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SUBSTITUTION THEOREMS FOR THE TWO-DIMENSIONAL 

LAPLACE TRANSFORM 1 

Bv P. N. INDURKAR & R. K. SAXE:--JA 

1. Int roduct ion 

Humbert in his works [1 , 2, 3J developed the operationaJ caJculus 01 two var

iables ba,ed on the two-dimensional LapJace transform. Bose [4J , Chakrabarty 

[5, 6, ïJ , Srivastava 18] , ]ain 19, IOJ and numerouS other workers have contri

buted several papers on this same theme. 

The two.dimensional LapJace transform [11] w iJJ be defined as 
∞∞ 

(1.1) f ( P,q) = J J e•• qy F ( x,y) dx ψ， Re( p)>O, Re(q)>O, 
o 0 

in which F (x , y ) w iJJ be rele r red to as the originaJ and it is a reaJ Or complex 

valued function of two reaI variables, delined on the region R(Q드X<∞， OS:y 

〈∞) a nd is integrabJe in Lebesgue sense : f ( P, q) as the image, where p and q 

are complex parameters. The transform (1. 1) will be symbolically denoted by 

(1.2) f (p, q)三F(x， y) or f ( þ,q)= L (F; p, q]. 

The object at r resent is to obtain some formulae for the image 01 K (x , y)F 

[gl (X) , g2(y ) J in terms 01 the image of F(x,y ) under ( 1. 1) with certain rcstrict

ions on F ( x , y ) , g/x) and gly). Such probJems may be referred to as sub 

stitution theorems. since they involve the representation of the image of K (.r, y ) 

F [gl(x ) , g2(Y)] in terms 01 the image of F (x ,y). In Section 2, two substitution 

theorems are estab] ished and in the Jast section some examplcs of applications 

of these theorems are considered lor specific functions K (x , y ) , g l( x) an d g2 

(y) . 

2. The first substitution theorem involves the representation of L(K( x,y ) 

F[g,(x) , g2(Y)] ; þ, qJ in terms of L (F; þ, q). Since tb is representation wi I1 

contain a double in tegral for which thc cnn\'ergence w i1J depend 때on K ( :r, y) , 

gl (:r) , glY) and F ( x ,y) , the method of attack wiIl be to put on these three 

funct ions rather genera l con di tions undcr l,vhich the èesircd representation is 

valid. For specific cases 이 I{(x , Y ). ? t(x) and g2(Y)' fu rthcr investiga tions can 
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be made concerning the all。、，vable behaviour of F(x,y). In addition for a g iven 

g,(x) , gzCY) certain choices of K (x ,y ) will produce simplification. 

THEOREM 1. If (i) K (x,y) , g ,(x ), g/.)') , "칸g[l a 1ld k2=g긴 are s’llgle

νaZued allalytic J''''κtions [12]. real 011 x> O, y>O, alld sllth tllal g ;CO)=O, gi 

(∞)=∞ (or g;CO)=∞， g;C∞) =0) i = I, 2 

(i i) J(P , q)=L(F: p, q) which cO l1 verges JO l' Re(ρ)>0， Re(q)>O, 

(iii) Ihere exisls a fαnctio1t 이 ( p, q ; "" u ,) S lI th tiwl 

L (rþ ; s, l) =fJ(P,q; s, l ) 

which cOllverges J or Re (s)>O, I~ e (1)> 0 a1ld 

(2.1) (j (p , q; s, l) =e-Ph,(,)-qh,(,) K [I,,(s) , h,( I) ] / ι， '(s) / /",'(1)/ : 

(iv) the iμtegral 

(2.2) J J [J J e 찌I-tu’ rþcp,q; ，“피" 씬) F(s씨’， t)d짜I“t시l여꺼찌씬폐d이띠띤써U'1꾀t샤아，] ds씨 co이’1U'erges a깨짜7채짜bso이fz…， 
o 0 00 

Joγ Re (p)>a , Re (q)>b : tllm 

L(K(x ,y) F[g ,(x) , g,(y)] ; p,q) 

∞∞ 

= f J rþ(P,q ;!“…t 
o 0 

μω’hiκch c띠O1l’llverge“s Jor Re (p)>aι1ι’ Re (q)>bι . 

P ROOF. Since from (2. 2) the iterated integral is absolute!y convergent [01 

Re (p)>a , Re (q)> b and s ince 

JJ | JJe-srtul ￠(P q; ul 1‘2) d,,/", I I F써 dsι 

드 JJ[ JJ끼le -"“"’ t“씨R야‘ rþ(P， q;μ’J객;χ'" ’J’u성센2갖) Fκ(s’， 1)새) 
o 0 0 0 

then by the substitution from (2. 1) the first iterated integra l becomes 

J J le -ph ，(，)-qι(1) le -ph ,(,)-qh.(l) K [1I， (s) ， h씨 III/(s) 1 11t2'(t) I I IF (s, ' ) 1 dsdl. 

T h us 

∞∞ J J e-P써-qh，(I) J e -ph ,(,)-qh,( I ) K [1，끼"， ( 

00 



SubsUtμUon Theorems' 101' the Ttνo.dil1‘eηsional Laþlace Transform 1 91 

is absolutely convergent for Re(p)>a, Re(q)>b, 

There are two cases to be considered. 

Case 1. 

If g ;CO)=O and g，(∞)=∞， ;=1, 2, in view 01 (i); h 1'(s)르0， h，(1)三o so that 

il the substitutions x二h1(s) ， y= 1I2(1) are made; then 

L(K(x, y) F[gl(x) , g,(y)] ; p,q) 

∞∞ (' r -ph,(')-qh,(I) .1.1 e -''',v r '''",', K[h
1
(s) , h

Z
(t) ]lh,’ (s)1 Ih2' (I)1 XF(s , 1) ds dt. 

o 0 

Case 2. 
If g ;CO) =∞ and g，(∞)=0， ;=1, 2, then ht' (s)드O. h2’ (t)드o so that with the 

same substitution as in Case 1 

L(K(x, y) F[gl(x) , g zCy)] ; p, q) 

r r -ph ,(’) -qh~(t) = .1 J e -,'W'-,,,",,, K[h
1
(s) , h,(I)] Ih

1
'(s) 1 1 h ,'(1) 1 xF(s, t) ds dt, 

∞∞ 

which is equivalent t。

L (K(x , y) F [g/x) , g2(Y)] : p , q) 

∞∞ r r . -ph ,(,)-qh,(I) 
= .J.J e ,,,,,., ,,,,,., K[h

1
(s) , hzCt)] Ih

1’ (s) 1 1 ι2’(1) 1 xF(s, t) ds dl. 
o 0 

Thus in either case L (K(x, y) F [g 1 (X) , g2(y)] ; p, q) is absolutely convergent for 

Re (p)>a , Re(q)>b. 

Now if the substitution from (2. 1) is used in either 01 these cases , the result 

IS 

L(K(x, y) F[gl(x) , g2(y)] ;p, q) 

∞∞ ∞∞ 

= f J[ f f e -"', -1,. qí(P, q ; μ" α，) dU
1 

du2] F(s, t) ds dt 
o 0 0 0 

which is absolutely convergent iterated integral. The order of integration tan 

thus be changed so that 

L(K(x ,y) F(gl(x) , g2(y)] ;p,q) 

∞∞ ∞∞ 

= J1 U 1 e - .. ,-Iu, F(s, t) dSdt] qí(p, q; u l' ι강 du,du
2 

o 0 0 0 

and finally from (1, 2) 
L(K(x,y) F[gl(x) , gly)] ;p, 이 
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∞∞ 

= J J rþ(P, q ; u" u2) !(U" u2) d써‘? 
o 0 

Four special cases of K (x ,y) , three of which will simplify the image of Iþ( p, q ; 

“"U2) are worth noting at this stage. 

(i) lf K ( x , y)=ear+ b" then a form of translation theorem results, that is 

L{e,,+b
y F{g,(x) , gly)] ; p,q) 

∞∞ 

= JJμrþ(p-aι， q-b;μu싼‘ 
o 0 

Since the two dimensional Laplace transform is a Iinear transform the substitu' 

tion of Iinear combinations of exponential functions for K ( x , y) will re5ult in 

quite simple forms; for example, if K (x, y) =Sinh (ar+by), then 

L {Sinh (ax +by) F {g, ( x ) , g2(Y)] ; p, q) 

∞∞ 

= ~ J J {Iþ(p-aι’ q-b;"’”까'"’ 1t‘성'2)
o 0 

(ij) If K ( x, y)= Ig,'(x) 1 Ig2'(y) I, then 

K {h ,(s) , 씨(1) ] =l h ，'(s) I- ' 1"2’(1) 1-' and {)(p , q ; s, 1) reduces to e -ph,(,)-qh‘(1) 

that is 

L{Iþ; s,tJ =8(p,q; s ， I)=e-Pι (s)- qh~ (t) 

(i ii) lf K (x , y)= K{g,(x) . g 2(Y)1. then 

K [I,, ( s) . 1t2(1)] = K{s, l) and 

L {Iþ ; s, t ) =e -p" ， (，)- qι(1) K (s.l) 1 ι ，'(s) 1 Ih
2’ (1) 1. 

ln particular if K (x , y ) = [g ,( x ) , g2(y))', then 
-þh,(,)-,h.(I) L {Ø; s, t ) =e-,. 'vr""'J S tïlt,’ (s) 1 1"2' (1) 1. 

(iv) A combination of above cases ( ii) and (i ji) produce. in teresting fo rms of 

{)(p, q ; s,l). ln particular, jf 
ph ,(s) -Qh,(f) 

K (x , y)= Ig,’(x)llgz' (y )I K[g ,(x) , gz(y) l. then L{Iþ; s, l) = K (s. t)e 

or if K (x ,y)= Ig,'(x) 1 Igz' (y) 1 [g,(x). gz(y)]', then L φ : s.t) =s' l e -，'씨 1 (5)-- qh~(t) 

The next theorem will make use of the insertion of an arbitrarv function 

which may be used to 8implify the image of Ø(p, q ; “" “2) ' Thi8 is done nt the 

expen8e of complicating the represen tation 80 that the image of 1"( x ,y ) i대el f 
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no longer appears, but is rep!aced by the image of a product. 

T HEOREYI 2. IJ (i) A (x ,y ), K (.r, y ) , gl (.r), g 2(Y)' "1 =g~1 m띠 h2= g;l t17e 

single valued analylic funcliolls [11], reai 011 x> O, y> O and such Iιal g,(O)=O 

Q띠 g，(∞)=∞ (or g;CO)=∞ ond g;(∞)=0) i= 1. 2: 

(ii) f ‘ ( p,q)= L {A (x ,y) F (x ,y) : þ,q} whiclz converges f or Re(p)>O, Re(q)> O; 

(i i i) there e;'âsts a functioll 야 (P,q: κl’ “2) sπC/j‘ tιat L {함 : s, l ) =()*(þ, q : s, l) 

IOhicli converges for Re(þ)> O, Re(q)>O, alld 

θ* (p， q : s, 1) =e - þl,,(,)-ql<,(i) K ["I(s) , 1z2(I) J X 1 시’ (s) ll iz2’ (1) 1 [A (S, I) ] -I. 

∞∞ ∞∞ 

(“iv) JJ[ JJ e-찌SU1-씨 d하‘(þ’ q;μ씨t“잔t 
o 0 0 0 

absolutely for Re ( þ)> a, Re(q)> b; then 

L{K(x ,y) F[gl(X)' g/y)J ; p,q} 

∞∞ 

= JJ 하(p， q;“"까t 
o 0 

w이hi“cliι， co이"…'lveιerges for Re(p)> aι， Re(q)>bι . 
The proof of Theorem 2 is similar to that of Theorem 1. 

A special case for A(x,y) =ear+b, may be noted here L{eaxH, F (x, y); p, q} = 

f (þ -a, q-b)=f ‘ (p, q) and e as bI 8(p. q ; s, t) = L lG ; p. q} , 

røcp, q ; “ l-a. t.‘2- b) =iþ* (P . q; "1'U ,,)' "1> 0. ’‘2> b here G(P.q; s.t)= j'~" . "1 

so that 

l 0, "1 < a. " 2<b. 

L {K (x, y) F [g1(X) , g2(Y)J ; þ, q} 

∞∞ 

= J J iþCP.q; "1- 0• " 2- b) f (u1-o, “2-b) dμld“2’ a b 

which could as well be obtained by substitution. 

3. Applications 

FOR:\IULA 1. Let gl(x)=e%-I. g2(Y ) = e'-1 and 

K (x.y)=(I -e ‘ -e- ' )’n From this "I(s)=log.(l + s) and h/t)=log,(I+I). 

Hence 

11z1’ (s) , =(s+ O-I. 1 h; (1) 1 = (1 + 0-1 and K[h1(s). hzCt)J = [1-(S +1 )-1 
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(l÷1)-l] ”, and 

r. 111m 
f)(P.Q: s. t) _ lu_t _ ... -1.. 1 11- -:-7t-~ I 

(s十1)’+'(1+ 1)'+1 l" s+l 1+ 1 J 

Now using the shift rule for an image and a known result [11 , p.139]. we 

have 

Ø(p,q; “" UZ) 
(m!)2e-‘시 ut썩 L@q(κ1’ a강 

rC >>t+ p+ 1) rcm+q + 1) 

Therefore, for appropriate F (x, y ) satisfying the conditions of Theorem 1. we 

obtain 

(3.1) L((l -e-‘ - e -Y) F (e‘ -1, e' -1) ; p, qJ 

∞∞ (m !)2 e -"\-씨 1얘해Lgq(u ， 1‘강 
= J J V" ;r,;’+h+11 r r,,,+n+1l f (ul, 텅 dU1 dUZ-

o 0 

FORMULA 2. Let g,(x) and gz(Y) be the same as in Formu1a 1 and K (x,y ) 

"-~’ =e‘ From these 

(j(p , q ; s,l) 

Now using the shift rule for an image and a known result (11, p. 145J , we 

have 

-‘ 융(Zp-q) 융(강 p) 
ØCp,q ; "1’ “2) =e - .. , - ..., u,Ì “; . Jp.

Q 
(3ν피. U,2 ) 

Therefore, for appropriate F (x ,y) satisfying the conditions of Theorem 1, we 

get 

(3. 2) L (e -t-~’ . F (ez -1, e' -1) ; p, qJ 

∞∞ -“‘ -“, 융(2p-q) 융(z，，-P) 
= J J e ‘ • ",- "i J p.Q (3ν 1시，，; ) f (",’ U 2) du,l du2" 

o 0 

FORMULA 3. Let g,(x )=x, g2(Y)=Y and K (x,y) = I. From this (j(p ,q; s, t) 

= e -P'-Q/ and no Ø(P, q ; uν " 2) exists which has this function as an image. 1ιet 

_ (st +â'. 
A(s, t) =-'까다「’ Re(p)>O, Re(q)>O 

e 

and apply Theorem 2 50 that 

싼(p， q; s,l)= _1_.τ， Re(p)>O. 
(sl+ q)' 
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N<J'" using a known result [11 , p. 135]. we have 

I U .. lι 、융(P- l) 
rþ*( p, q ; "1' " 2) =['까다-=-) Ip_1 (2짜꾀) . 

Therefore, for appropriate F (x, y ) satisfying conditions of Theorem 2, we 

obtain 

(3. 3) L [F (x, y ) ; p, q) 

∞∞ I 1l 11i? 녕(p- l) 
= J J 7하)\~r . Ip_ 1 (2ι꾀균) f용("1 전) d:써‘2' 

FORMCLA 4. Let g l (x) and gzCy ) be the same as in Formula 3 and K (x, y) 

=yx ’‘. From this fJ( p, q ; s, t) =Is -n e- P• . ' and no rþ(P, q ; "1' "2) exists which 

has this function as image. Let 

t (st 十 q)'
A (s， I) =뭘밤 Re(þ)> 0, Re(q)>O 

and apply Theorem 2 50 that 

1>*(þ, q ; s, t) = • . 1 . • ' Re( þ)>O 
s"(st+q)' 

N。、V u5ing a known re5ult [11 , p. 137) , we have 

(1t)P-l / u , \칸FE 
야(þ， q ; "1' "2) =J몫「꼬2 ) . . Iþ+써(2ι파강). 

Therefore, for appropriate F(x, y ) satisfying conditions of Theorem 2, we have 

(3.4) L (yx- n F (x,y ) ; þ,q) 

∞∞ (u씨p-l I tl 1 \EFf 
= J J 꺼þ) ' \국:2) 

. . I Þ+ n- l (2.,/ q"1"2 ) X f*(u
l' ''2) dtt1d"2 
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