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GENERALIZED UNlTS: THE POINT.LIKE SETS 

B)' Piy l1Sh Bhatt and Darshan Singh 

It 、，，'a5 proved by ιL H. Stone [4] that b)' identifying “ undistinguishable" 

points in a topological space ever)' space can be made into a To.space. C. E. 

Aull and W. ]. T hron [1] showed that ever)' topological space X is partitioned 

into the sets of thc form (x>. for each xEX ; “ here each ( .x) is intersection 

of (.r] (the closure of [치 ) and the Kernel of X ( "'the 5ct of all y for which x 

is not weakl)' separated from y ). And the)' proved the following theorem 

1" a topological sρace (X. T) . ,j R is tlze eq"ivaleμce 7elati01l 011 X X X defined 

by (x. y)εR iff y E (x) . then X / R lOith ils q“0lie1l1 lopology T R is a T ,.space. 

atzd Ihe spaces ( X . T ) alld ( X / R. T R) at.c lallice eql‘iva/ellt. 

A. S. Davis (2] suggested a classification scheme for scparation axioms Ro> 

R} and Regular ity , which is offered as a natura l extension of a remark made 

by ]. L. Kelley [3] (page 130) on p~eudo matr ic5. In Ro and R, spaces. (x) = 

(x). for each x in the space. Ro and R, spaces are lattice equivaJent LO their 

respective quotient spaces, obta ined by equivalence reJat ion R delined in the 

above mentioned theorem. 

All these indicate t he poin t.like behaviour of 5ets <X>. for x in a topo Jogical 

space X . In this paper we study the properties of these scts ( x> and show that 

they behave like points. 

1. Definition and elementary properties 

DEFDllTIO'<. A non void subset U in a topologicaJ space X is said to be a 

pseμdo geueralized unit (written as p.q. lt. ) if fo r each open set 0 in X; eithel 

uco or uno=ø. 
DEFINITlO"l. A maximaJ pseudo generalized unit in a topologicaJ space X is 

said to be a gelleralized …zit (written as g. unit) . 

DEFL'HTIOK. A closed pseudo generaJized unit in a topological space X is 

said to be a tmit. 

REMARKS. (a ) Define the reJa t ion ‘르’ in a topologicaJ space X as fo ]Jows: 
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For x, yEX, x""y provided that for each open set 0 in X , xεo if and only 

if yEO. Then ‘르 ’ is an equivalence relation On X and each equivaJence c1ass 

is precisely a g. unit in X . Then cJearly for x in X , the set ( x) is a g. unit. 

(b) If u is a g. unit in a space X , then following is obvious: for each pair 

%, Y드1ι (i) .t is interior, frontier, exterior point of a subset A of X if and 

only if y is 50 respectively; (ii) % is a Iimit point of A if and only if y is a 

limit point of A , provided that An“""9 implies Anu is not a singleton; ( iii) % 

is a condensation point jf and only jf y js so. 

(c) There js a unique g. unit containing a given pseudo g. uni t. 

(d) If “ is a unit; complement of tt(드e(u)) is open. And if u is a proper 

subset of u'CX ; then neither u'Ce(u) nor ,,' ne(ι) = rþ. This shows that u is a 

maximal p.g.u . . Hence it follows that every unit is a g. unit; but the follow. 

ing example shows that a g. unit may not be a unit. 

Let x= (a, b, c, d, e) and 

T = (X , 9, (a, b, c). (d, e). (a , b). (a , b, d, e)) . 

Then (a, b) is a g. unit in X; but it is not a unit. 

(e) For each cJosed set F in X , if u is a g. unit, then either uCF 0 1' un F =çl. 

From this it folJows that if u" and 잉 are distinct g. units then either ua그uß 

or 강"nκß =9. 
(f) A non singleton g. un it is dense in itself and if it is a uni t, it is peJ 

fect. 

(g) g . units are compact, connected, path-wise connected etc. 

(h) The intersection of all open sets 0" containing a g. uni t u, may contain 

other g . units; but “ can be the only possible unit (if it is a unit) contained 

in the intersection. 

THEOREM 1. The /ota{ itllersecliotl 01 every maximal nesl in the lanμ ly 01 

closures 01 all singletons 1<1zder order dejined by inclusion’ in a topologκal space 

x. is a “’zil, il i/ is ,wt emþty. 

PROOF. Consider the family .sr = ( 파) xEX' By Hausdorff maximal principle, 

for each xEX there is a maximal nest ðT x = (파 ) , iEI in .sr, which incJudes 

(x) • 

Then to show that ? {Xi} 1s elther empty or a unlt. Suppose that q I채 (혀) 
is not a unit, since n (채 is cJosed there should be an open set 0 in X such 

that 
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(i) on {n퍼}혀 and also ( ii) (.<-O)n (n 따 } 혀. 

Thus {X-O) n{n{한 ) is c10sed and not empty. 

Take yE (X -0) n {n (X i )) . 

Also because of (i), (X-이 n lO 띠 ) is contained in n rX;J properly, therefore 

(y ) cn rX;J properly. 

Clearly (y) Et;ðr " b야ause otherwise n 떠 can not contain 마 properly. 

Thus ðT,U (피 ) ， whích is obviously a ncst in sF, contains ι properly. But 

tbis contradicts tbe maximality of ðrr in ‘s/. And hence our assumption that 

n[센 is not a unit. is not true. 

2. Generalized units of subspaces and produc! spaces 

THEORE:\l 2. IJ" is a g. lt1,it in a top. space X , Ifte" uny (if it is ,wt 
void) is a g. u’떠 m a sκbspace Y of X. A!so 'f u' is a g , unit iu a subspace 

Y of X; thell there is a g. unit ’‘ i;t X SIκh tflat unY=tl. 

PROOF. "is a g. unit in a space X :;. for each φen set 0 in X , either uCO 

or "no=ø 킹 for each open set ony ín Y , either unycony or (unYJ n (onY) 

=rþ. Now if possible let u' be the maxima l þ . g . unit ín Y s l1ch that u'그"ny 

properly. Then uU" con(ains μ properly and for each open set 0 ín X either 

(uUu')ζo or (,‘u,o no= qi ; because uζo jf and only if ,,'CO 때d ιno=φ d 

and only if tt'no=qi. Thus it contradícts the maximality of u in X i. e. ιnY 

is maximal in Y. Thus ιnY is a g. unit in Y. 

Now , let ,,' be a g. ullit in a subspace Y of X . Let yEtt'. 1ιet u be the g. 

unit in X. 、.vhíth contains y. Then μnY is a g. unit in Y as proved above. 

But since yE " and yEuny , it implies that “nY= ,,'; because there is a unique 

g . unit in Y containing y. 

LEMMA 1. u is a g . • ",il ill X iff " is a 1IIaximal sel satisfyiug the prope꺼 

that for all basic open sets G of X; eililer uζG or t씨G=qi. 

PROOF. Follows immediately. 

THEORE iI1 3. 111 a uon.empty producl space ijXi, nιi is a g. unit i/j “ l 

is a g. uuit in the topological space X i' for each iEI. 
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p ROOF. Let "i be a g. unit in X i for each iEI . Let ,, = rr "‘. Take any basic 

이)cn set G= lT 0 ‘ of X=rr X i [Here onJy f inite number of O/s are open sets 

in X i other than XiJ. 

For any i. sÎnce 0 ; is an open set; 

either tt ,COj 01 “ nOi=φ. 

Thercforc, either (1) κiCO i for each i or 

( ll) lhere lS an to such that O,.nul,=@. 
[n ca$e (i) "ζG. In case ( ii) unG= ~ ’Thus for basic open set G in X , either 

”ζG 01' "nG = ø, i. e. " is a p. g . uo ll in X. 

Now , if possible let μ’ be another p. g . unÎt in X containing u properJ y. Let 

projection of U ' OIl X i be denoted as [u' j " As 1Ij is tbe projection 01 “ 00 X , . 

there is a j EI such that [u'J j그Uj properly. Now since Uj i5 a g. unit and 

since I,,' J j그Uj properly~ there is an opcn sct Oj in X j such that neitber o,n 

liL = O nor Ol contalns [ill. Then lhe lkSlC Open set z(0 ,)= {x lxE X and xl 

드o , } inlcrsects u' and does oot conlain u' . And thereîore u' can oot be a p. 

g. uni t in X. T hus μ is a maxùna1 p.g. uni t and hencc a g. unit in X . 

'1'0 provc the converse. 1et II κ be a g . unit in lT X , . Take any jEI. Con. 

sider any open sct Oj in X ,. Considcr z(Oj) = [x lxE X and x,E O,11 a basic 

이)e!l set in X . As lT 찌 i8 a g unit jn X. 

eIll1Cl [ l) 9 ttlCz(OJ]

or ( ll) (q ttj) nz(OJ)=ψ 

In case (i) 씨ζOj and in case ( ii) ιj no， = rþ. Hence Uj is a p. g. unit in X j' 

This is true for each jEI. 

'1'0 prove maximality of u1' ler u' j contain U j proper ly and let :l j be a þ. g. 

unI t ln Xl· Then F V! , where V，=까 for i :;Æj and Vj=카cr Jy. Now each Vi(i ,,<j ) i s a p.g. unit by ( n ) and Vj= ，까 is a p. g. un it by 

our hypothesis. Then, as we have proved in ( 1 ), 、"，e can prove that rr V i is 

a p. g . uoit in rr X i • But since lf 끼 is a g. unit in rr X i , this contradicts 

the maxlmaIlty of q 깐 ThereIore uj is a maximal þ . g . unit and hence it is 

a g. 때it in X j ' for each j드[. 

3. Generalized units and convergence 

We shall now introdllce the concept of convergence of a seqllence of g. units 
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in a topoJogicaJ sapce. The foJlowing Lemma (proof of 、，vhich is simple) is use. 

f띠 in introducing the concept. 

LEMMA 2. Let Cαn) be a sequellce 01 g . unil;n a tOþological sþace X. Let 

Cx) mld (y.) be seq“ences 01 points S2“ h tI<ιat xtf' YIlE싸 lor eaclz ’‘. The1t lim 

( x.)=lim(y.) . Also 1/ x E Um(x.) . t/zc g. 1(1Iil cOlllai1ling x is conlaiηed ill ti’“ 
(x) . 

A simiJar resuJt can be proved for a ‘net’ of g. units. These two res띠ts 

make the following two definitions meaningful. 

DEFINITION. A sequence (Un) of g. ‘mits in a topoJogicaJ space X is said to 

COllverge to a g. unit Us jn X. and written as t'lI-• 깐 if for each point ".E 
까. the sequence (x.) converges to each point xE깐· 

DEFIl\ITlON. A net (까) of g. units μl. in a topoJogicaJ space X is said to 

cOllverge 10 a g. unit “s in X. and written as l'i-=--•",; if for each point xl.E 
,,}.' the net C센 converges to each point xE깐· 

It can be simila rly shown t hat if a point x lies in the Jimit of a filter $ on 
a topologicaJ space X. then the g. unit u containing x w iJJ be in Jime $ . We 

may therefore give the following definition. 

DEFll\ ITIOK. A fiJ ter $ 0 0 a topological space X is sa id 10 converge 10 a g. 

unit μs in X . if for aIl the neighbourhoods of some xεu.x arc members of ‘중. 

4. Gcneralized unìts and subsets 

DEFll\ITIOl\. A non-emptγ subset A of a topoJogicaJ space X is said to be a 

U-C01깨lett:oll … X. if ît is a union of g . units of X; and A is u-incompletion 

in X otherwise i. e. A i8 u-jncomp]etion in X provided that tbere is a g . uni t 

“ in X such that Anκ7"ø and ( X - A) n“;‘ø. 
DEFll\ITION. If AζX is a u.jncompletioD in a topological space X . the sct 

U {u. ↑ An"a낯rþ . Ua is a g. unit in X} is said to be thc u-comþletiα， of A in 
a 

X. and is denoted by A*. 

DEFI NITION. Let A be any subset in a topoJogical space X. Then the set 

U 써.IAnua;i rþ ' ( X - A )n"a;iç\ and " . is a g. uni t in X ) is said to be t he 
n 

Boarder of A and is denoted by Bdr(A) or Bdr A . 

Then the foJJowing results are easy (0 prove. 
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(a) For each ' 1O1l• emply subset A ill a sþace X , Bdr A olld A-BdrA are u 

comþletimα a1ld IIIey are disjoilll. Also [or A7'97'B. [AnBJ ‘ U [BdrAnBdrB] 

=A‘ nB‘. 
(b) 

(c) 

[UAaJ*= UAπ‘· 
α a 

(A-B)‘ - BdrB=A ‘ -B‘. 
(d) 111 a !oþological sþace X all oþeη sets alld all closed sets are u，-C01이IJlet io/'ls . 

(e) All Gð se!s mzd all Fð se!s are u-comþletio lZs. 

(f) T lle se! o[ ail "τo’np leti011S t's a (J-ηng and "ence every Bδrel set i5 a u. 

completioll . 

THEOREYI 4. Let A be o"y ".incomþletio/l ’n a toþologicol sþace X . lct A육 be 

its “ comþlett"011 i1‘ X . Let xEX-Bdr(A ). Then 

(i) " is a !’ mit þoillt o[ A i[ o /ld o/l ly i[ x is 0 limit poilll o[ A*. 

(ii) If xE X - Bdr(A) , x is an interior þoint o[ A ,j and only if x is aJl 

illlerioy þoi,z/ 01 A* 

(i i i) x is an exlerior poi’11 o[ A il and only i[ x is all exterior þoil!t 01 A‘ 
(iv) x is all isolated þoint o[ A i[ atld o,,[y i[ x is azz isolated poilll 01 A‘. 

PROOF. (i) ‘===>’ pa r t is obvîous. 

';Ve prove ‘수=’ part. 

x is a lim it po int o.f 깎 ===> for each opcn sct 0 containin g x. o n (.4*- (x)) 

낯껴===>o n (A‘ - (x)) 7'ø [x$ Bdr(A)]. 

i. e. x is a Jimit point of A. 

(ii) ‘===>’ par t is obvious. 

To prove ‘수二’ part. 

x$B구，. (A) and x is an interior point of A용~ there is an open ~et 0 con 

taining x such that OCA용 and xE X-Bdr ( A ) =G, 、‘ hich is open二~xEGnO and 

GnOζA: because CnBdr(A ) =Ø and 0ζA*=AUBdr(A) . 

1. e. x 1S an inter ior point of A. 

Ciii) .~’ part is clear. 

To prove ‘===>' pa r t, see that if thc open Set 0 con ta ining x. is contained 

in X- A ; t hen it is also contained in X-A용. 

Civ) For an open set 0 , conraining x, and x$Bdr(A), 
O,n (A‘ - (x) )7'ø===>O,n (A- (x)) 7'껴 

and O,n CA* • (.t)) =ø===>O,n CA • (x ) )=rp. 

Nm\' ’ the proof is obvious. 
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THEOREM 5. lf A용 is Ihe u-complet;oll 01 a u-incompletioll A ;11 a tOþological 

sþace X. 

(i) 껴=A* clld lleuce A is dellse ill A* is de /lse 

( ii ) A is 1l0-where dellse ill A‘ is llo-wllere dellse. 

(ii i) For ally sltbset B 01 x. 
AnB=ø=Ans il and ollly il 

;한nB=ø=A*nB. 
(iv) A is ollirsl category il m:d ollly ,j A* is ol lirst categol)’· 

PROOF. (i) For each open set 0 containing x and x$A 

onCA‘ (xl )"'ø===>On (A - (xl)，얘 

i. e. if xE;õ A. and xE;한二::::>xEA and xEA=수xEA always. these together sho、‘
that A ‘CA. AIso since AζA‘ ACA* i.c. A=A용. The rest rollows immed iately. 

(ij) Consequence 01 ( i) . 

(ii i) Since S is closed. for each g. unit ιeither uCB or IIns= ç. and since 

A=A‘. the prool is easily followed. 

( iv) The definition 01 first category set and the result (ii) imply the statc 

rnen t eas i1 v. 

We recall that two topological spaces ( X ‘ T) and (Y. u) are !attice equivalent 

if 2nd cnly if a ane-to-one and cnto order preserving map can be estabIisbed 

bet，~，'een the eIements of T and tho~e of u 

THEOREYl 6. 11 A‘ is Ihe u-completioll 01 a subsel A i1l a loþ%gica! 5ψlce 

X. Ihetl rl alld A싸 are lattice equ.ivalenl as subsþaces 01 X . 

PRCOF. Let G be open in X . Let "a be g. units in X. First '"0 that 

(i) CnA=이 if and only if GnA*=껴 

and (ii) CnA is open in A if and only ü GnA융 is open in -4+ 

Then the proof is obvious. 

5. Miscellancous rcsu lts and conc1 uding remark 

THEORD<I 7. Lel {T. l aEI be a colleclioll 01 loþologies 011 a 5et X. Lel T be 

o lopology in X. ge1lerated by 딩 Ta as 5뼈asis. Let u. be any g. u’lil ù, ( X. T). 

Let xEu. Let rt l): be cμ}' g. 1mit ;11 (X. Tα) lor eac/,‘ a. alld let XElla lor all a. 

Theη 1l =n ’‘-
α 

PROOF. Clearly for each 0드T. e ithel 。그ι 0 1' Onu=ø===>ior each OEUT_. 
a 
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cither 。그U or onu=p=캉‘ is a pscudo g . unit in 않ch (X， Ta)=수 1CQ%, 

야causc xE tI and xE"a for aIl a. Now xE lIa for all a==> f}ua'얘. Then for each 
a 

a and each OET _; either U ζo or ua no=p==> for each a and for each OET a' a 
ei t.her n".ζo or {n ,,) no=ø==> for each 0드 UT n' eithcr nUnζo or cnα) 

a a a a a 
no=ø and since 0 is a subbasic opcn set , this implies thal for each OET, 

either n"nCO or (n ，시 no=ø i. e. n"a is a pseudo g. unit in (X , T )==>n"a 
a - a σ a 

Ctt, because XE nl.(,a and xEu. Thus n tt ,, ;;:: ze. 
a a 

THEOREil I 8. Let (X , T a) a1ld CX, T ß) be tOþological sþaces. Let T a(二Tß • 1/ 

Ua and t‘ f> are g. ll11its in (X , T . ) alld (X , T S) resþectively , Ihe1l 

tι= U ". (x) 잉κ" t/zal xEu.(x). 
‘ ZEIl" .... 

PROOF. Since T。ζTr each uβ is a þ. g. unit in (X , T . ) . Then cJearly, 

’‘= U 1.ι(x) such that xEu.(x) . 
xE‘ 

10 the forlhcoming papers, which shaJl appear elscwhere. tbe authors have 

defined and studied unit'wise scparation pestulates aod uoit-wise topological 

equivalence of μ‘ o topological spaces. 
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