
Kyungpook :'1ath. J. 
Volu me 22. ~umber 1 
]UDC. 19β2 

A NOTE ON P AIR‘~ISE s.NORMAL SPACES 

By Takashi l\oiri 

1. In:roduction 

In 1963, N. Levine [41 in troduccd the concept ûf semi 'open sets in a topolo

gical space. Recently, by using 5emi-q:en 5ets S. :<. Maheshwari and R. Prasad 

[5J have defined the concept 01 pairwise s.normality which is weaker t han 

that of pairwise normality due to J. C. Kelly [3J . On the other hand , R. An 

antharaman and 1 ... 1. G. Murdeshwar [2J intrcduced a new c1ass of functions 

called optimally contin uous and ~ho\vt: d lhat ::.uch function::. úre implied by 

homeomorphisms and imply contin uous, open and clιsed sur;eιtions. The purpcse 

of the present note is to show t hm paiz ‘rvise s- normality is preserved undel 

pairwisc optimally continuous surjections. howevcr. it is not preserved under 

pairwise continuous, pairw ise open and pairwise closed surjections. 

2. PrcIiminaries 

Throughout the present note (X , ,,) and (Y , r) denote topological spaces, (X, 

"" " 2) a nd (Y , '" '2) mean bitopologica l spaces. A subset S of (X , ,,) is 5aid 

to be semi.opell [4J if there ex ists an open 50t Uε" such Ihat UCSCCl(U) , 

where Cl (U) denotes the c10sure of U. The fam i1y of all semi.open 않ts in 

(X , q ) will be denoted by SO(X , ,,) . 

DEFINITION 2. 1. A surjcction f : (X , 이→(Y， τ) is said to be optima/ly COII 

U""OtlS [2J if " is the pre-image topology. 

RE'vIARK 2.2. Every homeomorphism is opt imally continuous, but not con. 

versely [2, p. 503J . 

The fo llowing two Jemmas, due to R. Anantharaman and M. G. Murdeshwar 

[2J , are very usefuJ in the sequel. 

LEMνIA 2.3. Every optitnally conlùmous surjecUon is COIμtnιoμs， open and 

closed. but not cOllversely. 

LE 'vIMA 2.4. If a suηectio/z f: (X , ,,)• (Y, ,) is optimally cont’”“。“S aπd 

F is closed ;n (X, ,,) , tlten f-' (f(F )) = F 
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LEMMA 2. 5. (Noiri, [7]). 11 a surjecliOlt 1: (X, ,,)• (Y, r) is oPlimally 

co씨im，ous， IIzen lor any subsel $CY IT/ιd auy UζSO(X， ,,) coutailling 1- 1
($) , 

IIzere exists V ESO(Y, , ) s“ch that Sc=v mld f 1α')CU. 

3. Pairwise s-normal spaces 

DEFINITJO :-1 3. 1. A bitopological space ( X , "1' "2) is said to be pairwise s 

’lormal [5J if for every ",.c1osed set A and ,,;.c1osed set B such that AnB =ø, 
l 

there exist UESO(X, "j) and VESO(X , ",) such that AζU， BζVand unv= 
ø, where ι ;=1, 2, i r'ι 

DEFINlTION 3.2. A function 1: ( X , "1' "2)• (Y, η， 'T2) is said to be þairwise 

co씨inu""s (resp. pairwise opell, pairtuise closed) if the induced functions 1 : 
( X. " 1)→Qζ '1) and 1: (X , " 2)• (Y , '2) are continuous (resp. open, c1osed). 

DEFINITJO:-1 3.3. A surjection 1 : (X , " 1' "강→(Y. '1 ' l'갖 is said to be pair 

lOise optimally contim‘ous if the surjections 1 : (x , ",)• (Y, <,) and 1: (X , "2)• (Y, 

'2) are optimally continuous. 

REMARK 3. 4. Pairwise s' normality is not preserved under pairwisc continu' 

ous, pairwise open and pairwise c10sed surjections as shown by the follow ing 

exampJe. 

EXAMPLE 3.5. Let X = [a , b, c, d) and define topologies for X as follows: 

"1 = [X, [a , b, d}, {b, c, dl. {b , d) , {bl. {찌 .φ ， 

"2= {X, {b , c, dl. {b , d} , {bl. {씨 ， Ø) . 

Let Y = {a, b, c) and define topologies for Y as follows: 

' 1 = {Y, {a, bl. {a , c) , {a l. 찌 and '2= {Y. {a , cl. {al. Ø). 

Define a function 1: (X , " 1' "2)• (Y , ' 1' '2) as follows: I (a)=b , l (b)=/ (d)=a 

and I (c)=c. Then (X , "1' "2) is pairwise s.normaJ, but it is not pairwise nOr. 

mal [5, ExampJe lJ. It is obvious that (Y, '1' '2) is not pairwisc s-normal. 

Although 1 is a pairwise continuous, pairwise open and pairwise c10scd surjec' 

tion, it is not pairwíse optimal1y continuous. 

THEOREM 3. 6. Lel a surjecliolZ 1: (X , "1' "2)→α 7"1' 덩 be þair lOise opti

mally cOlltinuous. Tlzen , (X , 0'1' "2) is pairtu‘se s-1Zormol if a"μt 0 1lly il (Y, T l' '2) 

is pairwise 5-1ωrmal. 

PROOF. Necessily. Suppose that ( X , "1' "2) is pairwise s-normal. Let B‘ and 

Bj be disjoint sets of Y such that Bi is ,(c1osed and Bj is 'rclosed, i r'i , i , 
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j=l , 2. By Lemma 2.3, f is pairwise continuous and hence f-\B) and f - I 

l CBj) are disjoint sets of X such that f - ' CB) is u;-c1osed and f-I (B) is u/ 

cJosed. Since CX, ul' u) is pairwise s' normaJ , there exist disjoint semi-open 

sets UjESO(X , u) and U;ESO(X , u) such t hat f - ICB) CU j and rICBj)CU;. 

Moreover, by 1ιemma 2. 5 there exist V jESO(Y , ,,) and V;ESOα， τ) such 

that B;CVj, BjCV;, f ‘CV)ζUj and f ‘ CV;)CU;, Since f is surjective and 

u;nuj=ø, we have v;nvj=ø. This shows that CY, ' " ' 2) is pairwise s-norma J. 

s“'fficiellcy. Suppose that (Y , '1 ’ 깐) is pai l 、v ise s.normaJ. Let A; and Aj be 

disjoint sets of X such that A , is u,cJosed and A; is u;-cJosed , i ,,< j , i , j = I , 2. - - J - J 

By Lemmas 2. 3 and 2.4, f CA) and f CAj) are d isjoint sets of X such that f CA;) 

IS η c10sed and f(A시 ls rl closed. Slnce (Y, rl· t2) is paσwise s-normaI. there 

exis t disj이nt semi-open sets V jESOα， 까) and VξSO(Y， 까) such that f (A ) 

ζVl and f(Al)c=vl By Lemma 2 3, f ls palrwise connrmolls paIrwlSe open and 
‘ -. hence f ‘ CV j)ESO(X , u) and f ‘ CV;)ESOCX , u,) [1. Theorem lJ. 'vloreover , 

we have A‘ζf-l(V1)， A1c:f-l(Vz) and f-l(V1) nf• \V) =ø. This shows that 

(X, 0'"1' 0'"2) is painvise s-normaI. 

The compJement of a semi-open set is said to be semi'closed. A function f: 
(X, 이→(Y， r) is said to be semi-closed [6J if the image of every cJosed set of 
(X, u) is semi-cJosed in (y , ,). 

DEF1NITlON 3.7. A function f: (X , u" ( 2) • (Y , '1' "2) is said to be pairμ셔se 

semi-closed if the functions f: (X , ( 1)• (Y , "1) and f: (X , (2)• CY, 'r2) are semi 

c1osed. 

THEOREM 3.8. Lel f: (X , (J1’ 아)→CY， "71" "72) be a pairwise c01ltinuo lf,s alld 

pairwise se11li -c!osed su.rjectio1l. 11 (X , u1' u2) is pairwise lwrmal. thell (Y. "t" l ’ 

r강 ;$ pairtut-se S-llor’'1laf. 

PROOF. Make use of [6, Theorem 5J instead of Lemma 2. 5, and the proof 

is sim iJar to that of Kecessity of Theorem 3. 6. 

REMARK 3. 9. Quite recentJy V. POφpa [때8히J has defined a func야띠tion f: CXκ’ g까l' . 
(J2)→(ααY，ζ， r낀l'’ r단2) to b야e pa띠inω…OJ“se sem…n씨li닝ose싫diπf for each i=걱1，’ 2 the image of each 

s않emi-cJosed set in CX, 익) is a semi-c1osed set of CY, -r) and showed that pair• 

wise s-normaJity is pr'앙;erved under pa j r ‘,vise continuous pairwise semi-closed 
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surjections. 
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