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ON A TWO-DIMENSIONAL H .H INTEGRAL TRANSFORM ( ll ) 

By R. K. Agrawal 

1. Introduction 

The t\\'o-dimensional H.H integral transform. introduced by the author [1l is 

defined and represented by t he following integral equation: 

Ø(p , q)=H-H [f:P , q} 

∞∞ r r _-",.0 _ _ __ R.O 
=pq J J H ,: , [apxJ H~:~[bqyJ Hj[’npx, nqyJ f (x, y)dx d\ 

o 0 

.Oí, 1 ( g,.G,),.,l 
H~':" I bov 1 :~ .. :::" -1 

TL~ 'IJ I ( h,.Hj) ‘ ,J =pqJJ H;?[apx |않:깜，‘] 
H O,Q : m"n’ ;m‘ 1ta rmpx I (Oj ; CXJo A,)J.þ,: (c,. tj)l.þ,; (e,. E/)l.h 1 

P .. q, ‘ hq‘ ; þ‘ .q, lnqy l (bj ; ß/o Bj) I.,f, : (d j. ð,)I. h ; α'.F，)I ， "J 

• f(x , y) dx dy . .. . .. .... ... ........ .. . .. ... .... .. .. .. . .. .. ‘ ... ... ...... .. .... . ..... (1. 1) 

provided that the double integral in the right-hand side of (1. 1) exists. In (1.1) 

H씨「 x |(al, Al) 1 ’] 
p,q L 1 (Ù j.Bj) HJ 

Fox’ s H-function ( [12]; see also, [9]) , 

represents the H-function of two variables (with " 1 = 0) introduced by 

and Gupta ([13] , p. 11 ï , see also, [4]) . {For explanations of the notations 

employed and various symbols used here, the reader can refer the recent work 

by Goyal and Vasistha ([7], p.145) . } 
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EXISTENCE CONDITIONS OF (1. 1) 

S ,= ε: ν ε J.) ，; - ε: μ;>0， 
j=l j= l'+l' j=l 

R T S 
S?= E; H ,- E; H ,- E; G ,>O, 

j= l j = R+l J ;=1 

larg aP 1 <÷sl; aω larg bq , <융%π .. (1. 3) 

(i) 

{J, q, "’ q, ", P. 
A1= ε~ a;- ε: β(ï ε:δ， - L: 6，+ ε:E，- ε-:: .. ';>0, 

j=l ;=1 j=l j=m. + 1 j= 1 I j=n. +1 J 

(ii) 
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þ, q, mJ q’ ~ Ê!-. T"O ... _ r ’ .. ( 1. 4) 
A2=- ~ A ,- ζ B;+ ζ F ,- z: ‘ F ,+ p E ,- ζ . E ,>O.) 

J=I }=1 }= 1 J=nlJT l }=‘ l=nJ""~' I 

’ l larg 1Ilpl < 2 A1π aω larg nq l <흐젠... ........ . ‘ … ...... (1. 5) 

(iii) The exisfcllce C01zdi!t"011S correψO1lding aþþr ojJriately tO Ihe oues ηIe끼tio1led 

i 1l Ihe book by Ma /lwi and Saxe/la ([12), p.3, Eqs. ( 1.1. 7) a/!d ( 1.1. 8)), are 

satislied by Ihe bolh H '11I/lcli011S 01 one variable illvolved i 1l (1.1) . 

(iv) T he exislαce condilions, lor Ihe H-Iμnctioll 01 two VG1'iables givell by Mittal 

a1ld G1Ipta ([13), p. 1l9, (i) a1Zd (ii)), are satislied by Ihe H 1 [mpx, Ilqy] 

occt< rritzg i /l ( 1. 1) . 

(v ) j (x, y) is a real or complex vah‘ed)꺼OLC!i(J’1， 01 two variables x a1ld y d‘ifill 
ß+p' ed 011 the regioll R : 0든x <∞ 0:듣y<∞ alld sltch I"al tlze prodltct x' , - y 

I/ (-", y ) 1 is illtegrable over tlze li11lïe reg;o1l R (R1, R2) : 0르X드R1 : 0듣y든R2• 

R1>O, R2>O, 

where 
a= min {Re(t< j u ) l. α= min {Re(d .1，δ)} ...... ... . …( 1. 6) 

l 특l트r 듣j~m‘ 

ß= min {Re(h / H ) l. β= min (Re(J / F)} .......... … ....... ( 1. 7) 
l ~ j트R l~j르，이 

alld 

(v i) IIze 1’mit 01 the fillite form 01 lhe dOl,‘ble "',tcgral ;'1 ( 1. 1), 
∞∞ Rκ R， 

’ 
Wl‘Uα)새싸써z“t 

o 0 0 0 

ex;sls at Ihe poi’11 ( p , q) , whell Rl' Rz→∞. 

50me important special ca5es of (1. 1) , t he inversion formula and certain basic 

properties for our H.H integ-ral trans[orm ha ve been discussed in detail in the 

aforement ioncd pa per by the author. 

In this paper , “ e prove three interesting theorerns giving the relationships 

01 the H-H integral transform defined by ( 1. J) with Meijer-LapJace transform , 

Mellin and LapJace transform of two variabJes. One of these theorems has been 

used to evaluate a generaI doubIe integral 

It may be noted that the parameters of all the H-functions of two variabJes 

occurring jn this paper are same as lh ose of the H-functi on of l\vo variables 

involved in (1. 1) . Therefore t o simplify the space problem 、，\'e use Hj [x , yJ to 

denote the H-function of two variabJes throughout the paper, 
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2. Relationship with meijer' Laplace transform 

In 1959, Bhise [12J studied an elegant unification of severaI known general 

ization of the c1assicaI Laplace transform in the form (see aIso [3J): 

r ~M+l. 0 ( 1(1‘+,.) \ G (F(v) : κ) =u I G';:' :: .~，( uv I :.;-: ':' )F(ν) dv ........................ (2.1) 
J~M.M+l\ I (사). T / 
0 

where GXqn(x) 1S the 、v빠known Meijer G-func 

pαle앉ce잉、w씨lse COn따lα띠t디jTIUOUS in every f“inite in따1πt야erπva외IO <v:르드R， R>Oα， and 
(O(xðe • P’). R,(p)>O. '~ì 

F(v)=C::.: " .. _"" ~'Î ........................... “ .... (2.2) 
lO(,<). 'j O. 

then for existence of Meijer-Laplace transform (2.1) , 
Re(u)>O. Re(o)+ min (ReC;U. Re(r))>O ....... ............ (2.3) 

1드1르M 

The foIlowing theorem provides interesting relationship between the Meijer' 

Laplace lransform (2. 1) and the H • H integraI transform (1. 1). 

THEOREM 1. Suþþose that the tμ10→dimensional H .H integral transform IH-H 

{f : þ, q) I defined by (1.1) exists. Also. let the fαncti01l F (v) be piecewise con 

tinuoαs ，η eνery jinite interνal (0, RJ. R>O, and have the asymþtotic exþaηSlons 

g'νen by (2.2). 

Theη 

G (F(v) H.H (f : þ , q) : u) 

∞∞ 

= I I f(주 -?-l dx dy J J \p ’ q J 
o 0 

r .. 2 ror .. '\ TT"' O r _ . .. I(kj • μj)，끼 R. Of 1.. ••• I(g;.G,),.s lTT r__ .. _.1. __ 1 
·Gip-F(u)Hs t [ax씨 (Uj. ν1)l t」Hs.T[by씨 (k껴;':.JH 1 [mxv. 1"뼈 · 씨 ‘ (2.4) 

þrovided that the doιble integrals iη (2.4) converge absolutely. 

Re(p)> 0, Re(q)>O. Re(α)>0， aηd 

Re(o+3)+ rnin (Re(.{J, Re(r)) +α+α’+β+β'>0 ... … .......... , .... …"'(2.5) 
1든j 든M 

where α， a/, β and β• are given by (1. 6) and (1. 7) respectively. 

PROOF. In order to establish the relationship (2.4), we slart with the defi

nitions (1. 1) and (2. 1) to get 

G (F(v) H-H (f: þv, qv) : u) 

= ι f GZr따써 ;;;f?) F(ν) 담qv2 J J H간 [aþxν1 
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R. O. . • 1 
. H~~'; [bqyvJ H 1 [mxpv, ψvJ f (x, y) dx dYJ dν 

∞∞ ∞ 

= rr f( ~， .1니「” fGM +1, 。 (αν I O-M -I.. çι) ì V '
2 F(v) 

J J ' 、 p ' q Jl" .J -M'. M+l \ ;(ιJa. r ) 
1) 0 0 

R.O.. , .. . , . 1 
.H;'; [axvJ H;'; [byvJ H 1 [mxv , ηyvJ dv J dx 야'. 

The f inal result (2. 4) would follow immediately if we interpret the v-integral 

by means of (2.1) . The inversion of ordcr of in tegration in the above prove is 

justified under the conditions statcd above. 

It is remarked here that for s=5=M=O, r=t=R=T=I , U 1=까=0， 간=H， 

= 1, our resul t (2.4) corresponds essentially t o the relationship given by Goyal 

and Vasistha ([6], Eq. (3. 1)). 

A special case of the Theorem 1, when F(ν) = v' , v르α is worthy of note. 

lndeed. by appealing a known result 'ivhich is a particular case of a integral 

given by Goyal ([5], p. 39, Eq. (4.4)) we find that ( , .. r . O r I (kμ μi) 1. .1 ，.- ... R ,Of. !(gi,GJ) ,.sl ..... r 
G\v‘ H": I a;o;ν 1 ” ’ ' 1 H ’ 1byu1 s jHl [mxu, ”yν1 : ul lV ~ AS . t L-"V I (u j. 1)/),. , J ~~S ， TL- ""- I (hi ， Hj) ， . Tr-q .. -.. _, .. ，/ - ~ - '.J 

、"，here

; r R ∞ ∞ ( _l)u + V(αx/u)PO (õy/u)"' 0, (ρu) O
2 
(σV) 

=ι ‘ LL ι-:; L 
'./= 1 P=l u:.o /~'ô u v νN Hp 

H 0, M + 1 : m~ ， n、 mν t! 3 rmx!u l (-ι→-ρ(;， -UV ; 1.1)1 “’ 
P,+M +1. q ，+서 ι， ι ; p" 이 Lny/" I ( ι Ç!- ~-Pu -fJy; 1. 1)1 ι 

( -ì-ç-pu - Uy; 1, 1) ， (ai;aι AJ)' ,p,: (Ci . εJ) I. P ， ; (n E1)1.시 

(b;;ßi . B!)" " : (dj , Òj)l ,q,; (ι. F,) l. q,J 
=ψ (~， a, b, m, 1t. eu' (Jv; X, y) .... ............ .. ........ … .... … ............... .. (2.6) 

U ,, +U hn+V 
p,,= !, γNE(l， "', r } andU=O, 1, 2 ... ; 0 ,,= →균-， VFε (1 ..... Rl and 

] ιN ’ " p 

V = O, 1, 2, 

ß,(pu) = 묘r(Uj - νjPu)lj표+r(1-%+νjPu)낌l 「(한 μjPu) I ’ ........ . (2.7) 
h;'N 

R r T S 1-1 
I}?(ov)= IT r(h;-Hpv)\ U r(l-h ;+ H ;ov) II r(g; - Gpv) 1 .... .. (2.8) 

/=1 ’ U=R+l ι j~ l J 
j :;éP 

Integral (2.6) is valid under the following conditions. 

Re(u)> 0, 5[>0, 52>0, A[>O, A2>0 , 
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larg axl ‘융S，π. larg byl ‘÷s2π. l arg"αI ~융A，π and larg ltyl~웅A2'"r. J 
.. (2.9) 

Re(~+ 1)+ min (Re(2;) . Re(r) ) +α十a'+ß+β'>0.
l드 j~}J ’ 

、，'here S" S2' A" Az are defined by (1. 2) and (1 .4) respectively, while α.a’， 

β. and ß' are given by ( 1. 6) and (1. 7) respectiveJy. 

Thus 、;ve have 

COROLLARY. A ssuming IImt tlle inequalities in (2.9) hold lOIIe1l ~ is reþlaced 

by ~+2. Icl Re(þ)>O. R e(q)>O. 

Tlten 

G {l H -H (f: þv. qv) :，시 
∞∞ 

= J J f(웅 ~ ) ψ (í' + 2. a. b, 111’ 11. PU' C7V ; x. y) dx dy ...... (2. 10) 
o 0 

tohere 깅， ( ... ) is defl…ed by (2. 6) and double i l1Jegrals In (2. 10) converge abso• 

I"tely. 

3. Relatio l1ahìp “ ith dOllbJe mcllin transform 

’l ‘ he following theorem gives the connection 01' double Mellin transform with 

H-J{ integraJ transform defined by ( 1.1). 

THEORD.j 2. Lel the 1ωo-dilllensional Mcll i>, Iransfor", of If(x. y)1 and IØ 
(Þ. q) 1 exisf. alld define a. a' . β a lUi β’ by the eqt!ations (1. 6) and (1.7) resþect

ively. 

Then 

ifi(u. v) =φ(1+ ，ι 1+v)] ( - ι. -v) " ‘ ...... .... ........... (3.1) 

provided that H -H ’ztegral trans!o1꺼 l çl(P. q)1 defincd by (1.1) exi5t5, 

al'ld 

Re(ι)+a+a'+ l> O， Re(v)+ ，9 +β/ 十 1> 0........................ (3. 2) 

Also, fOT cotlvenience. ](ι • v) denotes the double M ellin IransfoT1/1 of f(x. y), 

tVhicll is defined by the follotoing equation 

](“, v)= J J x‘ -l yV• l f (x, y) dx ψ ............... (3. 3) 

and 

-U.-v .... 0.0: m‘’ ”‘+r; 씨 n‘+R fm/a I (al; a!. A!)l ι (C! . (/)1. ,.,‘ (1-“}-νl“’ 
φ (11 ， ν) =ab • H:' : ::-.: ; ., " J:: 1 

ι ql : ~+t.q，+$; p,+T‘ q,+S Ln/6 1(6,; fh. ßI) I. 4,: (dj. ðl)l . ~ •. (1 -k，-μ}" 
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:;/), ." (CI . t ') •• + I . ... ; (el. E') I‘"" ( l - h, - HJrJ. H ,) ,.T. ( ej, E,) •• +I.Þ. l 
1 ••• (3.4) 

μ:/) ， . ，; (!J. F') ' .fh ( l -g, -GJrJ, GJ)‘’‘ 」

PROOF. We have by virtue of (1 . 1) and (3. 3) 
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.H1 [mþx, ηqyJ φ dq) dx ψ ........ .. ....... ...... (3 잉 

where the change of order of integrat ion is permissible due to conditions impos. 

ed with Theorem 2. Now evaluating the in ner p, q- integral in (3. 5) with the 

help of the following result , which is a particular case of an integral given by 

Handa ( [11 ], p.98, Eq. (2.2. 1)) 

∞∞ 
「

니
 시
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.Hdmþx, nqyJ dx dy 

=ρ-p q- (J φ(p， IJ) ..... … ....... ‘ .. - ~， 

where φ(0， IJ) is defined by (3. 4) ancl the integral (3. 6) is valid under the 

lollowing conditions. 

(i) The set 01 conditions (i) to (iv) given in section 1 are satisfied. 

(ii) Re(p) +α+a’> 0， Re(lJ)+β+β'> 0， where a , a'. β and ß' are delined by 

( 1. 6) and (1.7) respectively 

、ve easil y get the (3. 1) with the help 01 (3.3) . 

Evidently the functional relationship (3.1) , when viewed in con juction with 

Reed’s Theorem ([14], p. 566) would lead us at once to inversion formula lor 

our transform (1. 1) ([1], Theorem 1) . 

If we reduce two Fox ’ s H . fun ct ions involved in (1.1) to exponential functions 

with the help of the rela tion ( [12], p. IO, Eq. (1 .2. 2)) in the above theorm, we 

a rrive at the known result due to Gupta, Garg and Kalla ([8], p. 58, Eq. ( 1. 2)). 

4. Relationship with doublc Laplace transform 

The well.known double Laplace transform f (x,y ) 01 any function g (1I , v) is 
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given by the fo lIowing integral equation 
x∞ 

[ (x , y ) = J J e-
x• yr 

g (1t, u) dtt du - (4 l ) 

IRe (.<)>O, Re(y)> O) 

Following theorem will give us the relationship between the H.H integral 

transform and double Laplace transform: 

THEOREM 3. Let [ (x, y ) be given by Ihe equalio1l (4.1) and φ(u ， v) is de[;"ed 

by (3. 4) . Also, SllPρose l 1zat tlte two-d’mellsiollal H -11 in.tegral transform 01 
I[ (x, y ) 1 de[ined by ( 1. 1) exisls. 

Thell 

∞ " K !- L ∞∞ 

H.HU:p, q) = L: ----:，.二_'_J
__ _ φ ( l +K， I +L) J J ,/ vL 

g (tt , v) d“ dv 
n 。

K.L~O P“ q" K! L ’ 
(4. 2) 

pγovided tlzal 

(i) the double series 01l the right.lw1ld side o[ (4.2) is absolttlely cOllvergelll. 

(i i) Re(x)>α Re(y)>O, a+a’ + l>O, alld ß+ß'+ I>O, IOhere a , a', alld ß, ß’ 

are give1' by ( 1. 6) alld ( 1. 7) respeclively. 

PROOF. Substituting the value of [ (x ,y) from (4.1) in (4. 2) and changing 

the order of integrations, which is justified due to absolute convergence of the 

integrals involved, we fiod that 

H 'Hif:p, q}= J J g(lt, v) [pq J J e-ι-” H;;? [apx] 
o 0 0 0 

.H원 [bqy ] H 1 [mpx
’ 

IIqy] dx ψ] du dv. 

00 using the series expansion for e -uz-'y 
aod (3.6), we get the desired result 

(4.2) . 

Evidently, the relationship given by Gupta, Garg and Kalla ( [8], p.64, The 

orem 2) is contained in Theorem 3 as a particular case 

APPLICA TJO:-I OF TH EORD1 3. Let 

r 1('/, ε/)t.Þ " 1 nmι. 0 r 1 (.;’ ， Eη) ， 
’·’ 1 g(lt , v)=H:':' : I z ，씨 ’ 1 H: :' .",Iz,vl::',' :::"', i, ...... .... .. (4. 3) 

"ι L-l"(dι ó/)"~ ， ， J pι q1'L- ~~ i C!/. F/) t ‘,-j 

tben w야h the help 01 (4.1 ) and a known result ([10], p.190, Eq. (2.4)) , we 

find that 
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1 - 11(0. 1) , (c/. f /)S . þ‘’1 
f(x. y)=-=- H~' : :'- _, lz,z. T :-:: '-::.- ' "''' xy p,’+l, .Ql 'FC i (d/ . ð/) I ， ~，’ j 

H"’ι. 1 r - 1[ (0，ωι’」끼1)ι) . (μ，，-ι’’ E/η) ， “κ’ 

þ,'’+1, 샤Z2션Y I “’η.Fκ/η'/)1 ’"ν’ ] 
(4. 4) is valid for 

Re(x. y )>O, S/>O (i= 1,2) , wherc 

… q: p,’ 
51' == ι:δ，’- ε: δ‘’ Z二 E/>O.

‘ j=l J j=ml '+ l j =l J 

5./= ε~ F/- ε"J F,/-E: E ;’>0, 
1= 1 J j=’n,'+ l j=l 

larg(z,) I <웅S/n(， =l ， 2) 
min . (Re(d ,' /δ ，')1> - 1. and min {Re(j,’ / F /l l > -1. 

l~j응 Ir. ，' 능l드m‘’ 

Also, with the hcJp of well-known ~[ellin inversion formuJa; 

(4.4) 

J J ,,' ‘ Hml/ 0 [z 1‘ I (‘!’ f/) I ’ ‘] H” f oJz u !(t/, Ei )1 ’ 
‘ 1 d“ du p,', q:' L-j.rl(d/. J/) I . ，ν ι . Qt' L"':..(I : C/Iζ F/) I,h ' 

- (l +K) -(l +l ) m m 
= (Zi) (Z2) 낌ll’(dl +δ/+δ1찌도r(f/+Fj’+F/L) 

[ ’ þ 1T 「(l d/ - 이’ -δ/K) IT r(c/ ÷e/+e/If) 
j=mj ' +l 

ι: 1'( τ- 1 rr r(l-f ’• F:-F ’L ) n rCe ’ +E : +E ’L) I “ " (4. 5) 
J =ι' + 1 ,- ~J -J 1 - ' f~ l - '-, ' - J - ' - ' J 

provided that the conditions exccpt Re(x, y )>O mentioned ,,'ith (4. 4) are sat

isfi때 

On putting the vaJues given by (4. 4) and C4, 5) respectiveJ y in t i:e reJationship 

(4. 2) and using the k nown propertics (see e. g. (12), p. 4, Eqs. ( 1. 2. 4) and 

(1.2. 2)) [or the Fox’ s H -functions 

H;?::•lL1, IZix-l] and H;r;μ [Z2y li 

therein. and adjusting the parameters suitabJy, we get the foll。、‘ ing general 

doubJe integral , which is believed to be new 

∞∞ 

JJH;::[써Z;; t3: ;] HZ P [by j 않; 없: :] 

.H•, ::’ +1[깐xl펴찌폐”] HJ Z+ l [Z2ylJ;:ε낀， . ..-J 
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. H , [mx. "yJ dx dy 

K " .... L ∞ ∞ ( z ,)'. (- Z?) 
= 원。잖 낭 ~'--T-'- 이’ (K)(}2’ (L) ø (l+ K. 1+L). … .. ... (4. 야 

where 
11,' r q,' ÞI' ì-l 

이’ (K)+ IT. r(1- C/+f/K)1 π r(1-d/+δ，’K) . n: . r(Ci’ -f/K) I (4. 7) 
~ l ι Lj= l j = III ' +1 .J 

and θ2’ (L) ca l1 be written analogo11sly to Ðr' (K) in terms 01 the parameter sets 

(e;'. E/)，.pι and (지’， F/)1.q;· Also φ (Kκ’ Lυ) i샌s de마fi뼈I 

The con띠d이l“띠t디ions lor validity 01 (4. 6) are 

(i) The inequalities ( 1. 2) to ( 1. 5) (、、 ith p=q= l) are satisfied. 
’ " þ,' q, 

(ii) S,= εf，-' ε f/- Eδ;' + 1>0. 
‘ j= 1 ~ j=nl'- l J= l 

-, ρ. 
S,= L: E;’ L: E;'- L: F;’ γ1>0. 

;=1 j=1ι + 1 j=1 

1 argz， l‘융웬 and larg Z21 <융 S.IT 

(iii) α+α’ +1>0. and β+β’ +1>0 (a, α， and β， β’ are given by ( 1. 6) and 

(1.7) respectivel y) 

The double integral (4.6) is quiete general in nature and a number 01 (known 

and unknown) single and double intcgrals can be derived as its special cases. 

For the sake 01 illustration. we choose to mention 0111y one special case 01 (4. 6) 

and leave others as an fruitlul exercise for the intersted reader. lndeed, if in 

(4.6) we take 낀’=P，'=q ， ’ =n~’ = P2' =Q2' =0, we easily get the lollowing interest. 

ing double integral with the help of known relation ([12J , p.10, Eq. (1. 7. 2)). 
∞∞ J Je-'“ y r o [ | (찌)1 1 RM0 「 |「(쩌g/ ， GιG，)샤ι). 
o 3 , tta x|(“;.:;; :J H;:~lb Y lèι. Hι 」

o 
. H , [mx. "yJ dx dy 

∞ 

=L: 
K.L=O 

( -z1)K ( -z2)L 
V t f t φCl +K. l+ L) ........... ... .... …"' (4. 8) 

where the conditions easily obtainable Irom those given with (4.6) are satisfied. 
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