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AN APPLICATION OF THE FRACTIONAL CALCULUS 

By Slúgeyoshi Owa 

1. Introduction 

There are many delinitions of the fractional calculus. At first J. LiouYille 

[IJ delined the fractional derivative 01 order α. Then, T. J. Osler defined the 

fractional derivative of ordel α in [3J. 1n 1974, B. Ross defined the fractional 

derivat ive of order α in [5J. Moreover, K. Nishimoto defined the lractional 

derivati、 e and integral of order α in [2J. And in 1978, M. Saigo defined the 

integral operators in [6J . Furtherrnore, in 1978, S. Owa gave the following 

definition for the fractional integral of order α in [4J. 

DEFIKITION' 1. The fract ional integral o[ order α is defined by 

α 1 r' I (Od' D. -/(z)=~ I • ••• 

r ，α) μ (z-o 

、，vhere α>0， I(z) is an analytic lunction in a simply connected region of the 

z-plane containing the origin. and the multiplicity of (z _Oa- l is removed by 

requiring ln(z-잉 to be real when (z • 이>0. Moreover, 

I(z) = lim D,- a I(z) 
α→O ‘ 

Let E be a domain in the extended complex plane. The function I(z) is called 

μm.valenl in E if and only if it 18 analytic except for at most Qne pole and 

I(ZI)￥I(z，) lor zIEE, zcEE, and Zl킹 22， 

DEFINIT!O:-I 2. Let So denote the c1ass 01 functions 

∞ 

l(z) =l a1I z 뀔Jan|2” 

that are analytic univalent in the unit disk U. l\nd let S허(k) denote the class 

of functions 

I(Z) =/ OI IZ• ε;)|an1za 

that are starlike 01 order k (0트k <J) with respect to the origin in the unit disk 

U. Furthermore. let K o(k) denote Ihe class 01 lunctions 
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∞ 

J (z) = la ,12 - r: la.l 2. 
‘ H=2 

that are convex o[ order k (0 르k<O in the unit disk U. 

2. Some resuIís for the fractional integr al 

Now, we ha、 e immediately thc rollowing lemmas by mcans of some results 

were shown by H. Silverman in [7) . 

LEMMA 1. A J'…ction 
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ε;rlot-k)la R | 르 l a[ l(l -k) . 
n~ι 

wheTe la[ 1 ;<'0. 

LEMMA 2. A J,mclian 

∞ 

J(z) = la, Iz - ε la .. !zif 
11=2 

is t"n fhe class S용。 (k) (0듣k<l) iJ and anly if 

∞ 

ε (n-k) la .,1 르 la ， 1 ( l -k) , 
PI = ? ‘ 

where 1 ati ;<'0. 

LHI셔A 3. A J unctioll 

∞ 

J (z)= la[ 12 뀔 lanlz" 

is 111 the class K o(k) (0르k<O . Ihell Jor zEU. 

la ,1 Izl (2(2-k) - (I - k)1 211 
IJ (2) 1 르 ‘ 2(2-k) 

O1ld 

la, Ilz l (2(2-k)+ (l - k) lzIJ 
IJ(,) 1 트 2(2 k) 

wllere 1 a [1 ;<'0. The equality halds Jar the J…'cμ on 

(l - k)la,1 <0 

J (2) = la[lz ? (') b ' 상 2(2-k) 
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THEOREM 1. [ [ a [lmctio1l 
∞ 

[(2)= 10,lz ε la.12" (/0,17"0) 
u=2 ‘ 

is Ï1t the class S용。(0) ， then [ or a > O olld 2εU. 

10,11 21 ,+a(2- lzl) 10, 1121' +a(2+ 121) 
‘ 깅1'(2주a) 든 I D;" [ (z) 1 르 꺼-;=tï"i)7ττ 

The equality holds [or the [,…tcti01t 

(2+a) la ,1 2 
[(z)= l a ， 1 2---끽→_ 2' 

PROOF. Let consider the funct ion 

F(2)=1' (2+a)z -aD;a [ (2) 

∞ r (n+ 1 ) 1' (2+α) la,1 • 
= 1~ ， 1 2 뀔 r(1l + 1 十a) ‘ 2 . 

Then, we have the follow ing inequality with the aid of Lemma 2, 
( ∞ 

IF(2)1 든 la ， 1121 + 121" :s la.1 
#=2 “ 

2 10,1 
르 la， ll z l +1 2 1" -응「 

la,1 121 
옹-(2+12 1)， 

ln the same \"-a y. 、，ve have 

10‘ 1 121 
I F(z) 1 르--ε-(2-1 2 1). 

Hence. we have the theorem 

COROLLARY 1. U띠er the C011때d짜t“…t““io‘bψfOl1ω”’l1S 0κ，[T까heore잉m 1 ,’ D;7af@ω) is i1…11띠l 

the disil w‘'"'깨tμ11，샤lμ‘ cen써1“ter at t““he orηZg~1…"‘ tη71ld rηadius 3히1 ，αr이이l니lν/21' (2+α) ， w씨0이싸here α> 0α . 
THEOREM 2. [[ 0 [m lCtioll 

∞ 

/(z)=la,lz- ε::: 10" lz" (1 0 \ 1 켜0) 
n=;,: 

is in tJjκ class K o(k ) , then [or α>0 ol!d zEU , 

lall l z l l +g(4- l z | ) α ， 1 Izl' +a(4+ Izl ) 
‘ 41'(2+ a ) 든 1 D;"[ (z) 1 등-수피칸감자 

The equality holds [or the [:“llCtloll 

17 
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(2+a)la,1 
[(z) = la1 Iz ---호---'--z • 

PROOF. Lel 

F(z) =r(2+a )z -"n;a [ (z) 

∞ 

= la,lz- ε IA. Iz". 
‘ 11'=2 “ 

Then. by 1’leans o[ Lemma 1, 
∞ ∞ , 
r:’‘ I A. I 든 r: ,,-la.1 ’ =2 … 11=2 … 

르 l a1 1. 

He11ce. the [unction F(z) is i1t Ihe class K O(O) by Lem11l0 1. There[ore. using 

Lemma 3. we have lhe theore11l. 

COROLLARY 2. Under the condiliolls o[ Theorem 2, n;" [ (z) is illclttded ill 

Ihe disk 10ilh cenler at Ihe origin aηd radius 5Ia11/4r(2+a) , where a>O. 

THEOREM 3. I[ a [lI11Cliol1 

∞ 

[(z) = 1011z - 뀔 때z" (la,1 잊0) 

is i l1 Ihe class S‘。 (0) ， Ihell [or a>O alld zEU, 

’ " .... la ,ll z la ( .. . 2+a \ 
I n; -~ [ (z) 1 르τ:~ ' . .. \ \ l+a+-"-τ'- Izl ) - N2+α ) \ “ / 

PROOF. 1ιet consider the function 

F (2) = r (2+a)z-a D;af(z). 

Then. using Lemma 2, \ve have 
∞ 

IF’ (z) 1 든 la , l+ lzl r: ηla.l 
‘ n=2 “ 

든 ! ol l (1 + l z l) . 

Therefore, we have the theorem with the aid of Theorem 1. 

COROLLARY 3. Under Ihe cOllditio’” 이 Theorem 3, Draf@) tS ’”이I-ded in 
Ihe disk with cenler at Ihe origi11 and radius (4+3a)la11/2r (2+a) , 10here α>0. 
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