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A REMARK ON THE CLASSES D(k) AND R(k)
By Shigeyoshi Owa

1. Introduction

Let S, denote the class of functions

(D=3 aﬂz"
n=1

that are analytic and univalent in the unit disk U={|z| <1]. For k(0=k<1),
let Sa(k) and K (k) denote the subclasses of S, consisting of the functions that
are starlike of order % and convex of order %, respectively.

For these classes S;(k) and K (%), H. Silverman [11] showed the following
lemmas.

LEMMA 1. A function

R

f@)=az- a8 (¢,=0)
H=2z
is in the class Ko(k) if and only if

E‘ i(n—k)a,=a,(1—k).
n="2

LEMMA 2. A funciion
= n
f(z)=az- ‘:_;,",anz (a,=0)
is in the class S;(k) if and only if

3 (n—-Ra,=Za,(1-k).

n=2

Let Sf(z) be the Schwarzian derivative of f(z) at z&U, that is,
s (L@ N 1 (@) N\
s @a=(4i55) -2 (TG )
And let 2(z) be the density of non-euclidean metric defined in the unit disk
U. Then, R. Kuehnau [1] gave the following lemma for the Schwarzian
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derivative.

LEMMA 3. If the function f(z) is analytic and wunivalent in the unit disk U,
{hen

sup U|Sf(2)| o(z) "°=6.

2. Some results for the classes D(k) and R(K)
DEFINITION 1. Let D(%) denote the class of functions
f)=2+3ng
n=2
analytic in the unit disk U and satisfying
Flai=1
for some & (0<A=1).

For this class, K.S. Padmanabhan [7] gave the following lemmas.

LEMMA 4. If the function
o3 "
f(z):z+£' a,z
telongs to the class D(R), then we have

lf()l_—’%%

|flz)| =~ 2] + ?hg(l +klz]),
and
F)I=— 2] - log(1—lzl)
for 2=U.
LEMMA 5. Lef the function

Jlz) ==+ E anz”
#=2

belongs to the class D(k). Then, for any n=2,

i 22
i

REMARK 1. In 1980, S. Owa [6] showed some results for the fractional calculus
of functions f(z) in the class D(&).
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DEFINITION 2. Let R(%) denote the class of functions

f(z) =z+Z’anz"
n=2

analytic in the unit disk U and satisfying
Ref'(2)>k

for some & (0=k<1).
For this class, D.B. Shaffer [10] showed the following lemma.
LEMMA 6. Let the function
f(z)zz-l-’%’ a,z

be in the class R(k). Then,
RN | 2(1-k)
iz = A-1zD{A+0-28)]z[)

Jor z€U.
THEOREM 1. If the function

D=2+ a2
n=2

belongs to the class D(k), then the function f(z) isinthe class R{(1—-k)/(A1+k)},
that is, the class D(k) is a subclass of R{(1-E)/(1+7k)].

PROOF. Since the function f(2) is in the class D(k), by using Lemma 4, we
have
o 1-klz|
= 1+k|2]
1-%
z 1+k4

Ref’(z)

for z&€U. Furthermore,

1—%
0= 1+% <1,

for 0<#=1. This completes the proof of the theorem.

COROLLARY 1. In particular, if the function f(z) is in the class D(/ 2 —1),
then, f(z) belongs to the class R(v/2,1), and if the function f(z) is in the class
D(1), then, f(z) belongs to the class R(0).

THEOREM 2. Let the function

f(D=2— % ez (a,20)
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belong to the class S;(O). Then, the function f(z) is in the class D(1).

PROOF. Since f(z)ESS(O), by using Lemma 2, we have

= n—1
X7 na,lz|
#=2

}f”(z))-ll =
F + = o) ®
Flz g 5 %ﬂ,,lﬂﬂ 1
n=2
|z| 22 na,
= n=2
2~»[zl):'naﬂ
n=2
< 12]
= 2-|z|
L

Hence, the function f(z) belongs to the class D(1).
THEOREM 3. Let the function

fD=2-Taz (a,20)
n=2 :

be in the class K,(k). Then, the function F(z) belongs to the class D{(1-k)/

(3-R)}.

PROOF. Since the function f(z) is in the class K;(#), by using Lemma 1,

(e =) (o]
(2- fa)Zzncz”éZz‘ n(n—Fka,
= n=
=1—-k

for 0=k <1. Hence, we have

-1 FEm

L 1 )
FeRE 2f\z]Z;rmﬂ
==z

(1A

<l
Therefore, the function f(z) is in the class D{(1—-£)/(3—£)}.

COROLLARY 2. Lef the function

f@=2- 20" (a,20)
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be in the class K (0). Then, the function f(2) belongs to the class D(1/3).

COROLLARY 3. Under the hypotheses of Theorem 3,

< 2(1-%)
Gy= n(3—k)

Jor 0=k <1 and any n=2.
THEOREM 4. Let the function

o=
f(@=z+az"ES,
n=32

belong to the class D(k). Then, we have

2

7] < 6(1+k|zl) { 1 4% 1.
SO E AT U T ekt @Dl

PROOF. By using Lemma 3 and Lemma 6,

ffn(z) - 5 24k2

> =60(2) + - ;
r@) | (- 22 (1 +-+@E—D)| 2]}
Hence, we have the theorem with the aid of Lemma 4.

3. An application for the fractional derivative
There are many definitions of the fractional derivative. In 1978, S.Owa [6]
gave the following definitions for the fractional derivative of order e.

DEFINITION 3. The fractional derivative of order « is defined by

@ pye— b _d_ 7 fOL
D. F&=Fa-ay 4z o{;D—a'

where 0<a <1, f(2) is an analytic function in a simply connected region of
the z-plane containing the origin, and the multiplicity of (z=87% is removed
by requiring log(z—{) to be real when (z—2)>0. Moreaover,

F@=lim D/ (2)
a—0
and
F(2)=lim D}f(2).
a—l
DEFINITION 4. Under the hypotheses of Definition 1, the fractional derivative

of order (n+c«) is defined by

"4 d

D, f(a)=

D%f(2),
P Wi

where nENU [0}.
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REMARK 2. For other definitions of the fractional derivative of order o, see
[2], [41, [8], [3] and [9].

THEOREM 5. Let the function
= #
fD=2-Taz (a,20)
=2
belong to the class K(0). Then, for 0<a<l and 2EU,

| D) %?—l—a (~ 2] +2log(1+]z])],

2—a)lz|
o 1
1D f(D) | =————1{—|z| -2log(1-|z])}
T .
and
1+a 1 1+]z] 2o N )|
1D} S\ T i logt- 12D}
PROOF. Let consider the function
G(2)=I@2-a)z"DIf(2).
Then, by using Lemma 1, we have
s nl(n+ 12— a) n—1
(G-l a5 Feti-a) ay 2|
I&@+1 = o ul (it LT (2—et) sl
2_’52 I'n+1-o) |zl

00 g
2| 3 wa,
7="2

1A

CoR
2—|z| 2 wa,
L)

#H=c

=_lzl

Therefore, the function G(z) belongs to the class D(1). By using Lemma 4,
we have

1G()| =~ |2z| +2log(1+]z]),

IG(2)|=-|z] —2log(1-|z])
and

e @I =1HE
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And three estimates we desire follow these inequalities.
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