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FIXED POINT THEOREMS FOR POINT-TO-POINT AND
POINT-TO-SET MAPS IN BANACH SPACE

By Sompop Swaitdiret

1. Introduction

Let {x,} be a sequence in a metric space (M,d). A real nonnegative sequence
ty) is said to majorize {x)) if d(x, ,, 2 )<t, ,—tp k=0, 1, - If %Er]mtk:

t*< 4o exists, then lx,} is a Cauchy sequence in M. So if M is complete,
there exists a «#* in M such that lim x,=x* and d(«*, x,)<t*—¢,, k=0, 1, --;

k—oo

see [10], [12] and [13]. This observation led to a new proof for the Newton-
Kantorovich theorem by Ortega [10] and the general convergence theory for
Newton related processes by Rheinboldt [13]. Now suppose that we have the
problem of solving a nonlinear equation F(x)=0 in a Banach space and that an
initial point x, for a certain iterative process generates a sequence {x,}. Then
the problem of finding roots for F(x)=0 is reduced to the construction of =
convergence scalar sequence {f,] which majorizes {x,}. It is our purpose in this
paper to formalize fixed point theorems, in the spirit of the above technique,
which will have the Banack contraction mapping principle and Browder-Nadler’s
fixed point theorem as consequences. Among others, some common fixed point
theorems are considered.

2. A majorant from of the Browder-Nadler theorem

Throughout this section X will be a Banach Space and M is compact convex

subset of Banach space with metric | |.
Let CL(M) be the family of all closed nonempty subsets of 3 erndowed with
the generalized Hausdorff metric D induced by | || [9].

THEOREM 1. [ILet G: M—CL(M). Suppose that there exisis an isolone funcion
D [0, 00)— [0, oo) such that

(i) oD <t for each >0,

(D DUGE-GMD=O(min{lz—yl, lx—G@I, lx—G(MI, ly—Gx|, y—C
I, for each x, yEM.

Suppose that the sequence (x,} is defined by ileralive process as given x /<=M,
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€0, D and x;=(1-px,_+pG(x,_,) for all nEN, and
max lr”xk_l_l'—xkily ka-l-l_G(xk*l'l)“' |ka+1_G(xk)l]l ”xk—.G(xk-l-l)[!’ "xk_G(xk)[ll

||G(xk+l)_6(xk)|” Sa«D(”G(xk)_G(xk_l)[[)) kzln 2- =5 xOEM-
Furthermore, let the nonnegative real sequence {t,} be defined by t, ,=t,+@

(a(rk_tkul))’ 3020:
ti=max {[lz, = xll, [2;=G&Pl, 12,—GGll, llx,—G&Dl, (55— Glxl,
L|G(x1)—G(xo)“]! k:]-l 2! "

converge to t*<+oo.

Then {x,) converges to a fixed point x* of G with the error estimate
max {lx*—z,l, l&*—G&®I, la*-GEpl, lx,—GEMI, lx,—GPl,

1G(x,) —Gx®|} <a(@*—tp), £=0, 1, -,
PROOF. We show by induction that:
max {lx; -x;_, |, lx,=GG)l, lx;=CGGx;_pl, lz;_; —G&pI, lx;_;—G(x;_)l,
I;G(xj)_c(xj_l)”} ga(tj—tj_l)v j=1, 2» =

By assumption for j=1 we have:
max {[x, = x,[, x,—G&Dl, lz,—C&)l, lx—G&xPl, l2—Gxll,

16(x) -G} <;=¢;_1), j=1, -, k, then
max {lx,, =20, 5, —GG@l, lzp, -G, Dl 2, —Glx, DI, 2= G,
16z, ) -GG ) <aDIG(x) -G, Dl
a®(min {|lx,—x, I, lx,—Gxl, llx,—G(x,_Dl, lx,_; =G, lix,_;—G(x,_PI,

le(xk) "G':Ikgl)“ Saqf'(cr(ik—tk#l)) :af(fk"fk_l)-

Since lim £, =t* oo exists,
k—0co
the estimate
(D max{lx, ,—xl, lx,,,—G@l, lx,—GG&, DI, lz,-G&I, (G(x,,,)
k+m—1 k+m—1 k+m—1
—x.| ¥ llgs o — 5] [%:— ~
le.v ;‘:k “x_,l—'-l G(xj)-il E |'xj G(x}-i'l)"’
E+m—1

—G(xp)ll} <max
=&

= Ixig
m—1
VR ICRTI B = I AR AN

2

=

B+m—1 i

lx; =GPl =

shows that {x,} is a Cauchy sequence. By the completeness of M, there exist
x*&M such that ;}T:o X, =x%,

Suppose that [x*~G¥*)l=e>0; and consider

@) lx,  —GaI=A-plx,—Gx)| +plIG(x) — G|
S(A-Plixg—G(xp) | +p-min [z, 2, llx,~G(xI,



Fixed Point Theorens for Point-fo-point and Porni-fo-sef maps in Bauach Space 69
lz* =G &™), lIx, =G, la*—G(xpl} and x, . ;—x,=t(G(xp) —xp), ;i_IEO(G(xk)
—x,)=0. Thusg_iglo G(x,)=x*

If [x*—G(x*)||>>0 then there is m&N such that for all m>m, #=N.

@) liz,—#* <min {z*~ G, llx*-GxPl} <[x*-G&®)|. It follows from (2)

and (3) that for nz>wm,
25 1 —GEIISA—px*—G(x®)|| + p-min {|l#* - G(&®), [x*—Gx*)l,
|e*=G(«®)l, |x*~G&®)|, lx*—-G(x*)l]}.
Letting £—oco, we have
e=|x*—Ga®)| <A -pla*=GE®) [ +p(lx*-G(=®) D
<A-Plx*—G® +p(lx*—G(x®ID
=[x*—=G(x*)||=e, a contradiction.
Hence x*=G(z*). The estimate follows from (1) as m—oo,
COROLLARY 1 (Browder-Nadler [2,8,9]). Let G : M—CL(M) and
D{G(x) -G ID<g-min {lx—yl, [x=G®I, llx=GWI, ly-G@I, ly-GOI}
for each x,y in M and q&=(0,1) then G has a fixed poini.

PROOF. Since 0<g<1, we have ~1q—> 1. Choose a>1 in Theorem 1 such that
ga<1. Let x;,€M.
Choose 2, =(1-p)x,+pG(x,) then there exists x, such that
%,=(1—p)x,+pG(x,) such that
max {[x,—x,ll, l%,—GG&PI, I2,—G(x)l, llx, -G, lx,—Gx)l,
1G(xy) —G(x DI} <aD(IG(x) —G(x,)D.
Continuing in this way we produce a sequence {x) in M such that
zp = -plx,+pG(x,) and
max {lx, ;=2\, |z, =G, 2, ,—G(x, DI, lx,—G&l, lx,—G(xp I,
1G(x,, ) =GPl <aD(IG(x) - G(x,) ), k=1, 2, -
Let @(Z):q’ in Theorem 1, then Lp1—t=qa(y—1,_1)s £5=0,
ti=max (2 =xyll, |x—GPl, %—Gll, =G, llx—G&Hl,
IG(x)—Gx)l}.

k—1 -
So = ;5 (e -max {lx; = xll, %, -G(x)I. Uz, -Gl lx,—Gxpl,
l2,—GCxll, 1) -G I,
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and hence lim ¢, =t*=I-

k—ot

i ] max {1z, -z, I, =Gl Ix, -Gl
l2,=GCxl, [2,—GEDl, 16(x) —GHl} <+oo
therefore by Theorem 1, G has a fixed point.
If @ is continuous, then the solution of £, ,—#, =@(a(t,—1,_1)), {,=0, k=1,

2, -, satisfies iim t,=1¥<eo, s0 that @{0)=0.
—r 00

Making obvious modifications in Theorem 1, we have:

THEOREM 2. Let G:M—CL(M). Suppose that there exists a continuous and
isofone function @ . [0,00)—[0,0) such that
DUIG(x) -G N<P(min {|x—yl, [z—G@), [x=GWI, ly—G@I, lly—6OI}I)
for each x,y in M.

Let a<{1. Suppose that the sequence |x,| is defined by the iierative process as
given x €M, pE(0,1) and x,=(1—pix,_,~pG(x,_,) for all kEN, and
max {llz, =%, 12, -G, I, 2, 1 —Glxpl, lx,—Glx, DI, lx,—G(xpl,

1G(x,, ) —Cx ) <aD(G(x,) —Glx,_ D, k=1, 2, -, x,EM.
Furthermore, let the nonnegative real sequence (t,; be defined by
by =t Ol —t, ). =0,
ti=zmax {[lx; =z, lx,—GDl, 5, -GGPl, lxg—Gxl, lx,—Gxpl,
|G(x) —G(x)l} £=1,2, -, converge to t*<+oco,

Then {(x,) converges to a fixed point x* of G with the error estimate

max {|#*—z,ll, x*—GOMI, lx-G(xl, lx,—G®, l£,—G(xl,
IG(*) -GGl <a(t*—t,), k=0, 1, =

THEOREM 3. Let C(M) be the family of all nonempty compect subsets of M.
Let G:M—C(M). Suppose that there exists an upper right semicontinuous
Sunction @ . [0,00)—[0,c0) such that

(1) @) <t for each £>0

(D DG -G8z —yl, -G, I*=G)I, lly—GOl, ly—GO)I,

G —=GID
for each x,y in M, then G has a fixed point.

Theorem 3 is a slight generalization of a result of Boyd and Wong [1]. Its
proof can be carried over from their proof in [1].



Fized Point Theorems for Point-to-peint and Point-to--set Maps in Banach Space 71

REMAREK. Let @ : [0, eo)— [0, co). Suppose that the nonnegative real sequence
{t,) satisfies t, | —#,=00,~1,_1),£=0, ¢, given, k=1, 2, -

Then the following three conditions, taken together, are not sufficient to
imply that {f,) converges.

(a) @ is isotone and @(¢) <t for each 1>>0.

(b) @ is continuous and isotone.

(c) @ is upper semicontinucus from the right and @(¢) <{¢ for each #>>0.

In fact, let @)= ¢

STTL t=[0, o). Then @ satisfies (a}, (b) and (c).

k
. 1 :
Define {t,} by t,= 5( ) £=0, j=1, 2, = Then t,,;—t,=0U—t,_),
but {#,; is divergent.

THEOREM 4. [Let {Tﬂ} be a sequence of (poini-to-point) maps from a nonempty
Banach space (M,| ) into ilself. Suppose that jor each pair i Tj) there
exists @ function © of [0, 00) % [0,20) X [0,00) X [0,00] info [0,o0) such that

(i) @ s comtinuons and isotone in each variabdle, and @ (¢,1,t,1) <t for all 1>>0;

(i) \T,-(x)_Tj(J’Nli@ * min {[lx—T, ()], Hy—Tj-(y)H, ‘“é_ *z=T Wl +ly-T,
G, lx—=yl) for all z, v in M,

Given x =M, pE0,1) and Xp =A==, +0T,  ((xp), k=0, 1, -, 2, EX.

Assume, further tha! the sequence {t,)
defined U=ty TP —t, 1. =ty s b=t tp—tp_q)
t=0, {i=max{llx,—x4ll, 1% =T@PI, =, -T@Dl, lleg=TDl, 12,—T &I,

TR =TI k=1, 2, =, converges to t*<4oo, then {x,]
converges lo the unique common fixed point x* of {Tﬂ} with error estimate
max {[z*—x,ll, [#*=T®I, le*=T&l, lz,—TEO, [1%,-T&l,

1TCx) =TI <t*~Ty, k=0, 1, ==

PROOF. We show by induction that {¢;) majorizes {x,}. By assumption,
max{lz; —xl, le, =TI, o =T @Al lxg—T @I, lx5—T D,
1T ) —T(x )} <t,—t, and if
max fla;—x; I, ;TG lle;=TC;_pl, I,y =T&II, lx;_ ~TCx;_DI,
1TC) T, DI <t;—t; . =1, 2, =, &, then
12 1 =yl =01 =2yt 5Ty () = L=y =T, (P



-1
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=U-Dlixy=x, 1 +5T )~ Ty,
<po@|]Tk+1(:ck) -Tk(xk—},) ” <Q)”xk_xk_.1” <ka_xk__1JI
Therefore,

|-xk+1_xkrl<¢'mjn{l!xk_xk_li!: Iixk_xk_lil- “x;z“"',e_1”» Jlxk_'xk—l*!]
SO -min{(t,—t, ;. L~ 1. L~ 5 L=t DV Sl 1t

Since }im t,=t*<+oo, there exists a #* in M such that lim x,=x* consider.
— 0O

—00

@) %= T,GOI=A -z, =T, @Dl +IT,(x,) - T (=)
=A-Px,—T, &Rl +p » min{lx,—2*, lx,—T,(x)l,
lle* =T (), N2, =T N, lla* =T, (e Dl)
and x,,,—%,=8T,(z,) —x,), kli?go (T, (%) —x,)=0. Thus %i_IEoT”(xk) =x¥,
If |#*—T,(x*)|>0 then there is mEN such that for all n=m, nEN.
@ ll#p—#*I <min {|z*~F (I, lI=*-T,(x I} <lx*—F ().
It follows from (2) and (3) that for a>=>m.
1%, —T,EISA-PIx* =T, &)l +p-min (|x*-T,(&®)|, |x*-T,&®l,
l#* =T, &I, 18*=T, @Ol la*-T, =)},
Letting k—oco, we have
e=|lx* =T (I=A-plx*—T (&l +plx* =T (21D
<A -plx* =T & +pl**—T (*))D
=|x*—T, (x*)ll=¢, a contradiction.
Hence x*=T,(«*) for n=1, 2, ---. Suppose that z*#% and T, =% for each n.
Then
o< |x* x|l
=T, =T, @)l
<&, 0, z*-zl, lx*-=l)
<O(llx*—zll, lx*-=l, x*-Z[, lx*-x])
<||lx*—Z||, a contradiction.
Let T,.=TJ.=T for each 7, 7 and
?(a,b,c,d)=q¢ - min (a,b,¢,d}, ¢g<l.
Then the results of Kannan [5] and Reich [12] can be easily seen to follow.

3. Selfmaps on a compact convex subset of Banach space

THEOREM 5. Let (M,|| ) be a nonempty compact convex subset of Banach
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space. Let F,G be point-to-setf maps of X to CL(M). Suppose that for any distinct
x,yin M,
DUFE -6 <min {Flx-F®I+Iy-60ID, 5 (Ux-CWi+ly-6GI),

le—y.’J}, then F or G has a fixed point.
PROOF. Let inf{llx—F(x)| : ¥€X} =r; and inf{lx—G(x)| : z€X}=r;. Then
there is a sequence {x,}] in M such that lim |lx,—F(x, )|=rz As a closed

subset of a compact convex subset of Banach space. F(x,) is compact; so there
exists #, in F (x_)such that

iz, —Ful=lx,—F(x)l-

By the compactness of X, we may, by taking a subsequence, assume that
{,] converges to some # in M. If there exist some positive integer p such that
n=p, x,~u, then

le—FG@)<infllz—ul, k=p, p+1, -
n>k
So ll# — F(@)]|<sup inf ||u—u,|=0.
k>l n>k
Thus u=F (u).
Asssume then that x,=u for infinitely many n's. By taking a subsequence,
we may assume then that x 7u for each n.
In this case we claim that # is a fixed peint of G.
Suppose not. Since #,=F(x,), by the simple fact that [x—Al<|z—yl+[y— Al

for x,yEM and @#ACM, we have
-GG <lu#—u)+lu,— Gl <|z—u,l+|F(x,) -GGl

<@-u,|+min{-5- Uz, - F@)I +[G-G@ID,
5 U, ~C@I+a-FG I, |x,~7l)
<ty =7l +min{5-(x,~ FG )| +1a-6@1, 5~ +lu,~
HE-G@I+a—F D, 1%, +lu,~al)
=117 -u,|+min{-5-(lu—F )| +1a-6@N, 5 (lr,~FG&)l+lu,~l
+HE-G@I+IF @) =), lIx,—F )l +lu,~l).

Since [|F(x,)—ul|<|lu,~#| for each n, lim |F(x,)—ul|=0. Therefore, as n—oo,
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we obtain
re<IE-C@I<min{5 ¢ +HE-C@I, T, +HF-C@I, 7g)-
Thus
re=lu— G| <rgp.

By the same argument we have 7,<r. and hence 7y=7.=[%-G@)|. By the
compactness of G(x), there exist #=u*. Again, there exists v*=F (»*) such that
[l2* —o*|| <<||G () — F (¢®)|| then ju*— o <|GGe) — F(a®)|

<min{5-(E-G@I +|w*~ FwHID,
5 U= PG| +|u*=G@I), 17-ul}
Smin[—é‘ﬁlﬁ—G(ﬁ)H + la* = F @)D,
%(Hﬁ“ﬂ*[l+|\M*—F(u*)1]+HM*—GO—£)”, W—u*l\}
gmin{%(rFJrl\u*—v*H, —%-(rFHIu*—v*H, rF}.
Since (#—G@)|=rg, l|l#—G@l=lz—u*l and v*=F(@*). Thus rz<[u*—F@*)|
<|lw*—v*|<rp a contradiction.
So #=G(u). Therefore ¥ and G has a fixed point. Theorem 5 improves the

results in [3,4, 6, 14, 15] and extends the cases.
o, () +a, (D) + o, T, (O +a (D =t
in [17, Theorem 1 and 2] and
oty (%, ) +aty(%, 30 oy (e, y) +a (%, ) + e (4, y) =1

in [18, Theorem 1 and 2]. As an illustration, we give a corollary.

COROLLARY 2. ILet S, T be (poini-to-point) self-maps on a nonempty compact
corvex subset of Banach spece (M, | ). Suppose that there exist funciions o=,
o, =a,, ap from (0,00) into [0,e0) such that

(a) rey(8) +as(t) oD+, (D +a (D=t £0;

(b) for any distinct x,v in M,
18Ce) =T (Il <ayllx =S +a.ly =T @l +agls—~ TGN +a,ly— S +agllx—yl,
a(lx—y[D

ey i=1, 2, =, 5, then S or T has fixed point. If both S

where @ =

apd T have fixed points, then each of S and T has a unique fixed point and



Fixed Point Theorems for Poinl-to-point and Point-to-set Maps in Banach Space 75

these fixed points coincide.

PROOF. Let x,y be distinct points in M. Since a;=a,, a;=a, we have

a;+a, . ayta,
I8 =TI <—5—lx=SWI+ly=TWID+——7—Uz=TI+y=SEID
+aglx—yl.

<min{~3-(lz=S@I+ly-TG, 5 Us-TGI+Iy-S@D,

x5l
By Theorem 1, S or T has a fixed point.
Moreover, suppose that % is a fixed point of S and x* is a fixed point of 7.
Then x=x*, since otherwise
o< z—2*|=]S@) -T(&*) | <|x—2*|, a contradiction.
(4) Let xy, == p)%y, +55(xy,), Sy 0= (1= D)%p, 1 +0T (Hg, 1)y #=0, 1, »,
x,EM and p&(0, 1).

THECREM 6. [Let S, T be (point-lo-point) self-maps on a nonempty compact
convex subset of Eanach space (M, | |). Suppose that for any distinct x,y in M,

®) 1) =T <min{-3-(l=S@I+Iy=TG, 5 Uz=TOI+Ily=S@ID,

llx— y'i}. Suppose that S and T are continuous. If S, T have a common fixed point
x*, then the iterative procedure (4) convergesto x* for any initial point x, in M.

PROCF. If x#x*, then
1SCx) =a*| =[S () =T ¥l
<min{%llx-s(x)li. —é—(ulx—x*lh—ii'x*—S(XJll), Ilr—x*il]
<min{4-Clr= 2 +1SG -+, Ix—x*1}.
So |S{x)—x*| <|lx—x¥*| for x=x*.
Similarly,
(6) |T(x)—x*| <[|x—x*| for x#x¥*. By the compactness of M, there exists a
subsequence {xj(,,)} converging to ¥ in M.
If, for some positive integer %k, x,=x%, then the result follows.
For example let #=2p; then
x2n+1=(l_p)x2n+pscx2n)
=(1—p)x*+pS(x*)
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=x*—px*+ px*
=x¥*

and hence x,,, ,=(1—p)%,, +5T (%, 1)

==+ pT ()
=x¥— pa*+ px¥*
=x%,

Assume that for each &, x,7#x*.

Let b,=[x,—x*|. Then, by (6), {5, is decreasing and therefore converges to
some number & in [0,c0). Thus every subsequence, say [bj(n)} and [bj{n)Tl},
converges and has the same limit. If 520, then by the continuity of S and T.
0<Tlf'-x*17=}£n;bj(n)=£r§°b”=£-r§obj(")+1:lfS(f)—x*Ii or |T(Z)—x*], a contr-
adiction to (6).

THEOREM 7. Let S, T be (poini-to-point) self-maps on a nonempty compact
convex subset of Banach space (M, | |). Suppose that for each proper closed
subset K of M, x,y€K, x#y, (S,T) satisfies (5). Suppose that S and T are
continuous. If S, T have a common fixed poimt x*, then the iterative procedure
(4) converges to x* for any initial point x, in M.

PROOF. For any x,EM, define A(x)={x: |x—x¥|<|x,—#*I}. If x€A(x
and x#z*, then by (6) [S(x)—2*|<|x—2*|<|x;—2*| and (T (x)—2*|<[x—z*|
<llzg—x*|l. So S and T are self-maps of A(xy).

Since A(x,) is compact, by Theorem 2, the iterative prccedure (4) converges
to #* for any =z, in M.
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