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FIXED POINTS IN L.SPACES 

By]. Achari 

Recently éirié [ll proved some fixed point theorems when the mapping f of 

a metric spacc (M , d) satisfies the following inequality. 

( 1) dCfx， η)드a max Id (x ,y) , d(xJx) , d(yJy) , 윤[d(xJy)+d(yJx)J} 

for x ,yEM and for 0드a< l. He termed this type of mapping as generalized 

contraction. 

This paper consists of tWQ sections. 1n section 1, \ve have proved a fixed 

point theorem in spaces of type L 01 Fréchct, which we shall ca l1ed separated 

L.spaces when the mapping f satisfies on the fo l1owing condition 

(2) dCfxJy)드amaχ [d(x ， y) ， d(xJx) , d(yJv) , 융[d(x.f:치 +d(yJx)j} 
for .', yEM and O< a < 1. Similar result in non'separated L'spaces will be also 
stated. In scction 2, we havc extended Theorem 1. 1 for family of mappings. 

1. Mapping" in L' spaces 

I3efore going in to the theorems 、.ve state the foll ow ing defjnitions. 

DEFll'lT lOl'i 1. Let ω denote the set of all non.negative integers. A pair 

(M ,• ) o[ a set M and a sub.sct • 01 the set M띠xM is ca l1ed an L'sþace if the 

following conditions are satisfied 

(L-l) lf x. =xEM for a l1 nEω， then ([x，} .εω.x)E→-

(L-2) lf ([x.} 'Ew' x)E •. theo ([x,) iEω. x)E→ 

for every sub-sequence [X，r) ;르ω of [x .} ，εω. 10 what follows, ‘,ve shall write 

[x.} εω→X Or xn• x instead of ([ x ,,) nEω， x)E•, and read [xn} nEω converges to x. 

DEFINITION 2. Let (M , •) be an L'space. 1t is said to be seþarated if each 

똥quence in M converges to at most Qne point of M . 

DEFI"IITIO"I 3. Lct d be a oon-negative extended real valued fuoction on 

M X M: O~d(x， y)드∞ for all x , yεM. The L .space (M , •) is said to be d • com
∞ 

pletc if each sequence Ix，}.Eω in M with .L:, d(x. +l' xn) <∞ converges to at 
n=O 
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most one point of M. 

LEMMA ([2]). Let (M. • ) be an L-space which is d-comρlete for a non-neg

ative exlended real valued !u,1lctioll d 011 l.Vf X1.l1. lf (111. • ) is separated. thell 

d(x,y)=d(y ,x)=O implies X=y for every x,y iη M. 

THEOREM 1. 1. Let (M , • ) be a separated L-space which is d-completε for a 

1ZOlt• negative exteηded real valued fU 1ZCNon d on JllXM and f be a COnfÙlU01tS 

mapp;ng of M into itself satisfyiηg the following coηdzïions for some α， ß with 

O드α <1 and O<ß드∞ 

(3) d (fx，fy)드a maX{d(x, y) , d(x,fx) , d(y,fy) , 웅 [d(x , fy) +d(y , β)] } 
for every x, yEM with d(x , y)<ß. 

(4) d(fb ， b)<β for some bεM. 

Then f has a fixed point, and the seq"ence {fn이 nEω converges 10 the fixed pohμ ， 
if in αddition 

(5) d(x, y) <ß for all fixed po，ηIs x, yEM of f. Ihen f has a "niqαe fixed 

point in M. 

PROOF. Now 

d(fn+lb，fnb)드α max[d(fnb, fn- 1õ) , d(fnb, fn +1b) , d(f"b, f"-l b) , 

웅[d(f←\ fn+lb파b 

드강am뼈ax쐐{d(σfn õ, f꺼l←써- 1씨õ) ， 웅d(αfn-카가l닝bι， fn +서lÕ)써b이씨)} 

lf the maximumβS d(fn- 1b, f"b) we have 

d(fH 1b. f"이드αd(f" - lb • f ’‘b) . 
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∞ 

for every IIεW， and 50 we ha ve ε d(f”+1b f ”b) 〈∞. Hence the d-completeness 
11=0 ’ 

t 
of the space implies that the sequence (f"b) n르띠 converges to some 1/，εM. 50, 

by the continuiy of f , there is a subseq uence (f"‘b) iEω of (f"이 ”εω such that 

fκ(σf"’" 'b’b)→녕fκ(1…"끼，)ι:)ι). But then since (f띠fκU"’”‘’Uη깨'1ψb)씨，)씨)) iEooω) 15 a 5U빼lb똥쩍qu야wn뼈lC뼈c∞e 0아f (ηf"(씨b)에)) nE닮띠 we r잉 e 

have f( f"개I 

that f has a따t rr찌nost one f“lxe혀d point under the condition (5). If u, vEM be fixed 
points of f. Then, since d(lι v) <ß, we have d(“ , v)= dU" , fν)드ad("， v) and 
so d(u , v) =0. Since d(v, “) <ß, this implies d(v, ,,)=0. Therefore u=u by the 

Lemma. 

We now proceed to prove a theorem for non-separated L-spaces. 

THEOREM 1. 2. Let (M, • ) be atl L-space 10hich is d-compfete for a c01l1il1 

u.ous llon-nega#ve extended real valued fμnctiott d on Ihe producl space M X M 

wilh Ihe properly Ihal d(x, y)=O inψlies x=y. 1f f is a conli""o"s mapping of 

M ’nlo ;Iseff 5ati앙yillg the COJlditiolls (3) and (4) of Theorem 1. 1 for SO rJle a , β 

witlt 0<α<1 and O<ß<∞， then f has a fixed point. 1f i1l addilioll cOllditio1l 

(5) is 5atisfied, Ihen tlze f ixed point is tmique a[50. 

PROOF. By the induction (as in Theorem 1) we have 
r ( 1 、 1 

(6) dUn+1ò, f"ò)드δ"dUò， ò) , μ=max~ a， -딱-~<11 
l l--z aJ J 

for every tlεω. Hence the same argument employed in thc proof 01 Theorern 

1.1 yields that the s쩍uence (f"이 "Ew converges to some uEM and that f ( f ’ Ck) 

b)• -1(,,) for SOme subsequence U"C' )b) kEω of the sequence (f"이 nε띠. Therefore 

the continuity of f implies that 

d(fUn(k')b), /，， (k')b)→dUlι u) for some subsequence /JnCk')b);Eω of {f nCk) 

b) kEω. However (6) shows that 

dU(f nC시b) ， I"(k，) b)• O. 

Hence d( fμ， μ)=0 and thus we have fu =tt, 

The unicity of the fixed point fo lIows from the condition (5) . 

2. Family of mappings 

THEOREM 2,1. Lel F be a non-emply famUy of rJlappi1lgs of a separaled 
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L-5pace ( M , -• ) which is d-complele for a 11011’zega /ive exte1Uied real valued 

funclio1l d 0/1 M x M . SUPP05. tlzat f or .".ry f , gEF , there . "i515 ",="'( f , g) , 

1l =써 f， g ) 0’‘d a , ß ωith 0드a <l ， O <ß드∞ Sllclz tlzat th. following co,uiitions 

are satisj t'ed 

(7) d(f…x , g'y)드a max {d(X, y) , dCfmx , x) , d(g"y, y) , 융 [d(f’"x， y )+ d(g"y , 

x)l } for every x , yEM ωitlz d(x , y ) <ß 

(8) d(f’"b， b)<β for 50me bEM 

Tlze1l f has a fixed poinl and tlze sequence I f"b) .εω C01tνerges 10 the f i xed poit,“
if i1l add‘tio’‘ 

(9) d(x ， y)<β f or 011 fíxed poinls "， yεlrJ 01 f. tlleu eacJz fEF has a u,tlique 

f ixcd þoin! which is a um'que ccmn-lO ll fi zed point f or F . 

PROOF. We shall f irst provc the theorem for the case when m( f , g) = n( f , g) 

= 1 for every f , gEF, By Thcorem 1. 1 each f EF has a unique f ixed point 

UiεM. Since F is non.empty it 、v ill ~ lI ffice to prove that “,= " g for every f ,g 

EF, lf f , gEF , then we have 

d( ,,[ , u상 =d(f"[, gu.) 

sα max써(1“싸“ι'/' μU.김) ÷ [NC;%tn%r닛g ' fη11써t 
드α ma’x {d (ωu/， u.) , d( 1I.1ρ Itg )) 

드a d(u f , ",) 

“ hich implies lIí = U.
g

• ~ow we shall ç ro、 c the εencral case, Let f be in F, 

Then f ’1I (f,f) has a unique fixed point vj in 111 by ，、 hat we have shown above, 

Hcnce “,'e have 
m(j./) r . . _ u rnl(/. f) 

f fvf= f ( f u샤 =f v[ 

、‘;hich shows tha t fv[=vf' Since each fixed çoin t of f is a fixed r-oint of fmCf.!l , 

it follows that V f is the unique fixed point of f. If f , g are in F , then since 

d(ψ[， vg)=d( f
mCf.g) 

’F g ”
;( f g)Ug) 

드α maX {d(v[. vg) , + [d (v[, v.)+d(v /, V씨 
드ad(vf' V싱 

‘、 e have ur=ilg· Therefore 、、 c have the desired conc1 usion since F is non empty. 

THEORE1I1 2. 2. Let {f , ) ;'=1 te a fall씨 
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(M , • ) inlo ilself 10hich η d-c01llþlele lor a ’'lOn-1legative exlended real valued 

lunc/io/! d 011 M x M_ lf I/.J salislied 

(10) 1.1,=1,1. (k , 1=1 , 2, …, n) 

(11) lor some ", β， 0<，， <1 ， 0<β드∞ Ihere is a system 01 positive i11tegers m1’ 
mz' "', 1n,. such that 

dU;n' f ; ‘ ·fr·x, f?lf? ’ ·f:·y)드α maX (d(X ， y) ， d(x, 1;" I ;n, . 깐'x) 

d(y./7’ f;'f . _ .지'y) . 공 [d(x.지강"지'y) 

(1 2) dκCJ강-;1 f껴;서" 

+dωmι찌"，γ'1끽f찌;;j“‘ /:.x기 

xι’ yε끼M 1Oil" d(x , y )<ß. 

Th‘en IJ.씨 havν’e a commOll’11 lixed þo;,…11…l“t aω11찌d t“ωhe sequenκce IJnbJ nεw converges to 
the lixed þOi1Zt; if in addilio’‘ 

(13) d(x. y) <β lor all l ixed POl끼s X ， ) εM 01 IJ.J Ihen IJ.J have a “’ltque 
commOtl fixed pOt-nt. 

PROOF. Let 1=1;"1; . ... 1; • . Then condition (11) takes the form 

d(fx. Iy) < " maX (d(x. y). d(x.β) . d(y.Jy) 융[d(x.Jy) +d(y ，쩌J} 
and hence by Theorcm 1. 1. I has a unique lixed point " in M. Therefore fκ=te 
and we have 

I.CJ'‘)=1." (k=l. 2, …• n). 

By (10) we get ICJ. ,,) =1，μt. Since I has a unique lixed point u, we obtain 

1. u=u(k=l • .. .. n). Hence tt is a common fixed point 01 the family U，씨 ;=l· 
The unicity of the fixed point fo lIows from the condition (13) . This completes 

the proof 01 the th∞rem. 
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