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RECURRENCES FOR THE H .FUNCTION OF TWO V ARIABLES 

By Q. P. Garg and V. K. Rastogi 

1. Introduction 

The H -funct ion of two variables occuring in this paper is defined in terms of 

double Mellin Barnes type contour integral in the following manner [7J 
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and with (}2 (t) defined analogously in terms of the parameters (e j' Ej)' (fj' 

F j)' An empty product is interpreted as unity, and all the capitalized paraπe 

ters are posi tive. The other condi tions on the parameters are analogous to those 

of the H.f unction of one variable, and are given in detail by Gupta and Jain 
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2. Tbe recurrences 
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For the sake of s implicity and compactness in the recuITences to follow, we 

write H for the H 'function of two variables defined by ( 1. 1) if all its param' 
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eter5 are exactly the same as in ( 1. 1) . AIso. we write H [d, + l J for the H . 

function of two variables in which d, is replaced by d j + 1 anà aII otber pa

rameters are the same as in ( 1. 1). Again. for that form of the H -function of 

two variables in which d, is replaced by 까 + 1. e, by e, - 1 simultaneously. and 

aII other remaining parameters are left uncl,a r.ged. 、ve use the symbol H [d, + 1. 

e, - I J. and 50 OD. 

RECURRE~CE RELATIO"l 1. 

1 (1 -e ,) 1. 1 
-%, Fq‘ H [c,-I. e,-IJ+ r ,E , H [dι+ L 4 .+ l] +5“ l El i F ;: | × 

1 (1 - c,) d. 1 1 (1 -e,) 1. 1 1 (1 -c,) d‘ | 
H [c,-l] - F. I ‘ "1 H [e , -IJ = 1 ‘ " 1 x 1 ' ." 1 H (2. 1) ‘ q, I - 71 δq. | i l - El F qi | 1 -7l Oq

‘ l 
provided Ihal "i능 1 . qi> "'i (;=2.3) . 

RECURRE"ICE RELATlON 2. 

이 Ej Oq, E p, H[cp,-I . I q,+Il - Fq, η， 이 E , H [dq‘+1, ep,-I ) 

I ~(~- I) I I~‘ (c,. - I ) 1 
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E. I H [d,+I J +Iq
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(e. - 1) F. E , E. ( c. - 1)-E 1 ~þ~ -...."þ~ 

= 1 %. 자， El 7p, dq, - δq， I H 
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where 
，η2三1 . "3~1. Pi> lli• qi>씨 (i = 2.3) (2.2) 

PROOFS. First of all we note that there are only eleven distinguishable pa. 

rametersa1’ aþ,' bl' c1' Cp
.' 

d1’ %, el, ep-- fl and f q, ln the contour lntegral 

format for the H • function of two 、'ariab l es defined by ( 1. 1) . Next. we observe 

from the defini tion of the H.function of 1WO variables. and the application of 

the fo rmula r (z + 1) =zr(z). that tbe replacemcnt of a, by a, -1 in ( 1. 1) . is 

equivalent to the introduct ion of the addit ional multiplying factor (1 -a1 +a,s+ 

A/) into the contour integral format for H . Similarly, the replacement of ap, 
by (ap, - 1) introduces (ap, -1-αp，s -Ap，l) . of b, by (b,+l) introduces( -b1+ ß, s 

+ B ,I). of c, by (c,- I ) introduces (1 -c,+ r ,s). of cp, by (Cp,-I) introduces 

(cι - 1 - rp，s) of d, by (d1+ I) introduces (d， -이s) ， of dq. by (dq. + l ) intl Oduces 

( -dq,+ðq,s) . of e, by (e,- I ) introduces ( l- e,+ e,l). of ep
‘ 

by (ep, -1) introdu 
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ces (ep,- I-Ep.I) , of 1, by (1,+1) introduces (I, -Fl ) and of 자， by (1.,+1) 
introduces an additional multiplying factor ( - I q, + Fq,O into the contour integral 

format for H. The proof of the recurrences 1 and 2 is based upon the observ , 

ations mentioned above 

To prove the recurrence relation 1 as an illustration. it is cIear from what 

has been said above that the replacement 01 c, by (c,-I ) and e, by (e ,- I ) 

simultaneously will introduce the facto r (1- c, + r ,5) (1 -e, + E ,I) : again , the 

replacement of dql by (dq‘+ 1) and 1., by (lq‘ + 1) simul taneously, wiII introduce 

the factor ( -dq‘+%,S)(-fq,+ F q. t ) a lso- the replacement of Cl by (C1 -l) alone, 
will introduce the factor (1 -el + E ,I). Consequently, 、，ve can form the fo l. 

lo\ving five term recurrence relation involving indetermined coefficients A, B. 
C, D and E : 

AH{c,-I, e,-IJ + BH {d.+ 1, 1.+ Il +CH {c,-l] + DH {e ,-l] = EH (2. 3) 
l ‘ q. ’ q. " - - - '-1 ---'-1 

and then require that 

A (1 -c1 +r ,5) (1 -e, +E1t) +B( - dq, +δ씬(-I q, + Fq,t) + C( l- c, + r ,s) 

+ D(1 -e ,+ E ,t) =E , 

be an identity in s, t and 51. Hence, A, B, C, D and E can be evaluated . On 
evaluating the values of these quanti ties, we easily arrive at the required recur. 
rence relat ion 1. Recurrence relation 2 can also be obtained in a similar manner. 

3. Special ca8es 

(i) lf we specialize the parameters of the various H -functions of two variables 

involved in the recurrence rela tion 1, such that all of them reduce to Kampé 

de Fériet function {IJ , 、，ve get, by virlue of a known formula {4J. after a 

Iittle simpli[jcation, the following recurrence relation involving Kam야 de Fériet 

functions 

o.,r-: I + C; I+EI 1 . _. _o ,r-:C;E 1 
CEF~' : I 

. '." '':'- I%， yl+ (l -D) (l -F)F~':I 1% .• 1 U.‘ L-: D ; F 1- J u"L-:D-l; F-l l ‘ 」

.Ir-: 1+C; E I 1 __ . . _ .o.,r-: C; 1+E I 1 +(E-F+l) F~' ;I 
. -

.... 
-' 

:. 1 %, y 1+(C-D+ 1)E F’ 
| 1 y l U. 1L-: D; F I""J" -" ' -'o. I L- :D; F 1 

’, J 
o., r- :C;E ll 

=(E-F+l )(C-D+l) F~'; 1 .:': 1 %, y 1 (3. 1) U,‘ L- :D;F I" J 

(ji) Again, if we degenerate all the H -function of two variables occurring in 
the recurrence relation 1, to t he Fox’ s H -function of one variable by means of 
a known formula {5J , we get, after a Ii ttle change of notation and simplifica-



120 O. P. Garg and V. K Rastogi 

tion, the follO\νing interesting recurrence relation involving Fox ’ s H-function 

given earlier by Buschman [2, p, 41(3)J: 

I a , -1 b_ I I -1 • "q I 
gqH[al- 1]-α1 H[bq+ll=-I~' c' I H (3 , 2) 

1 “ i μq I 

Further, if we degenerate all Fox’ s H -functions involved in (3.2) into Mei jer’s 

G-functions , we arrive at a known result [3, p, 209 (11)J. 

Since, a Jarge number of other special functions of t\VO variables as well as 

one variable , also follow as speciaJ cases of the H-function of tv,.'o variables as 

mentioned by Mittal and Gupta [7J and Gupta and Jain [6J , corresponding 

recurrences for these functions can also be obtained easily from our main recur 

rences merely by suitably specializing the parameters in them. We ommit 

detail. 
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