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ABSOLUTE RIESZ SUMMABILITY OF SERIES 

ASSOCIATED WlTH LEGENDRE SERIES 

By Prem Chandra and M. M. Sharma 

1. Definitions and notations 

Let 2=2( /0) be a continuous. differentiable and monotonic increasing function 
∞ 

of /0 and let it tend to infinity with /0. Suppose that ε:: u" be a given ínfinite 
n=1 

series. then 
∞ 

딛 u.E IR. ;((,0). r l (r>O) if 

영 ... (1) ... 、 1 r ;( ‘ ， (ι ) 'r---> ,'11' '\ "1 / " , _1 ..... '\ r ----::-→연느，[ r:: [Ä (W)-À(U)) '→;((Il)“.I dω〈∞'i (ì.(μ }^T ‘ I n :S;: w . , ' -" 1 

where 1 is a suitable finite number (Obrechkoff [3]. [4]) 

and ;<<')(10)=옮(ì.(w)) 

Let [ be a Lebesgue-measurable function Over the linear interval [ -1. 1]. 

Then its Legendre series at xE [-1. 1] is given by 

where 

∞ 

ε a. P . ( x) 
’ =1 

l 

(1.1) a.= (n+웅)J [ (y) p.(y) dy 

and P .(x) denotes the n-th Legendre polynomia l. 

Throughout the paper we take fixed x such tbat -1<x < l. We also write 

[/1) = + J [(tt) du 

2. Introduction 

Recently Pal and Sbarma [5] and Chandra and Sharma [1] have studied 

absolute Riesz summability of Legendre series of a function of bounded variation. 
In this paper. we study absolute Riesz summability factors for Legendre series 
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at an internal point of [- 1, 1] under the local conditions. Precisely, we prove 

the following 

THEOREM. Let Iz (1) be nan.negaliνe and tzon-decreasing witlz t능o and lel 
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(2. 2) a (l)= f lf( :!: cosu)l du=O(lI (t)간)(t→0+ ) 
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imply ε-:a.P.(x) ,(n)EIR, ).(w) , 11. wlzenever 
11=1 •• 

(2.4) 

(2, 5) 

l써) ,(n)} + for n~no 

ε: λ(1Z)y(%)/”=O IX2(w)y(w)/tu λ(l)(w)) 
.s:ω 

I (i) 

(2.6) I 

I (ii) 

f x(l)(ZU) 
~교)' ,(w) log w ψ<∞， 

f 쁘똥앤2.... dw<∞ 

We remark that 

f (t )EBV [- 1, 1] ===> f l (I)EBV [-1, 1] 

and the latter implies that 

J lf(n) 1 d“=0(1) (1→이. 
o 

but the converse, in general, is not true (Compare with Chandra and Gupta 

[2]). Therefore, if 

Iz (t)= ,jT 
the hypotheses (2. 2) and (2.3) are weaker than 

f 1 (I)EBV [ -1, 11. 
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3. Lemmas 

We shall use the following lemmas in the proof : 

LEMMA 1. ([61 , p.I97). Le! 0<8<π and 11=1. 2, 3. …. Then 

IP"(c뼈l드4 .j깊원도 

LEMMA 2. Le! n= 1. 2. 3. … aηd c be a fixed þositive number. Then. for c/n 

드6드π -c/n， 

、 、 -3/2 、

P .(cos !J) =,1-,:•" , cosl(n++ )!J -π/4 f + 0 I -，----!'-，-τn f 
v ，ιπ stn (j ‘、 “ , ‘ (sin !J)"'" ) 

This fo llows from (8.21.18) of Szego [71. 

LEM ,vlA 3. Lel c be a fixed positive ……lber 뼈 씨드6드π-승 and νn<rþ드 
π - c/ tI , T hen for n三l

P ,,(cos !J ) P "(cos Ø) sin ø 

=-삼핍F {sln(”+융)(O+rþ) + cos(n +융)(θ 띠)J 

+o(채콰} 
This follows from Lemma 2 after some simplif ication. 

4. Proof of the theorem 
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cg i lj ι .、

--→:「| ε: λ(n) a. P .(x) y (n) I dw <∞， 
}, (À(W)Y I .,;:w " • - 0"" '''''1 

where I is some þosi!ive cO>lslan!. alld. 6y (1. 1), 

a”p”(x)=(n+융) J f(cos φ p ..ccos 0) P ,,(cos Ø) sin ø drþ 
U 

=(n+융) (f+ cz 찮r6끄rtir) 
5 

=딛 I ,(n) . say. 
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where constant c~l. 

Thus, for the proof of the theorem, it is enough 10 show that 

~ i 1
)(w) 1 .--, "..., , __ ,.. ... .. , I 

(4.1) r /1 r ... ~':2 ελ(n) y(n) 1싸) 1 dw<∞ { lAttuJJ 1 @ 1 

for r= 1, 2, 3, 4, and 5. 

By Lemma 1, 
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=0 (a「lh(C/w))

=o (i), 

(by(2.2)) 

for 11르w. By using the transformalion 

u=π -ø 

and proceeding a5 above, it may be 5hown that 

15(11)=0(+), 

for η드w. Now, we con5ider I sCn). 

By Lemma 3, 
O+clw ’ ” 

13(n)=(짧L) I / (c뼈 (點r‘ [8in(n+웅)(0+φ 
O-c/w 

+c05(n+융)(e φ] dØ 

f) +c/w 

+0(+) f ø-1/2 
1/(c08 1þ)1 dlþ 

O+clω 

=0 (1) f 1/(c05Ø)1 dØ+ O(+) 

=0(1) I 1/(c08 (e- μ))1 dμ+0(+) 

=0(+), 

by (2, 3) , for η드ω. Thu8 

1,(n)=O( +) (r=l , 3, 5). 
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Now. using (2.5) and (2.6) (ii). (4.1) for r= 1. 3. 5 holds. 

Since the proof of (4.1) for r=4 is similar to that for r=2. therefore we 
prove (4.1) for r=2 only. 

By Lemma 3. 

f) -c/w 、 1/2 r 、

12(n) = ~ J f(cos 껴) (월픔) I sin(η÷쉰 (e+rþ) 
，/α 

+CO한+융)(e φ] d\HO(+) 1 If(c08rþ)lrþ-1/2 d이 

Now. 

=; 1，.I(n)+/，.2(η). say. 

integrating by part8. we have 
fJ -cjω o J If(c08 ç;) 1 rþ -1/' • 1/2 -IV If(c08 껴)1 끼 '" drþ= [rþ "' α (rþ)J 

C/ZU 
때
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… … % f 
씨
 

I 
-2 + 

=‘Oα0(1α싸l 

(by (2.2)η ) 

=0(1) +0(μ(w!c)) 

(by (2.1)) 

=O(μ(w)). 

Therefore 
( μ(ω) 1 

I2.2(1Z)=oit￡늬 

and hence (4.1) with 12,,(n) in place of /2(n) holds whenever we U8e (2.5) and 

(2.6) (ii). Finally. to complete the proof of the theorem it remain8 to 8how 

that (4.1) holds with 12, I(n) for /, (n). 

Now 
L: ;((n) y(η) 1, ,(n) 
n';'w 

= l-c;cos ￠) (뚫옹)펴 ( 싫 À(n) y(n) 

• {Sin(n+공)(θ+φ+co아n+융)(e-써) 

=o{2(W) y(1U) rl 쁨뽕L dØ} 
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and integrating by parts 

-# 

總
% J 

@ 
f 피짝완꾀.L d“ 

= O(logw) . 
by (2.3) . Therefore 

i당 J. (n) y(:π:) I ? l(까 

Hence. in view of (2.6) 0). (4.1) with 12. 1(η) for 12(n ) holds. 

This completes the proof of the theorem. 

5. Corollaries 

We deduce from the theorem the following corollaries 

COROLLARY 1. Lel <1능1 mui lel 

(5. 1) (i) ,,(1) = O(ιT) (I→0+); (ii) β(1) =0(1) (1• 0). 

Then 

∞ a P…(x) 
ε"" ↓~ EIR. exp {(logw) “1. 11 (e> 0). 
"=1 {log(n+ 1) ) . T ‘Tι 

PROOF. Let h(t)=1 and A(tU)=exp l(log zu)4l (d능1) in the theorem. Then 

μ”=leg n 

and the conditions (2.4). (2.5) and (2. 잉 are satisfied for 
1-ξ -A Y.= (log(n + 1)) -.- ,-u (.>0). 

Thus the proof of Corollary 1 follows. 

COROLLARY 2. Lel 0<"<1 aηd e> O and lel (5.1) Izold. Then 

∞ a. p.(x) 
ε ’ ” 9i-, EIR. exp(IO"). 11. 
0=1 ,,"(Iog(n+ 1)).'< 

PR∞F. By taking h(η = 1. .<(w) = exp(w") (0 < ,, < 1) and y(") = (Iog(n 

+ 1)) - 2-< n -" in the theorem. the pr∞f of the corollary follows 

COROLLARY 3. Lel . >0 aηd lel 

(5.2) (i) "(1) =O( ..1..1 ) (1• 0) ; (i i) 야)=0(1) (1• 0). 
‘ (Iog') 1+< I 

Then 
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= a" p .. (X) 
r:; - • .. ，τ-， E IR. logw. 11. 
"~l {Iog(n + l)} ' T " 

PROOF. The proof foIIows On letting h(t) " . 1"d누?， y (n) = ---」--1-
CIog1!t) . n {Iog(n 十 1)J 

and À(w ) = CIog w) 1 +< for e> 0 in the theorem and appealing the second theorem 

of consistancy for the absolute Riesz summability. 
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