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OPERATIONAL FORMULAE ASSOCIATED WITH 

A CLASS OF GENERALIZED POLYNOMIALS 

By P. C. Munot and Renu Mathur 

1. Introduction 

Recently Gould and Hopper [8] established the operational formula 

” ‘ l 2 ’'= r:: (-1)"- ‘ C) H:_b(x , a , p)D', … ..................... (1. 1) 
k=O “ ” ‘ 

"-1 
where x" fØ"= rr (xD-prx'+a-j) , ............... … .................. (1. 2) 

j=l 

for the generalized Hermite polynomials 

H:(x. a , p)=(-1)" x - a ePx' Dn(xa e-Px’ ) .... . .................. . (1. 3) 

The .relation (1. 1) is a generalization of the operational formula of Burchnall 

[3] for Hermite polynomials as well as of Carlitz [4] for Laguerre polynomials 

Al-Salam [2] , Chatterjea [5. 6, 7]. Munot and Saxena [10] . Singh [12] and 

many others have also obtained the operational formulae for the classical poly

nomials and have derived either some new formulae or the known ones by 

altemative methods. 
q+ l Employing the operator T q 

르z" H D. Joshi and Prajapat [8] defined a class of 
(a) 

polynomials M:;' (x ; q) by 

M(;)(x ; q) =」r x- a • nq /. (x) T~ [xa e - Þ.(X) ] , ..................... ( 1. 4) 

’“ where p,(x) is the polynomial in X of degree v and q is a constan t. 

In the present paper we have obtained some operationa띠1 formulae for the 

polynor 

2. The operational formulae 

The following results are required În our investigations 

F(δ) [xσJ"(x)] =xa F({f +α)f(x). . .... . .... ... .. ........ . ......... (2.0) 

F(δ) [exp(g(x))f(x)] =exp(g(x))F(δ+xg')f(x) ， ............... (2. 1) 

x-qn 
다=δ(o+q) ... (δ+q(n- l))， … ....................... (2.2) 
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r;Cxa) =qIl C: )n Xa+Qn, .... ......... .... .. … .... … .... … ..... ........ (2. 3) 

F (T ) [x" f (x) ] =션F(Tq+axq) f (x), ---- --- ----- ------ @. 4) 

F(T,) [exp(g(x))f(x )] =exp(g(x))F(T , + x<+lg')f(x ) , ...... (2. 5) 

" 、T:(uv) = ε( : JT~-…("‘)T:(v) ， ... ’ … .................. ‘ … ..... (2, 6) 
m=u ‘ ’ 

where δ프xD 
The application of the results (2.0), (2.1) and (2.2), provides us with 

T : (x (l e -P.(x깐e-Pω xa치i (6 T a ÷(1t -1) q • :x:þ,’ (:x:))Y .......... ..... (2.7) 

where Y is a su띠빠fπ퍼따fi따lC때c 

whereas the formulae (α2.4) and (덩2. 5잉) leads us to 

T: [x" e - P,( ' )Yj = ."+('+1 )n e -Þ.(, ) I D+"!!'- - P'Jx) I"y. ... ‘ ................. (2. 8) 
’ L X - V ' j 

It is also 않sv to see that 

T다; [따xO: 
e 
-p，ι짜.ιι(') y꺼Yη] =샤파등 (다:)…(.ωtt-m써쩨z샤씨)! x암g야+q(n“

n-m까)μe ιμ째@ωx)M%썼11-'"끼’o싸) 
Thus comψpanson 0아f (2. ïη) and (잉2.9밍，) yields the 0이peratIOn따a띠1 formula 

El(6+α+(n -j)q -짜(:x:))Y= 설。땀X - qm lYf앓 nl)(x q)T:y, (Z l0) 

and comparison of (2.8) and (2.9) results imo an another operational formula 

(D+ 뚱-κ(:x:))". y=감공T X “”→) M씹-꺼 (x. q) T; ‘Y ...... .. . (2. ll ) 

For Y = 1 in (2.11), we have 
f _ . a \

" 
-n .... (a ) 

( D+~-þ ’ ( :x: ))". 1= 1I ! :x: "}，1'~ ' (x.q) ....... ...... .. .... (2. 12) 
‘ 

Next, using (2.6) , we have 

a ι(Z)'V""1 _ :-, I n \ s I' •• a"",n-s/ _ -þ.(x) 
T : [x~ e " ,.,y ] = ε ( ~ )T : (x")T".-'(e -P.C'; y). 

5=0 、 ‘ / ’ ‘ 
、，vhich on using (2. 3) and (2. 5) gives 

T : [:x:αc-p.(X)Yl = 당( " ì q’( .!!... ì :x:"+"e - P.(' ) (T n _:x:' +1 p:(:x: ))n- ,y 
5=0、‘ / \ q /, ’ -

=흙(，μ) q"→m(웅)”-m xO+싸m) e-p，(，) (T ,
_x'+1 p,'(x))m y 

= ￡￡5 x(0@，”ml”ιlι깨’ m=O ’ 
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where λ(m. 11) =( ".)q’一m(푸) . which in view of (2.9) yields the formula 
、1J-1II I 、 (J I n-m 

κ n n! .. -qr ...,(a) 
gEJ(m，，i)xm(D-PJ(x))”‘y=검7rx Mp(”-r)(x,q)T;Y- ---------(2·l3) 

3. ParHcular cases 

2 _ _ .J .". (0) , .. .,_ ( _X)n 
In 때 special case when ,, =0. p.cZ)=Z". q=- l, and M~~'(κ -l)=「딘」 

H . (x). the formula (2. 10) yields 

• " ι ‘ 

TI (0- (η - j) -2x")Y= L: (: )x"(_1),, - mH…,(x)D"'y. ‘ ........ (3. 1) 
j == 1 1t’=0 、 ”‘ / “ … 

、iVhjch can also be written as 

n " 
TI Cδ -j+ I -2x~)Y = L:간 )x" ( -I )’， -m H ,, _ .,,(x)D’ny • ......... …''' (3. 2) 

j = 1 17/=0\ m/ … 

and when Y =1 . it reduces to 

” ‘ 1Tl (δ - 2;<ζ -j+l) . 1=( -x)"H . (x). .......... . … … ..................... (3.3) 

a formula proved earlier by AI-Salam [lJ by a different method. 

On taking q= -1. ,, = 0. ι(X) =x2 and M원 -1)=편LH싸). the for

mula (2. 11) becomes, 

” ‘ (D-2x)"= η담m)(-l)” mH” m(x) D”’ ‘ ... .. .. .. .. ... (3.4) 

which was proved earlier by Burchnal1 [3J . 

F빠ur뼈r 

the formula (α2.12) gives 

(D +뚱-prx←l)”·l=(-1)” H싸， α， p) ’ ‘ (3. 5) 

which is g iven earIier by Gould and Hopper [8J. 

Next . on replacing a by a + m and taking p.cx) =x. q= -1 and M잎~')(x. -1 ) 
(a ) 

=L~~' (x) , the fonnula (2. 13) yields 

ZE (er:)갚(D-l)mY= ￡ 쉰Lf)(씨ry， 덩 6) 
?‘=0 、“ … f' =u 

given ea rIier by Chatterjea [5J. 

Lastly if we set Þ써=px'. and M않) (x. q) =G~alcx. r. P. 11 ) , where G~a) (x , 
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r , p, k) is the polynomiaI defined by Srivastava and SinghaI [13] then the resuJts 

(2.10) , (2.11) , (2.13) respectiveJy immediately gets us with 

and 

6 (δ+0+(” -j)q-rpxf)Y= xE l÷ x ksG(a>(x, r , p , k, )FY,--- (3.7) 
r';l s=O S ~ n-5 

(D-똥-7pxr 1)”Y = 당판x -(k써) G"업 (x. r. p, k)e’"Y. . ..... (3.8) 
m=v 

z; 2(1”’ ”서)x감-h쩌’m (eη 
mη~O 

= zE 추유 x -ksG잊.cx. r. p, k) e’Y. ... “ · ‘ . ... (3.9) 
s=o ‘ ; … ) 

k + l where e=x"T' D. 
Now uSing the resuJt 

Y앙lc샤) = _kn G~a+l) (x , 1, 1, k) , α>-1 ， k=l. 2 ....• [14], 

where y;a) (x , k) is t he Koαon띠1나1뻐ser'’녕s biort산t뼈o이I뼈 p뼈omIa 

me히때n따]π1tj디10I아oned abm'、veι’ 、we can easiIy deduce the opcrational [ormulae for the poly 

nOffiIa 

4. Some appIications 

(a) 
(i) Two generating functions for the polynomial set {J\1~;' (x, q)}. 

Firstly we establish that 

ε。(m:n)M~찌찌 (x， q)t"=(l +qt)~ exp [p，(x) -þ，ιμ(x(αl+ qψ써t 

(a) r • .{1 I _~ ... 1/ · Mum [X(1 +qt) q, q] --- (4. 1) 

This result is believed t o be new. 

PROOF. On setting Y =1 in (2.10) , we have, 

Obviously, 

효 (δ+α+ (n-j)q-xp찌) '1 = ，， ! M않) (x. q) … (4.2) 

(a- nq) ’n+κ 
(m +써 Mν싸시 (x，까 낌l(δ+α+(m- j)q-xþ:(x)) 

’ m 
= 뜨 (δ+α -jq-xþ，찌 
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= Il (5÷a-껴-얘;(，，)) • m! M싼， q) , 

which in view of (2. 이 and (2. 1) gives 

(’써) ! M원셉 (x, q) =m! ，， -a+멍 (<) . (- q)띤(-웅+(j -1)끼) 

("앙a-→q%e -→’ιμ.ι〈ω<) M엽) (x. q)} • 

” Now, on mu ltiplying both sides by까T and then surn’rn fl1’ 

、we immediately get 

흙(rk; ’) M찌:3)(x， q)μx -a-qeP씬1 + ql)ðl< • ("a-q e -p.(<) M앉(x ， q)) 

On using the resul t 

aðf(x) =κax) ， … ... .......................... … ... ... (4. 잉 
it yields the desired generating function. 

For 111 =0, it is easy to see that 

윌 M않 씬x， q)1’ =(l÷qt)?· exp[ρ，(x) - þ.(x(I + qt) I/') J, ... ....... “ (4.4) 
’ =u 

which for κ，c，，)=ÞX' reduces to thc known result by Srivastava and Singha l [13, 

p. 79) 

Sccond ly we prove that 

，흘r‘:깨얹+H) (x, q)1’"= (1 -qt)- ' -웅 cxp [þι(x) - þ,(x(l- qt) - I/')J 

Mi않:) (“x(l -qψ1)-카I1꺼/ 

provcd e않ar끼비lie하r by Rai and Singh [Ul by some differcnt mcthod. 

PROOF. Proc뼈ing para Ilel to the pr∞f of (4. 1), we easily obtain the generat. 

ing function (4. 5). 

(ii) Recurrence relations: 

(a) Firstly we observe that thc recurrcnce relation 
( (a ) - l (a) D+운 Þ,’ (샤) % ( x,q)=(,t+ l )x M (x q), - (4 6) 

(. +1) 

is an easy conseq uence of thc rcsult (4. 2) . 

Iteration of the process used in the proof of (4, 6) givcs us the relation 

( ” (a) - m (a) D+음-κ (x)) M (x.q)=(”+ l ) x M (x,q) (4 7) ’n" --- u(~ + m) 
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사 

On setting q= -I , p,( x)=px’ and M암(x， -1)=뜩뜬 H; ( x, a , p), ln (4 7) , 

、~e immediately get 

sam H ; (x. a , p)=(-l) ” H;+m(x, α， p), ........ … .... ..... (4. 8) 

g iven earlier by Gould and Hopper [8] 

( b) Joshi and Prajapat [9] have shown that 

울 M ;:) (x , q)ln=(l_qt) -alq exp [p,(x)-P,(x (1 _qt) - I/,)] ..... .. .. (4.9) 
n=O 

Using (4. 4) and (4.9) we immediately get 

∞ (a) ∞ (cr-n이 
εM… (x , -q)tn =(1+ qt) ε M;~-"" ( x , q)t ’‘ ....... .. ... (4. 10) 
,,=0 ‘ n=O 

R 
Thus, on equating the coefficients of (" on two sides of (4, 10) , we get the pu re 

recurrence relation 
(a) / _. ~， _ u .(a- lIq) / __ ~ "\ . 11 (a-nq-q) 

M” (x, q)=M” (x.q)+qM,(” - l) (x,q) . 
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