class Ko(O). Thell. Ihe [1끼clion [ (2) belongs 10 Ihe class D( 1!3) . 

COROLLARY 3. Ullder t1ze hyþotizeses o[ Theorel1l 3. 

[ or 0든k < 1 and any "르2. 

_ 20 一 kl 
n"능강견τ갱T 

THEOREM 4. Let the [tmct;on 

∞ 

[(z)=z+뀔a꺼ESo 
belong 10 Ihe class D(I,). Tlzell. we have 

6(1 +kI2 ') 1 4k 
11"’(2)1 드 ( 1카 21)2(1 -k I 2 1 사고되꾀T+ ll +k+(3L l) l z l }사 

PROOF. By using Lemma 3 and Lemma 6. 

I r 'N I" 、 n ‘ j 

I~카~l든6p(2)" + ? ~‘ 
1['(2) 1=""'_' . (1 - 12:h l+k+(3k-1)12IJ 2 ' 

Hence. we have the theorem \vith thc aid of Lemma 4. 

3. An application for the fractional derivath'c 

179 

There are many definitions of the fractionaJ derivative. In 1978. S.Owa [6) 

gave the fo l1owing definitions for the f ractionaJ derivative of ordcr a. 

DEFINITION 3. The fractiona l der ivative of order a is defined by 

D~ [(z) =τ사τ 1. r:Ji젤L r (1- α ) d2 10 (2 - 0 a 

where 0 <a <1. [(2) is an anaJytic fu nction in n simply connected region of 

the 2'pJane containing the origin. and the multiplicity of (2-0一cl is removcð 

by requiring Jog(z - O to be real when (z-O>O. Moreover. 

and 

[(z)= ]jm Dα[(2) ,.-0 ‘ 

['(2)=lim D~[(2) . 
a • 1 ‘ 

DEFINITION 4. Under the hypotheses 01 Definition 1, the fractional derivative 

of order (n+a) is defined by 

where nENU [이 • 

• .n 
D; TV [ (2) =--'=---;;- D~[(2) ， 

d2" ‘ 
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REνIARK 2. For other definitions of the fractional derivative of order a. 

[4]. [8]. [3J and [9]. [2]. 

THEOREM 5. Lel Ilze /lmcliotl 

∞ 

/(z)=z- r; ιz” 
n=2 ,. 

(an르0) 

belong 10 I"e c/ass K o(O). TI"J1/. /0σ 0<α <1 and zEU. 

alld 

I D~/(z)1 르 1 ←←-;;-{ 一 Izl +210g(1 +lz l)J. 
‘ r(2-α)Izl" 

I D~/(z) 1 르-←→L→τ { -lzl -210g(l - lzl)J 
r (2-a) Izl" 

1 D: +"/ (z) 1 르E파~{쓴{감-a-츄 떼-lz!)} 

PROOF. Let consider the func tion 

G(z) =r(2 - a)z" D~f(z) . 

Then, by using Lemma 1, wc have 

j흙깝t|〈 

<: 

울 ηr(11 +l)r(2- α) a.|zjn-l 
”二 2 r(11 + 1- α) • 
∞ ηr(11 + 1lr(2- α) .,:-1 

2 뀔 r(11+ 1- αy-- aμ 

∞ a 

Izl r; "~fl .. 
n=2 
∞ 。

2- lzl r; ，，~a‘ 
n=2 

<~I즈L 
= 2- lz 

<1. 

see 

Therefore. 

we have 

thc function G(z) belongs to the c1ass D(1) . By using Lemma 4. 

and 

IG(z) 1 르一 Iz l + 210g(1+ Iz l), 
IG(z) 1 든 - lz l -210g(1- lzl) 

1 G'(z) 1 르쓴바· 
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An:l rhree estimates ‘.ve dcsire follow these inequali t ies. 
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