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ON HOLOMORPHICALLY PROJECTIVE TRANSFORMATION OF
HOLOMORPHICALLY PROJECTIVE RECURRENT KAHLER SPACES
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1. Introduction

Recently, Ishihara [1] D introduced the concept of holomorphically projective
transformation (briefly HP-transformation) in complex manifolds. In the pres-
ent paper, we will study the effect of HP-transformation on the holomor-
phically projective recurrent Kahler space (briefly, called HP-RK, space). The
cases of symmetric and recurrent Kahler spaces (briefly written as S-K, and
R-K, spaces) have also been studied in the concluding article.

Let K, be an n (=2m>>2)-dimensional Kahler space with real local coordinates

{xi} 2), then we have ([8], p.70):
1D @ 99: 9’9::—5:- ® g;;=g,,0;0; © V, q;f:o
where V, denotes the operator of covariant differentiation with respect to the

Riemannian metric tensor g Evidently, in a Kahler space, we have the fol-
lowing

@ p=—9; ® ¢"=-9"  (© &"=¢"¢) 9,

(d) (15;:0 (e) Vk g;',-:o’

(1.2)

i it it r i .
where goj,.=go;g,i, o=@, g". Let Ry Ry=R . R=Rﬁg" be the Riemann
curvature tensor, Ricci tensor and the scalar curvature of the space respectively,
then the following identities [7,8] are valid in a K.

1
(L.3) @) R;=R, ¢j0; (B S;+5,=0 (@ S;=-5 ¢"R,

vji
where

1.3) (D Sj,-:(,o; R,

Let K * be another Kahler space obtained by the HP-transformation of K,
then the christoffel symbols of K, and K * are related by the equation [6];

1) Numbers in square bracket refer to the references at the end of paper.
2) All the latin indices 7,7, %, run from 1 to an.
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R1*_[h h o= W ok

1. 4) {(BY=(L)+oi+0, 050 8- ),
where 0; is a certain vector field, ﬁi=¢;pr and the quantities marked with
symbol * denote the quantities of K,". From (1.1)(a), (1.2)(a), (c) and the
fact §£=99: p,, we immediately have

1.5) (@) B'=0 ) P =pd (© p'=0,
where

i g

(1.5) (@ Pp'=¢g"p,=-0,0"

If p, in (1.4) vanishes, the transformation becomes affine. Under the HP-

transformation (1.4), as is well known, holomorphically projective curvature

tensor (briefly, HP-curvature tensor) P is invariant [5], i.e.,

ki
(1.6) Py =Py
where P} is defined as [6]
(L7 Ply=Ry+ — (R0~ Ry 04+ Sy 05— Sj; 04 +25,,9), and satisfies the
following ([6], p.79):
(@) Py=—Fl, (b) P+Ply+ Pl =0
(1.8) (© P, =P, =P, =0 (& P, o) =P, ¢
(e Prji f%:Prki ¢;‘ €9 P:ji 95'::0 (&) Ptkjr G"::O

From (1.1)(a), (1.2)(b), (c), (1.3)(h), (c), (@, (1.7) and (1.8)(a), (c),(d
and (1.8)(f) by a straight forward calculation we have

@) Pyjiy £7=0 (b) Py g"=0 © Py, g"=0
(D Py 2=0 @ P, . 4, © Py, Fed,
e (®) Py ¢'=-20/4,, ) Pyien ¢ =gy A, @D Py ¢"'=0
@D Pyjin o'=0 ) Py ¢"=0 D Py Qﬁ=‘r‘}': A,
where
(1.10) (@) Pyy=Py 2y () A, =1/n+2(nR,,—R g,,)-

The tensor 4, in view of (1.2)(a), (c)(d) and (1.3)(a) satisfies

(11D @ A=A, ®) A, 0, 0h=4,, (© 4,8"=0 @ 4,¢"=0.

man
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A Kahler space satisfying

& ;R
(1.12) V, Py =k, P

wjir %70
has been called projective recurrent Kahler space [3], but we shall call such

Kahler spaces holomorphically projective recurrent Kahler space (briefly HP-R
K, space).

2. HP-transformation of HP-RK, space

Let us assume that K, and K*, both, are holomorphically projective recur-
rent spaces, then (1.12) together with
k
@1 V%, PHL=i, PR, B0
holds good. In view of (1.6), equation (2.1) takes the form

(2‘2) V*! kj z_k ij:

Bt V*f P;ﬁ Pk_fr+Pth [ ]*_P:rji {gj }*_P:mi {.’;;]* —P:J'm {:’; :*.

which on substituting from (1.4) and simplyfying with the help of (1.8)(a), (d)
and (1.8)(e) becomes
7 "

(2.3) V% .Pkﬂ—V Pkﬂ+(5 Pk;: ™ ka[ﬂ o, Pkﬂ—ijkH
—20 Pk;;) ¢, P i Ot 0 By Pt B, P Pk,rm)
Now, we assume that
(&) V& P.=V,P
then from (2.3) we find

h
kji*

k h m ~
@ 9 Pk_u Om™ PAP:,: f; th IOPIz;I 20, Pyii—¢; Py

£ji ¥ m
+0; @y P PkszrO Pk;m) =0.

On contracting (2.4) in the 1nd1ces k and / and using (1.2)(d), (1.8)(a), (c),
() and (1.8)(g), we find

(2.5) k_” 0, =0
From (1.8)(d) and (2.5) we immediately have
(2.6) Pry 0, =0,
In view of (2.5) and (2.6), equation (2.4) takes the form
@7 0, P} +o, Phyto, Phyt20, P~ By Poiut B Pt B, P ) =0
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Now, multiplying (2.5) by gﬁ and using (1.9)(f), (1.10)(a), we find

(2.8) Ay " =0 or A, " =0
and on multiplying (2.6) by g" and using (L.5)(d), (L9 and (1.10)(a),
we get

(2.9 Ay, PT=00r A,, p"=0.

ik

On transvecting (2.7) with g” g, and using (1.2)(b), (), (1.9) (a), (), (&), O
and (1.10)(a) we have p; A, —20 A, 0,~0;¢ Amh=29j P, Thus, trans-
vecting (2.7) with ¢ o*g,, and using (1.2)(0), (1L.5)(@), (D), (LY®), (110
(a), (2.8), (2.9) together with the preceding equation, we have (pklok) 4,,=0,
which implies either g, F=0, or A;,=0. Hence we have

THEOREM 2.1. If K% be @ HP-transform of K, and condition (A) is sat-
isfied, then one of the following must kold

@ p, pk=0, i.e. HP-transfermation becomes affine,

(i) 4,=0, i.e. K _is an Einstein space.

Now, if k,=Fk*, in view of (1.12) and (2.2), we find that condition (A) is sat
isfied and so from the above theorem, we have

THEOREM 2.2. If @ HP-R K space is transformed into another HP-R K*,
space wilh same recurrence veclor by the HP-lransformation (1.4), then one of
the following must hold good (i) lransfermation is affine (i) K . 15 an Einsiein
space.

Singh ([3], p.215) has established the following thecrem,

THEOREM (B). If ¢ HP-R K space is an Einstein space alse, then it reduces
to a space of constant holomorphic sectional curvature or the recurrence vecior
is aull.

In view of the theorem (2.2) and the above theorem we have

THEOREM 2.3. Ifa HP-R K o Sbace is lransformed fo another HP-R K* "
space with same recurrence vector by a non affine HP-transformation (1.4),
then K is a space of constant holomorphic sectional curvature or the recurvence
vector k, is a null vector,
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3. The case of k=k*,

Now, we study the case in which the recurrence vector &, of HP-R K . Space
and the recurrence vector #*, of HP-RK* space, where K* is HP-transform
of K, by (1.4), are unequal. Evidently in this case (1.12), (2.1) and (2.3)
hold. On multiplying (2.3) by g, and using (1.6), (1.10)(a), (1.12) and (2. 1),
we find

m
Gl (B k) Poiy=C2130,P = 0P 1jin= 0P pin= O 1j1i— 20,8 i)
= m "~ = o=
= [0 @1aF 1ji =Pt O rP oyjin™ O P it PP o)1
which on contracting by gﬁ and using (1.9)(f), (1.10)(a) gives
(3.2 (k*.r"kr)Abh=gmAkm9m"pkAm"-"iP.&:m_PiP

kit~ 20144,

~t m Mmo—1 =t
—(P!kAkt'o +¢I pkAmh—*_(pl (P Pkmz‘k-l_p Pkimk>
On transvecting the skew symmetric part of (3.2) in hand % by g"' and

using (1.1) (a), (1.2) (b), (), (d), (1.9) (a), (c), (d), (e), (g), (h), (), (i), (1.1D)
(a), (b), (¢) and (1.11)(d) we find

3.3) (a) Ay, 0" =00r A, 0"=0.

Em ¢
In view of (1.5)(d), (1.11)(b) and (3.3)(a) we at once, have
(3.3 (b A, 7" =0or A,,7"=0.

Thus, in view of (3.3)(a), (b), equation (3.2) reduces into
B.4) (=)A= =041 = 0 Paiy=0 Pii—20, A+ ¢ T/A,,
+07 B P i 0P i)
Now, multiplying (3.4) by pk and using (1.5)(a), (1.8)(a), (e), (1.10)(a) and
(3.3)(a), we find
(3.5 @ 00" Pyyyy=8 5" Pyy= (0, 6V A+ 0] Py 0°

whereas, if we multiply (3.4) by ﬁk ;9:, use (1.1)(a), (L.5)()(c), (1.8)(@)(e),
(1.10)(a) and (3.3)(h), after rearranging the terms, we have

3.5 M o kak!ih_ﬁl f’kPk:ih:(pk pk)AH:;_@?‘Pkimk o
From (3.5)(a) and (3.5)(h), in view of (1.8)(a), we have

3.5 (© Pin o p‘*:p ik 7 7.
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Using (3.5){(¢c) in (3.5)(a) and then multiplying the obtained equation by
i em ez
¢, we have, in view of (1.1)(a)

(3.5 @ Py 0" =—(0,0D4,,¢,
whereas using (3.5)(c) in (3.5)(bh) and proceeding as above, we find
(3.5) () Prin0 8°=C0,0")4,,9.

Thus, transvecting (3.4) with pi and using (1.5) (d), (3.3) (a), (b) and (3.5)

(c), we have

I ! 3
(3.6) (e —k)o +20,0 Ay=—4P,, 0 o

On the other hand, on multiplying (3.1) by pk ,ﬁf pf and using (1.5) (a), (b),
(e), (@, (1.8)(a), (1.10) (a), (3.3) (@), (3.5) (c) and (3.5) (d) we have (ﬂkﬂk)
[Co,67) A, 2P, 0°0"1 =0, which implies either p0"=0, or

z

B (ﬁ,—pszmzz-P”ih .
Hence we have

THEOREM 3.1. If ¢ HP-R K space is transformed into another HP-RK*,
space with different recurrence vector by HP-transformation (1.4), then HP-
transformation reduces to an affine lransformation or equalion (3.7) holds
good.

We assume that HP-transformation is non affine, so (3.7) holds. Consequently
substituting from (3.7) into (3.6) we have [(k*l—kr)p[—i—ﬂpf ol A,,=0 which
implies either A, =0, i.e. £, is an Einstein space, or (k*[—kl)p”-i—él(pl pl):D.
Thus we have

THEOREM 3.2. If a HP-R K, space is transformed into another HPR-K*,
space with different recurrence vector by a non-affine H P-transformation(l, 4),
then either K, is an Einstein space or (Ze*l—k[}p!%-tl(plpf)zo.

‘We consider the case (k*!—k])p!+4(plp£)?50, then by Theorem 3.2 HP-R K,
space is an Einstein space also and hence by Theorem (B) either K , 18 of con-

stant holomorphic sectional curvature or %, is a null vector, Moreover, in a K,

P
kji
=0, i.e K*ﬂ is also of constant holomorphic sectional curvature ([8], p.265).

of constant HP-sectional curvature, Pzﬁ =0 which in view of (1.6) gives P*

Thus we have



On Holomor phically Projective Transformation of Holomor phically 35
Projective Recurvent Kahler Spaces

THEOREM 3.3. If a HP-R K_ space is transformed into another HP-RK*,
space with different recurrence vector by a non-affine HP-transformation and
Ck*l—ki)pr—:—zl(_olpl)#o, then either K and K* both are space of constant holo-

morphic sectional curvature or &, is a null vector.

Combining Theorems 3.1, 3.2 and 3.3 we have

THEOREM 3.4, If @ HP-R K, space with recurrence vector k; is transformed
into another HP-R K*, space with recurrence vector k*,(Fk,) by a HP-transfor-
mation (1.4), then one of the following cases occur.

(i) transformation is affine, (ii) K, and K*, both are spaces of constant
kolomorphic sectional curvature, (iii) k, is a null vector (iv) (Ie*,—k,)p’+4(p,pt)
:0_

On the other hand on multiplying (3.4) by ,Ev’ and using (1.5) (¢), (d), (3.3)
(adand (3.3)(b) we find (#*,—k) @ A,,=0. Thus we have

THEOREM 3.5. If ¢ HP-R K, space is transformed into another HP-RK*,
space with different recurrence vector by a HP-transformed (1.4), then either
Ay =0 i.e. K is an Einstein space or (F*,—k) EJ!=0, i.e. veciors (k*,—k,) and
féf Jorm a set of mutually orthogonal vectors.

In view of Theorem (B) and the discussion before the Theorem 3.3, the
above theorem yields.

THEOREM 3.6. If @ HP-RK, space is transformed into another HP-R K*,
space with different recurrence vector by a HP-transformation (1.4) and (k*,—
k) ﬁ";é(], then, either K, and K¥*, both are spaces of constant holomorphic sec-
tional curvature, or k, is a null vector.

4. HP-transformation of a non-Einstein HP-R K,

Till now we discussed the general case of HP-RK, space. Now, in the pre-
sent article we will study the HP-transformation of that HP-R K, space which
is not Einstein space, i.e., for which A,,7#0. In such a case by Theorem 3.5,
the relation

4.1 (#*,~k) 7'=0

holds good. Also for a non-affine H P-transformation, generally called proper
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H P-transformation, the relation
!
4.2) (B*,— k) o' +4(p,0)=0

will hold good due to Theorem 3.2. Substituting from (1.12) and (2.2) into
(2.3), we find

i 0 h
(4.3) =k Pk;z =00 PliOn— 0P 1 _ijkl.-‘_piijr‘-_zplP:ﬁ)
- ., .m
_99;10“,' P 1 (kanr11+ “Pkml_p Pk;m)
which on contracting in the indices 2 and / and using (1.2)(d), (1.8)(a), (c),
(f) and (1.8)(g) gives
4.4 (#*,— k) Py =(n=2) Pl )0

Thus multiplving (4.3) b_v (k*,—k;) and using (4.4), we get

kji

P h
(n—-3) [(k*f—kf) P:,j,- Pk] =_(”"'2) {(kaijf+'o'Pk!iJ-p‘P:ﬂ"—zﬁ{P:ﬁj)
f_w:'"( ‘Pm;: +p Pkun P Pk;m)}pk
h 5
—o, (R — Ry Py kji Pm
Taking the sum of the above equation with the equations obtained by cyclic
interchange of /,% and j in the above equation and using (1.8)(a), (b), (d) and
(1.8)(e), we find

(n—3) [(B* k) P+ %~k Pl ~ (&% — k)P lo,

s L
- _pm(k h} [Q;ij,“‘ﬁ & P I P}l'l'+;9] p.’h]

On transvecting (4.5) withg and using (1.2)(c), (1.8) (d), (1.9) (e, (£),
(1.10)(a), (3.3)(a),(b), the facts §,=¢), 0, Plhj;04=Ppy e and Py.5, =P, ..
7", we find

(4.6) (&%, — k) g Pl 0,=0
since n>>2. On the other hand multiplying (4.5) by r;“ and using (1.1)(a),
(1.2)(b), (1.8)(d), (1.9)(h), (D, (1 10)(a), (3.3)(a) and (3.3)(b) we find

4.7 (k*,— k) ¢'P
since #.>2. Thus multxplymg (4.3) by g ph and using (1.2)(b), (c), (1.5)(d),

(L.8)(d), (1.9)(e), (), h), D), (1.10)(a), (3.3)(a),(b) and (4.6) we have
(4.8) (a) Pyiyo 0"=0,

k;r!: =0,
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which, in view of (1.1)(b), (1.8)(d) and (1.10)(a) yields
(4.8) (b) Pyud P'=0.

Again, multiplying (4.3) by g?” o, and using (1.2)(b),(c), (1.5)(d), (1.8
(d), (1.9)(e), (£, (h), (1), (1.10)(a), (3.3)(a),(b) and (4.7) we have

(4.9) (a) P_Qj,‘;,.ai Ph‘:(].
which in view of (1.8)(d) and (1.10)(a) immediately gives
4.9 Py 8'=0,

Thus transvecting (3.4) with pk and using (1.8)(d), (1.10)(a), (3.3)(a), (4.8)
(a) and (4.9)(a) we find

(4.10) Py p‘; ph= Prith ' p".

Now multiplying (3.1) by 7' 0" 0" and using (1.5)(a), (¢, (@, (1.8)(@), (1.10)
(@), 3.3)(), (3.5, (4.1) and (4.8)a) we find (o, 0)IP,;3, 8 0"+ Py 0

_5}'] =0 and hence we have

THEOREM 4.1. If a non Einstein HP-R K space with recurrence veclor k;
is transformed into another HPR‘K*R space with recurrence vector k*[(;-‘k,) by

a proper H P-transformation, then
I h I -k
(4.11) P,J-Mp 0 —k—PU!.hp 4 =0
holds good.

Now, multiplying (3.1) by ,ok p" and using (1.2)(c), (1.5)(a),(d), (1.8)(a),
(), (1.10)(a), (3.7) and (4.2), we find

: By A = 1 &
(4.12) —(Pa Pa) [ij,'h © +T :G;Ajg (9;+T piAjh-l_ijrh gj:)]
m k k.m

=01Prjin® O tOP1iim0 P s
from which on transvecting by ¢’ ¢f, using (1.5)(d), (1.8)(a),(d), (), (1.10)

(a), (1.11)(h) and rearranging the terms, we have

a sk, 1 = I
(0,0 [=Pyjy0; 0+ 9,450, 5 0,A5—0;4,]
<M =R - -k m
==04 Pjin® 0+, Py 0 0
Taking the sum of (4.12) and the above equation, using (4.10)." (4.11) and
noting the fact g, 0"#0, we obtain
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] -k ~ s ¥
(4‘13) 'ijfhp "'ijsh@‘:() =_p:'Ajs gok_piAﬂz pJArh@,'+ijg;i-

On the other hand, multiplying (3.1) by p[p and using (1.5)(a),(d), (1.8)
@)e), (3.7), (4.2), (4.8)(a) and (4.9)(b) we find
i 1 = " = n
414 Pyg0 :?(PjAkh”ﬂkAjk‘*'pjAmh‘r”k_pk“lm‘f"‘j)
since p, 0"#£0. On contracting (4.14) with ga':’ (pj and using (1.8)(d), (1.10)(a)
and (1.11)(b), we find ¢ Py, 5 =55, Ayt — 0y Ay =0, Ay— 0y A ;0. From
(4.14) and the above equatlon, in view of (1.11)(b), we have
m
(4'15) P."ph* 'p; Pkmzhp P A kh ' ‘OJAnzh@k‘
Substituting from (4.13) and (4.15) in (3.4) and using (1.8)(a), (1.11)(h), we
find that #*,—#%,=—4p; Thus we get

THEOREM 4.2. If @ non Einstein HP-R K _ space with recurrence vector k,
is transformed into another HP-RK* space with recurrence vector k*, (k) by
a proper HP-transformation, then (k*,—k,)=—40,

5. HP-transformation of R-K, and S-K spaces

This article is devoted to the study of HP-transformation of K-, and S-K,
spaces. Suppose K and its HP-transform K¥* both are recurrent spaces with
k, and &%, as recurrence vectors respectively. Then

(5.1) V,Ry,=k R, and V¥, R*,“ =k*, R*,

ki kji kjit

The following theorem is well known.

THEOREM (C) ([4], p.78). A R-K, space is @ HP-R K, space with same
recurrence vector,

Consequently from (1.6), (5.1) and the above theorem, we have
(5.2) V, Py, =k Py, and V* P*, = P}.

kji kji
Now, if k,=k*, we see that condition (A) of §2 is trivially satisfied and hence
from Theorem 2.1, we have

THEOREM 5.1. If a R-K » Shace is transformed into another R-K*,, space with

same recurrence vector by H P-transformation (1.4) then either K » is an Einstein
space or the transformation is affine.

Now, in a Kahler space of constant holomorphic sectional curvature, curvature
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tensor R ; takes the form Rk}: [(5;gj._.—0; gk,.)+(ga: g;ﬁ—gp;qak,.)-Zq;ﬁ(p’:]
([8l, p. 71), where % is an absolute constant. Differentiating the above
equation covariantly with respect to %' and using (1.1)(c), (1.2)(c) we find
% Rk i =0 and so if the space be recurrent also, in view of (5.1) we find Rk,:
=0, since %,7#0, i.e., the space under consideration is a flat space. So, we
remarls

REMARK 5.1. A R-K, space of constant holomorphic sectional curvature is
a flat space.

Thus in view of Theorem 3.4, Theorem 4.2, Theorem (C) and Remark 5.1
we have

THEOREM 5.2. If a R-K, space with recurrence vector k, is transformed
into another R-K* » Shace with recurrence vector k*,(#k,) by @ HP-transformaiion
(1.4), then one of the following cases occur:

(i) transformation is affine, (i) K, and K* , both are flat spaces

(iii) &, is a null vector, (iv) k*,—k,+4p,=0.

In case K, and K*, both are symmetric spaces, we have V, R:j,.=0 and V¥,
R*Zﬂ:o, consequently we can have V, Pz J.,.=0=V*, P*:ﬁ and hence condition
(A) of §2 is identically satisfied. Therefore, from Theorem 2.1 we have

THEOREM 5.3. If a S-K, is transformed into another S-K*, space by HP-
transformation (1.4) then, either K, is an Einstein space, or, the transforma-
tion is affine.

We conclude the article by considering the case when K, is a R-K, space
with recurrence vector %, and K*, is a HP-R K, space with &*; as recurrence

vector, i.e., V, R} le and V¥, P*:,.,:k*f P*:J.,. hold. If 2,=#%, in view
of Theorem (C) and 1.6 we see that condition (A) of §2 is trivially satisfied.

Therefore from Theorem 2.1 we have

k;z

THEOREM 5.4, If a R-K, space is transformed into ¢ HP-R K*, space with
same recurrence vector by a HP-transformation (1.4) then either K, is an Ein-
stein space or transformation is affine.

Moreover, with the help of Theorems 3.4, 4.2, (C) and Remark 5.1 we
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can have the

THEOREM 5.4. If a R-K, space with recurrence vector k, is transformed into
a HP-RK  Sbace with recurrence vector k*‘,(#k,), by a HP-transformalion (1.4),
then one of the following cases occur: (i) transformation is affine, (i) K o 1S
a flat space, K*, is aspace of constant holomorphic sectional curvature, (iii) &,
is a null vector, (iv) ¥*,—k,+4p,=0.
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