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FIXED POINT THEOREM:S FOR POINT.TO.POINT AND 

POINT.TO.SET M:APS IN BANACH SPACE 

By Sompop Swaitdiret 

1. Introduction 

Let {x씨 be a sequence in a metric space (M , á). A real nonnegative sequence 

l씨 is said to majorize Ixk) if d(xk + 1' X，)드t 11+ 1 까， *=o, L -- U l!많。tk= 
t* <+∞ exists, then Ixμ is a Cauchy sequence in M. So if M is compJete, 

there exists a x‘ in M such that Iim μ=상 and d(션， μ)드t*- μ， k=O, 1, 
k_o。“ a 

5ee [ 1이 , [12) and [13) . This obseπation Jed to a new proof for the Newton 

Kantorovich theorem by Ortega [1이 and the general convergence t heory for 

Newton reJated proce5ses by RheinboJdt [13) . ~ow suppose tbat we have the 

probJem of soJving a nonlinear equation F (x)=O in a Banach space and that aD 

initial point Xo for a certain lterative process generates a sequence {x k}. Then 

the probJem of finding roots for F(x )=O is reduced to the construction 01 c 

convergence scalar sequence {사) which majorizes (xk). It is our purpose in this 

paper to formalize fixed point t heorems, in the spirit of the above technique, 
which wilI have the Banack contraction mapping principle and Bro\vder-Nad ler's 

fixed point theorem as consequences. Among others. sorne common f jxed point 

theorems are considered. 

2. A majorant fro m of th c Bro“ der-NadJcr theorern 

Throughout this section X will be a Banach Space and M is compact convex 

subset of Banach space with metric 11. 

Let CL(M ) be the family of all closed nonempty 5ubsets of M eI,dcwed with 

the generalized Hausdorff metric D induced by :1 [9) . 

THEORE\1 1. Let G : M • CL (M ) . $uþþose tilat therc exisls ‘ 'lil iso:ol:e /rlηc_ ' 。“

φ ‘ [0, ∞)→ [0, ∞) sllch Ihat 

(i) Ø(t) <1 for each t> α 

(ii) D (II G(x) - G(y) lI )드φ(min IlIx- y l', IIx-G(x) II , II x-G(y) ;{, 1 y-G(x) 11’ Iy- G 

(y)川 ), for each x , yEM. 

$uþþose that Ihe sequeηce [Xk) is defined by iferative process as given ，:"드M ， 
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PE (O. 1) alld X.= (I -P) X._1+ pG(X. _1) for all nEN. a,uJ 
max !lI x k+ ,-x.lI . II x'+1 -G(x.+,)II . II xk+' -G(x.)II. II xk - G(xk+'씨. II x. -G(Xk) 11. 

II G(x. + ,) - G(x.) 1I 1 드αD( IIG(x.) -G(x._ 1) 1I ) . k=I.2 • ...• xoEM. 

Furlhermore. lel Ihe nonnegalive real seqnence !I,I be dκfined by 1. + ， = 1.+φ 

(α(1.-1._ ，)). 10=0. 
t ，능max {llx1 - xolI . IIx,-G(x,) II . Ilx1- G(x~l l. II xO-G(x1) 1I. II xo- G(xo) lI . 

II G(x,) - G(x，씨 111 . k=l. 2. 

c011verge to t‘<+∞. 

Theη !x.1 cOIwerges 10 a fixed poinl x‘ 0/ G with the error estil1wte 

max !lIx*-x,I:. 11 .• ‘ -G(x*)II . II x*- G(x. )II. II x. -G(x‘ ) 11 . IIx.-G(x.) II . 
II G(x.) - G(x*)川드a(I*-I.). k =O. 1 ... .. 

PROOF. We sho lV by induction that ‘ 

max 에Xj-Xj _ν1 . IIxj-G(9 11 . II xj-G(x j_,)II . IIxj_, -G(Xj ) 11 . II xj_1 -G(Xj_'씨， 

IIG(x j) - G (xj _ ， )따 드a(lr1j_1)' ;=1.2. … 
By assumption for ;=1 we have 

max (lIx,- xol . II x ， -G (x씨. IIx， -G(x~ lI . l:xo-G(x,) II . II xo-G(x~ lI . 

II G(x,) - G (x(l)n 드(lj - I;_，). ; = 1 . .. .. k. then 

max {l lxk+ '-x씨 . Ilx,+, - G(x.)II. Ilx,+, - G(xk+ ,)II . IIxk-G(xk+, )II. :lxk-G(x.)II. 

I I G (xμ ，) - G(x,) 11 드αDIIG (x.) -G (x.一，)1 : . 

αφ(min () !xk - x'_ II1 . II xk -G(x.)II. II x. -G(x._,)II . II x. _, -G(x.) II. II x k-' -G(xk_ ,)II . 
II G(x.) - G(x ._,)i!1 드aφ(a(l. -1.-,)) =α(1.-1，_，) . 

Since Iim 1. =1*<∞ exists. 
*→∞ 

the estimate 

(1) max !,'x' .• m -x.l . II x. +", -G(x,) II . Ilx. -G(xk+ .. ) II . II x. -G(x.) ’1. IIG(xk+ .. ) 
k- liJ - l k+’'n-l k+’'n-l 

-G(씨1lSn1ax ￡ [Xl+l-xl1, 뀔 II xH , -G(xj) i! . 될 l'x j -G(xj+ ,)II . 
k+ 11’• k+m- l k+m- l 
j될 Ix j -G(xj) lI . 장 IIG(x j + , ) -G(η)11< 뀔 (까+1 - lj)=(Ik+ .. - I, ) . 

sho、;vs that {x서 is a Cauchy sequencc. By the completeness of M. t here exist 

상εlvl such that lim x ,.=x*. 
'-0。 “ 

Suppose tbat II x*-G(x‘ )11= . > 0; and consicter 

(2) II x← ， -G(사)11 드(I-P) lI x. -G(x.)I ; + PII G(x.) -G(x션 11 

s (J - Þ) lI x.-G(x.) ,1 + p.min !lI x. -x‘ 11 . IIx.-G(x.) iI. 
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IIx*- G(..*)I . lx. - G (x를) 11 . II x‘ -G(x.) 1) and X. _ ,-x.= f(G (x.) -X.) . !im (G(X. ) 
’-∞ 

- xμ=0. Thuskl많 G(x.)=x‘· 

lf li x*-G(x싸)11> 0 then there is mEN such that for all n능111 ， 11.드 N . 

(3) I I '<.-x에 < min (x‘ -G(x‘ ) 11 . I'x‘ - G(xk);J} <I : x융 - G (x*)I : . l t [0110ψs from (2) 

and (3) that [or "능m. 

Ilx' +1 -G(x.)11 드( I -P) lI x*-G(x용)11+ p .min IlIx*-G (.;-*) I'. II x*-G (x*씨 ， 

II x‘ -G(x‘ )11 . μ‘-G(x용)11 . I' x‘ -G(x*) ,ll. 
Letting k→∞， 、ve have 

e = l. x‘ -G(x‘) 11르 (l -P) lI x*-G(x‘) 11+ P( lI x‘ - G( x‘ )1) 
<(l -P) lI x융-G(x‘)11 -+- p( lI x*-G(x‘ )11) 

= lI x’ - G(x‘ ) 11 = e. a contradiction. 

Hence 상=G(x‘) . The estimate [ollows from (1) as '"→∞. 

COROLLARY 1 (Browder.l\adler 12.8.9]). Lel G : M• CL(M ) alld 

D(II G(x ) -G(y) ID드q .min Cl x - YII. 1’ x-G(x) lI . II x-G(y) lI . lIy-G(x ) lI . l,y-G(y)l:J 
for each X.Y 111 M a1ld qE (O. U Ihe l! G has a fi xed poi1μ. 

PROOF. 5ince O< q< l . we have + > 1. Choose α> 1 in Theorem 1 such that q 

qα<1. Let xoEM. 

Choose x 1= (l -p)xo+pG(xol t hen t here exists x2 su이1 that 

x2=(I -ρ)X1 +PG(X1) such that 

max [llx2-x, lI . II x2-G(x1) 1I . II x2 -G(x2)L . II x1 -G(x1게 • II x.-G(x) lI . 

II G(x2) -G(x,) 11l 드aD(IIG(x 1 ) -G(x2) 1I). 

Continuing in t his way we prod uce a sequence Ix.l in M such that 

X. +1= (l -P)Xk+ pG(X.) and 

max lll xk+ l -X꾀 . II x. + 1 -G(x.J lI. II x. +1-G(xk+l) II . II x.-G(x.) II. ;J x.-G(x' +l )II. 

II G(xk+l) - G(x.) lI l 드aD(IIG(x l ) -G(x) II ) . k = 1. 2 .. 

Let φ(I) = q' in Theorem 1. t11en 1._ 1 -μ=qα(1.-1，_ ， ). 10=0. 

11 = max I lI x 1 -x이 1. h -G(x1) 1I . II x1- G(xo) lI . II xO-G(x1) 1I. Ilxo-G(xolll. 

IIG(x l) - G(xo) 川.
' - 1 

50 1.= 캄 (qa)"maxlll x,- xoll . II x 1- G(x1) 1I . II x1 - G(써1. II xO-G(x1) 1I . 

II xo- G(xol ll . II G(x1) -G(xollll . 
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d hen얀!말 =1*= [τ따l max (l x1- xoll . 'l x1-G(x 1) 1I • .I x 1 - G(X아 11 
μ。-G(x/I . l' xv-G(xtYlI . II G(x1) -G(xO> J:l <.∞ 

thereiore by Theorem 1, G has a f ixcd point. 

lf φ is continuous. then the solution of 1 ，，_， -μ =φ(，， (/.-1._ 1)) ， 10=0. k = l. 

2. satisfies Jim ι=β<∞. so that φ(0)=0. 
h∞ ‘ 

Making obvious modifications in Theorem 1, we have: 

THEOREM 2. Lel G : M • CL(M ) . Suþþose Ihal Ihere exisls a COll“’”‘。“s alld 

isotone funcllo’‘ φ : [0. ∞)→ [0. ∞.) sucft Iftal 

D(II G(x) -G(y) 11)드φ(min 川x-yll . IIx-G(x)ι IIx-G(y) lI . ly- G(x ) lI . IJy- G(y )III) 

for each ".y ;'1 M . 

Lel " < 1. Suþpose Ihal Ihe sequellce (x. l is defùzed by Ihe ileralive process as 

givell xoEM. þE(0. 1) alld x.=(I -þ)x._1T þG(x._ 1) for all kεl'l. a1ιd 

max (lI x. +1- X. I. II x.+1-G(xk+ 1) .J . I: x. • l-G(x.)II . :Ix. -G(x.+1)1 . II xH -G(x.) I, . 

II G(x k+1) -G(x.) 1I1 드"D(IIG(x.) -G(x. • 1) :J) . k=1. 2 . ... . xoEM. 

Furthermore. let tke 1wnnegative real sequeηce {t.l be dc/ined by 

1k+ 1 =1.+(/)(α(1.-1._ 1)) ， 10=0, 

1 1는max (1I x1-xoll . II x1-G(x ,) II . II x , -G(x이 11 . 1I xo-G(x ,) 1I . μ。-G(x이 1 .. 

J! G(x1) -G(xo개 1 k=1 .2. .... cOllverge 10 1*<+∞. 

The1l (x.) cOllverges 10 a fixed þoi’lt x* of G 10illl Ihe error eslimate 

max 川X‘-".11 . II x‘ -G(x‘ )11. :J x-G(x.)J. 1i.<. -G(x')II . 1Ix. -G(x.) 1I . 

lIG(x*) -G(x.)川드，，(1* - 1.) . k=O. 1 •. 

THEOREM 3. Lel C(M) be the /a1llily of all 1lOne11lþly compact sllbsels of M. 

Lel G: M• C(M). Suþþose Ihat llzere exísts a1l uþþer righl semico’“m uous 

/tmction φ : [0. ∞)→ [0, ∞) such Ihal 

(i) φ(1) < 1 for each 1>0 

( ii) D( 1IG(x) - G(y) ID드φ( 1Ix-y 1l . 1I x- G(x) 1I . II x -G(y) 1I . 1I y-G(x) 1I . Ily-G(Y) 1I . 

IG(x) -G(y ) 1I) 

for eacl, x. y ’11 M. th.n G has a fixed þoηlt 

Theorem 3 is a sJight generalization of a result of Boyd and Wong [l}. lts 

proof can be carried Over from their pr∞f ù, [1). 
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RE :v1 AR K. Let φ : [0. ∞)→ [0. ∞). Suppose that the nonnegative real sequence 

{I씨 satisfies tk +l -μ=φ (tk -1._1) , 10=0. 1, given. k=l. 2 ... .. 

Then the following three conditions. taken together. are not sufficient to 

imply that {IkJ converges. 

(a) φ is isotone and φ(1) <1 for each 1>0. 

(b) φ is continuous and isotone. 

(c) φ is upper semicontinuous from the right and φ (1) <1 [or each 1>0. 

In fact. let φ(1) =←-， . . 드 [0. ∞). Then φ satisfies (a). (b) and (c) . 1 +1 
k • , 、

De[ine {tk1 by Ik= ;s \ j) 10= 0. ;=1.2 ..... Therr t k + ，-ι=φ(tk-1k-')' 

but {t씨 is divergent. 

THEOREM 4. Let {T n} be α sequeπce 01 (point • 10 • poin/) maps Irom a nonemply 

Banach space (M. II [[) i l1to ilsel!. Sαppose that lor each pair (Ti• Tjl Ihere 

exists a f…ctiOil φ 01 [0. ∞) X [0. ∞) X (O. ∞)X [0. ∞’，10 [0. ∞) sllch that 

(i) φ is continuolls and isotoηe itt each νariable. and φ (1. t. t. 1) <1 lor all 1>0; 

(ii) [' T (xl-T씨드φ min {[[x-Ti(x)[ [. [[y-깐(y〕 [1 ， ÷ -(1 [x-T씨+[[y-T， 
(x) [[ ). [x - yl 'J lor all x.y in M. 

Giνen xoEll1 . ρE(O. l) and xk +,=(l -p)xk+pTk+ ,(xk). k = O. 1 . .... xoEX 

Assu 11le, fμrlher Ihal Ihe sequence It kJ 

delined Ik• 
， = 1.+φ(I .-Ik _ ，. Ik-I._1' I.-Ik_ ,. Ik-Ik_ 1) 

to =o. t 1르max IlIx,-xo[l . l:x,-T(x,) II . [Ix， - T(x이 1 1 . Ilxo-T(x,) II . I l xo-T(x，。이 [ . 

IIT(Xj) -T(x，)川 . k=l ‘ 2. …, converges to t* < +∞. Ihen {x서 

coηνerges to the unique cotmnoη lixed poinl x* 01 {T n1 wi‘th error estimate 

max 1 1 I x*-x씨 • Ilx*-T(x용)1 1. II x*-T(xk) 11. IIx.-T(X*)II. [IXk-T(xk) li. 

II T(xl) -T(x'l lll ~I용 -Tk• k=O. 1. …. 

PROOF. We show by induction that 따 majorizes {x kJ. By assumption. 

max{llx,-xol l. Ilx,-T(x ,)[[. I l x ， -T(x。이[ . Ilxo-T(x,)[[. II xo- T(xo) lI . 
IIT(x,) -T(x씨}드1， -10 and if 

max lllxj-Xj_l ll. I[xj -T(x)[[. [lx j -T(xj_ 1) 1I, IIx j _ 1-T(xj) lI , II xj _1 -T(x j _ 1)[!. 

[[T(xjl -T(xj_1)IIJ 드t1--tJ-l ， j=l, 2, …. k. then 

11"k+' -xkll =1[ (1 - p)xk +pTk+l (xk) - (1-P)xk_ 1 - PT/xk_1)[1 
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= (1-P) lI x. -Xk_ 1 +pT k+1 (xk) - T .(xk_1)[[ 

<p.φ [ [ Tk +l (xk) -T.(x._1) [[ <φ[[ x. -x._1" <lIx. -x._111 
Therefore. 

[iXk+ l-X.1I < ø . min fIIx. -x' _I I1 . IIx. -x._,II . II x. -x._1[[. II x. -x._1,[J 

드φ . min { (.μ -1.-1' 사- 1.-1' 1.-1._1, 1.-1._1)) =1' +1 - / • . 

Since lim μ=/‘<+∞， there exists a x* in lvl such that 1im ι=x‘ consider. 
k-∞ … '_0。 κ 

(2) l ， xk +l -T，， (x*) 1I드(l -P) .[x.-T，， (x.) 1I +PIIT ’‘(x.)-T(x‘) ;[ 

<(1-P) [l x.-T.(xk) [[+ p . min{ lI xk-x‘ 11 . [l x.- T . (xk) lI . 

[ [ x흩 - T..cx‘)[[. [[x.-T ,,(x*)[[. [[ x‘ T. (x.)川

and x'+l - x.=t(T .cx.) - xk). )im. (T .(x.) - x.)=O. Thus !im T.(xk)=상. 
R_∞ *→∞ 

If [[ x‘ - T .(x*)II>O then there is mEN such that for all "능m， nEN. 

(3) IIx. - x* [[ < min { I[앙 -F.(상씨 . II x‘ -T.(x. ) II ) < lIx‘ -F.(x*) II . 

It follows from (2) and (3) that for "늘111 . 

II Xk+1- T.(X.) 1I드(l -P) lI x‘ -T.(xη lI +p ' min {[[ x‘ -T.(x*) ;[ . II x*-T.(x*)[[ . 

II x‘ - T .(x*) 11 . IIx‘ -T.(x*)II. II x융 -T.(x‘) 11 ) • 

Letting k→∞. we have 

ε = II x*-T.(x*) 11드 (1 -p) [[x*-Tn(x*) 1I +P([[ x용 T n(x*) [[) 

< (l -p) lIx‘ T.(x융) [[+ p ([[ x*-T.cx*) 11) 

= lI x* -T .(x*) 1I =e. a contradiction. 

Hence x‘ = T . (x‘) for ,,= 1. 2. ..•. Suppose that x*>,,:;: and T，까=:;: for each κ 

Then 

O <lI x융 체 

=IITi(x‘ )-T /X )II 

드φ(0. O. [[x‘ -:;:11. II x* -굿11) 

Sφ(lI x* - :;: II . II x‘ - :;:[[. [[ x‘ - :;: 11 . [[ x‘-치[) 

<[[x‘ - :;: [[ . a contradiction. 

Let Ti= T j=T for each i. j and 

φ(a. b. c. d) =q . min {a. b. c. 씨 • q< 1. 

Then the results of Kannan [5J and Reich [12] can be easily seen to follow. 

3. Selfmaps on a compact convex subset of Banach space 

THEOREM 5. Let (M. II 11) be a nonempty compac/ convex subset 01 Banach 
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space. Lel F , G be poilll-!o• se! IJIOPS 01 X 10 CL(M). S"pþose I"al 10γ allY dislùzcl 

X. Y ill M. 

DCII F (x) -G(y)II)<min {+ lIx-F(x) lI+ ly -Gω11)， 융 (lI x -G(y)11 +IIy -G(x)II ) , 

II x -YII} l. !때 F or G has a lixed poi!ú 

PROOf. Let inf {lIx-F(x)II : xEX) =rF and inf {lIx-G(x) lI : xEX) = rG• Then 

there is a sequence (X,.l in M such that lim II x’‘ -F(x. ) !I = rr As a c10sed 
’‘-∞ 

subset of a compact convex subset of Banach space. F (x,) is compact; so there 

eXlsts μ . in F (x)such that 

Ix. -F(u .)1I = IIx. -F(x .)II . 

By the compactness of X , we may, by taking a subsequence, assume that 

h씨 con verges to some 강 in M. lf there exist some positive integer p such that 

”능þ， X 11 = zt, then 

so 
lIu-F(ii) 1I드 inf lIu - 1,‘ 11 , k=P, þ +l, .. .. 

nLk 
lI ü -FC표)11드 sup inf 빠-u.ll = 0. 

kL l n2: k 

Thus ü=F(ü) . 

Asssurne then that X/I =U for infinitely many 1z’s. By taking a subsequence, 

we may aSsume then that x,,# u for each n 

In this case we c1aim that ü is a f ixed point of G. 

Suppose not. Since u.=F(x.) , by the simple fact that Ilx-A I I되Ix-y ll +lly-A II 

for x.yEM and φ".Aζ1\1. ， we have 
lI ü-G(ü) 1I드lIü-". II + 1I “.-G(u) 1I드빠-“.II+ II F(x.) -G(ü ) 1I 

<lIu-u끼 +ffiin {송Cllx. -F(x.) 1I + lI ü-G(u)II). 

웅C llx. -GC굉 11 +IIu-F(x.) II . IIx. - u ll ) 

드되되11 '싸1 '. 

+꺼애lIu-G(ü)II +11u - F(씨1) . lIx.-싸l +IIu.-ull) 

=11강 싸I+min{웅Cll u-F(x.이1 + 11←G(ü)II). 웅(lIx. -F(x씨 +II u.-ull 

+싸 G(꾀 11 + II F (x.)-ul l) , II x. -F(x.) II+ lI u서11). 
Since II FCx.)-헤드lI u. -피1 for each n, 1im II FCx.) -피1 =0. Therefore. as"→∞， 

’-∞ 
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\",Te obtain 

섣U강 -G(강) 11드min(웅(r F+!Iu-G(u) II ), 웅(rF+ llu-G(강) 1 1 ， 써· 
Thus 

rc:S:!i u -G(U) 11드rF. 

By the same argument we have rF드rc and hence rF= rG =I'u-G(ii) lI . By the 

cornpactness of G(u) , there exist 1i~α*. Again , there exists v‘ =F(,,*) such tha t 

11 ,,* - v서드 II G(ïi) - F (，션)1 1 then il u* • v* 1 1드 ;( G (ii) - F(,,*) II 

<min(융( 1이11싸J 

융( 1이써11샤[따강 - F(u값‘)기)11川÷꺼Ilu*띠lu*옷-굉G(쩨강치헤)1게11)ι)，’ 1 1삐j비u-u앙%해쐐 ‘치애배 11니 I} } 
드mm사h융송(이얘11써|녕강 -G(u)강굉U헤)끼)11+ 1께+뀌I l u*μ값*-F(μ앙h찌체육선η비)기) 11) 1) ) 

츄(11강 u*II+llu*-F(u*) 1I +11성 G(강) 11 ， ll ïi-성1 1 } 

르미in (웅(깐+11값 η* 1 1 웅(rF+ llu*-v*lI ， 써· 

Since l i 강← G(강) 1I = rp Ilu- G(u)II = lI ìi-강 11 and v용 =F(u*). Thus rF드li u*-F(t감) 11 

드 I l u*-v치 I <r F' a contradiction. 

So u =G(강) . Therefore F and G has a fixed point. Theorem 5 improves the 

resu lts in [3, 4, 6, 14, 151 and extends the cases. 

α1 (1) + a ,(t) +α，(t) +α/1) +α5(1) =1 

in [17. Theorem 1 and 21 and 

αI(X ， y)+α2(X ， y) +α3(x.y)+a/x. y)+αS(x ， y) = 1 

in [18, Theorem 1 and 2] . As an il1 ustration , \ve give a coro lIary. 

COROLLARY 2. Lel 5. T be (poηIt-to-þoint) self-maps on a lzouemþty cO’npact 

COllιex subsel o[ Banach space (M , I 11). Suρpose that there eχisl f“nctiDηs α1 =α2 

αj二α j α5 [rom (0 . ∞) ,:,,10 [0. ∞) such Ihαt 

(,, ) "1 (1)+α2(1) +α，ctl +α，(1) +αlt)드t. 1> 0; 

(b) [or any dislincl x.y i n. M. 

11 5(x) - 7' (y)11 <α，11 κ 5(x) lI +aJ y • 7' (y )11 +a311.<- T(y) 11 + a4 l1 y - 5 (x) 11 +a511.< - y ll . 

a; Cllx- y ll ) 
j •••. i=I.2 • .... 5. Ihen 5 or T has [ixed poinl. 1[ both 5 

li x-Y II 

and 7' Iwve [ixed poiη~ts. !lIen each 01 S aηd T lws a lmique fixed pαη1 aηd 
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Ihese fixed þoi’z/s coillcide. 

PROOF. Let x , y be distinct points in M. Since α1 = a 2, <<3 =a4, we have 

1+a2 ... " ,...., ....... " .... , a3+a4 
115(x) -T(y) lI< '2 " ( 1 Ix-5(x) 1I十 I ly-T(y)II)+-"융-→ ( lIx-T(y) 1I + Ily-5(:.;)II) 

+a51Ix -yli . 

드min{웅(11:.;- S(:.;) II +IIy -T(y>:i, 웅(lIx-T씨+l:y-S (x) II ) ， 

IIx-페 
By Theorem 1, 5 or T has a f ixed point 

Moreover, suppose that "% is a fixed point of S and x* is a fixed point of T. 

Then .<=;션 since otherwise 

0 <11 "%-:.;‘ 1I =IIS(굿) -T(x‘) ’ 1 <1. "% -x*II , a contradiction. 

(4) Let xzn +I= (l - þ)x2n +þ5(xZn)' xZn+2=(1-þ)xZn+l+þT(xzH')' ι =0， 1, .... 
xoEM and Þε (0， 1). 

TH EOREM 6. Let 5. T be (þoi，μ-Io-poillt) self -11Iaþs 0" 0 "이"let1lþ/y comþact 

co"vex subsel of Ballach space (M , 11 11) . 5"þþose Ihal for 0 1ly disl’llct X. )' i1z M , 

(5) 11 S (x)- T(씨I<min(융(1I x-5 (.<) 1I + I ly- T(y씨) ， +Cllx-T(y ) lI+ lly-S(x )II). 

IIx-싸 51때ose tl:“"a띠t S alld T are c“COn.’u뻐t 
x았’• thell tlte iterative procedure (4) cOlwerges /0 X‘ f or any ‘lIilial þoi’1I Xo in M 

PROOl'. lf x，즈x‘. then 

11 5 (x)-x‘ 11 =1I5(x) - T (x*) 1I 

<min(융IIx-S(씨1 ， 웅( lI x-x*lI-rI' x*-S(x) II) ， IIx-x치I } 

<min{웅(lI x-x*II +II5 (x) -x*I) ， II x녕II } 
so 1 ' 5(:.;) -x센 <lIx-x’ Il for x~x* 

SimilarIv’ 

(6) I I T(x) - x애 <llx-x* 1I for x r' x*. By the compactness of M , there exists a 

subsequence Ix j(.) converging to "% in M . 

1f. for some positive integer k , xk =x‘, then the resuIt foIIows 

For exa mpIe Iet k =2þ; then 

X211 +1 = (1- ρ)X2”+pS(x2n) 
= ( 1- þ)x‘+,,5(:.;*) 
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=X‘ -px‘ +PX‘ 
=x’‘ 

and hence X2n +2= (1 -P)X2n+ l + pT(X2’+1) 

=(1 - P)x*+pT(x융) 

=x*- px*+px* 

=x*. 

Assume that for each k , X k'"'X*' 

Let bn =llxn-x에1. Then, by (6), (b"l is decreasing and therefore converges to 

some number b in [0, ∞). Thus every subsequence, say (b j(시 1 and (bj(n)+ ' ), 

converges and has the same limit. If b> O, then by the continuity of 5 and T 

0<11:;:-상11 =뿔bj(n) =많b”=많bj(.)+ l = 1"5 (:<) -x치1 01' IIT (치 찌 a contr. 

adiction to (6). 

THEOREM 7. Lel 5, T be (po씨'Io-po…t) self~maps on a tlOnel1φIy compact 

CO'lVex subsel 01 Banach space (M , 11 11). 5uppose tllal lor each proper c/osed 

subsel K 01 M , x,yEK, x ,",Y, (5, T ) satislies (5) . 5uppose Ihat 5 alld T are 

coηtit/Uous. 11 S, T have a common f;αed þoint x*, /hen the iteratiνe procedure 

(4) converges 10 x‘ for any i1ziUal þOÙlt Xo in M. 

PROOF. For any xoEM , define A(xo) = (x: Ilx-x치|드 I l xo- x치 1 1. If xEA(xo) 

and x'"'x’, then by (6) 1 1 5(x)-x애 <ll x-x애드 I l xo -"애 and II T (x) -x애 <lIx-x애 

드IIxo-x‘11 . 80 5 and T are self-maps of A(xo) 

8ince A(xo) is compact , by Theorcm 2, the iterative prGcedure (4) converges 

to x‘ for any Xo in M. 
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