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Introduction 

The topological and proper embeddings of Lorentzian maniIolds by solutions 

of the d’ Alembertian equations were investigated in [6J. In this paper we shaU 

show that Lorentzian manifolds can be isometrically embedded into a pseudo 

euclidean spacc of suitablc dimension. 

By taking thc covariant and contravariant derivatives of a sca]ar fiel며， the 

divergence of the gradient of a sca lar field becomes an invariant second ordcr 

linear partial differential operator, 

디lt =따= :g'!→꿇7(11 gl 1송gfl짧) 
whcre C is a Lorentzian mctric. Jgj dcterminant of g. ~ I g :! absolutc valuc of 

Ig l. a r.d g’ J is a component of thc iDverse of the m~ trix (gij) consisting of 

c:.. mponcnts of the mctric tensor g . Thc d’ Alembert ian equation means t hat 

디"二α 

The function lt cou ld be a vector valued funcLion. and t he eq uation, in this 

case, consists 0 1' a system of the system above. ln any cases. solζtiρ ns of the 

cquation are considered in t he ca usal domain, and we necd tO treat the equation 

under t: he causa l conditions and global hyperbol icity for the global solutions 

W c showed the fact that any point in smooth Lorentzian manifold has a 

coordinalC chart whosc funClions consist 0ι solutions of the d ’ Alembertian 

cquation in [6J . We will ca ll this kind of the charc “ d’ Alembertian coordinate 

chart" throughout this paper. We assumc that the maniIold is smooth and 

globally hyperbolic Lorentzian maniIold of dimension m. IRP denotes a Euclidean 

S따잉 of dimension p, and 1쩍 a pseudo'euclidean 5맹cc of p-positive and q-neg

a tive signatures. g ( lt) denotes the induced metric of a scalar function u. We 

shall nced to consider sums and direct products of embeddings defined by 

("1 + ")('<)="I(X)+I‘l X) , (씬 X"2)(X)=(“t(X)， " 2('<)) 

wherc uj
’ s arc ftωunct 
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Clearly, g(μj X"2) =g(uj) + g(U2). 

:v!etrics on 111 will be partially ordered by setting 

gj::;;g2 iff gj(X， X)드glX， X) for X in the tangent bundle T 111. 

u. means the differential mapping of the mapping tt. Other terminologies refer 

to the references. 

2. lsometric cmbeddings 

Thc following lemmas have been shown in [6J. 

LEMMA(A). For each poù“ 1η 111 Ihere e:cisls a coordinate neighborJzood o[ 

the point in caμsal do…aI’‘ wlwse coordiηate [，<1κti01l5 cons:.st 01 solutions o[ 
the d’ AlemberUan equation 

LEMMA(B) . If a ma，때fold 111 is slllOolh atui globally hyperbolic Lormtzian 

matli[old o[ dimension 111, then 111 can be topologically (properly) embedded into 
2m + l .. .... IJ + 1 IR- ,q. and also I R'i" ' (p능2m + 1) by solulions o[ Ihe d’ Alemberlt'an eq u.ati01Z. 

LEMMA(C). 1[ g is a Lorelltziall metric. then there exists a mapp;ug U o[ M 

to IR; S씨 tlzal g(u)드g and the COllψonents 01 U C01zsist 01 solutiOllS 01 tJze 

d ’ Alembertian equatioll. 

LEMMA(D). 1[ g is a posilive de[imïe ’nelric 011 M. Ihen Ihere is a topological 
2m+ l .. ..... þ+ l (proper) embeddillg μ o[ M i11lo 1 R;"'T ' and also 1 R'i" (p 늘 2m + 1) su이i tlzat 

g(u)드g alld the compo11e1Zts o[ u cOllsist o[ Solläions o[ the d’ Alembertiall equatioll. 

Let u be an embedding of M to 1 Jt'. Let X be a normal basis of local cross 

section of the normal bundle U over n(M). 

Define F : T M-ψ by F(A)=J:αXaη(Xa• Xa)η(X.V“ .. Att
‘
A). where V is cov. 

arian! differentiation in 1 Jt' and η is metric tensor on 1 Jt'. lf F is everywhere 

two-one~ we ca lI κ pertur bale. A perturbale embedding is locally one such that 
the mapping from J) to the space of symmetric covariant tensor on M given by 

,lzQ(f(x)) ,ß 
'V: t-• -2η'aß .., a ... τ!..L.-~I" dx" dx 

Jx"8x 

is onto. where xa is coordinates in an open set in M and 2 (1. is coordinates in 

1 Jt'. VÝe adopt the C' -topology on the bundle of symmetric covariant second 

rank tensors over M as usual way. where k is larger than 3 and ∞. 

k+2 ... _ ........ _ TT.~" . rnP LEMMA 1. 1[ Ç" T"-maPPing V: M-• IR' is perturbale atld components o[ V 
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are solltlioJls 01 the d ’ A lembertian equatÎoJl, !lzen Ihere exists a Ck -lleighborhood 

U 01 g(v) ,uclz Ihol lor g i1l U there is 0 þerl“rbafe embeddi’tg ι :M- • nt 
1O;lh g(u)=g. 

PROOF. Since M is gJobally hyperboJic, we can take increasing compact subsets 

and necessa ry subsets of the compact subset s of M. in order to smooth thc 

relative functions and get our perturbale embedding whose components are 

soJutions of the d’Alembertian equation as CJarke [1) and Nash [ll ) did. Our 

functions are different from theirs. However. appJying the globaJ byperb미 icity 

of M to soJutions of the equation. the method is similar to tbem. The detaiJed 

proof is omitted. 

Ln1:VIA 2. 1/ g ;, 0 þosμive defimïe m.etηC OJ1. M. there exists aμ embeddi1zg 

u : M-• 1 RPsuc!z 11101 u is perturbale. g(")드g a1td lhe C01Jψ01lellts 01 1.l are 

so!ul;o", 01 IIIe d ’Alembertia1l equalioll on M. 

PROOF. By Lernma A and D. there exists an immersion ι of k! into 1 R2m 
such 

that g(씨드g and components of " a re soJutions of the d’ Alembertian equation. 
k ..... kij i~ ...... 2m 

Let ν =D;jy'y' and y' be coordinates in IR"'''. where the D^ are constant 

symmetric 2m X2m- matrices and k=l. 2 • .... þ. Choose p-dimensionaJ subspace L 

of set of aJJ such matrices such that L is spanned by the D
k
’ s. For the d’ AJe-

k ..,2 k 
mbcrtian coordinates x" at x in M the map 낀 : DIl--• a.1.VK /ax

uδX
V 

is linear from 

K into symmetric tensor space of rank two at x. Then it is clear that. if the 

dimension of the intersection of L with the kerneI of il, is the whole of this 

space. 

Applying it to each x in M and using an immersion ". the set of il, such that 

h, [ L is not onto is of dimension q. 、vhere q is less than or equaJ to p(2nl + 7Il 

-P-I)+융m(tn + 3) -1. Thus. by adjusting th따h따e d띠III뼈I 
can choose L on whiκch Iz, is ooto for all x in M. This means that any immersion 

of the form 

ch’ +DCul관=1.2， .... 송m(m+5) ) 

w iJJ be perturbaJe. where C’s are arbitrary. By taking ι to satisfy the intersec 

ting condition for a regular immersion. our lemma follows as well as g(u)드g. 

LEMMA 3. 11 M is globally hyþerbolic. tllen M con be isometrically embedding 
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p ‘ " .... __ 2 、호 2 t?lto IR • P==yr ”‘ (2m'+ 37) +;; "'. +1, bysol1ltiollsoft hed‘ Alember/iall equa!ioll 

Oll M. 

PROOF. Tbis lemma can be proved by using Lemma A, C, Lemma 1 and 2. 

Wc 、.\' ill omit the detailed proof. 

LEM~.lA 4. lf M is s1IIoolh and globally hyþerbolic Lorelltzian lIIa11lfold lOilll 

tμ metric g olld dt'’'11ension tn. there exists a nzaþpitlg μ :M-• IRi suclt tlt씨'le 
C01J’þonellts of ’'1 OTe solutio1ts 01 the d ’ Alemhertia1t equati이t Oll M alld g(u)드g. 

PROOF. Let ", be a mapping 01 M tO J R: wbosc components are solutions of 

the d’Alembertian equation. Take a covering of M as consisting 01 tbe d' AJem 

bcrtian coordinates charts 

" (U,. , (x' , x" • .. .. x'")) 

with 꽉n time야야，e -싸-
OX ‘ ox 

Let μ be a smooth mapping of IR' to JR" by 

~(x) = ( x. Þn(X)) 

such that IIdμ'1 = constant. þ = smooth periodic function with integer pericd a and 

μ("0) = ("0.0) . 

Let {ψi) bc a smooth partion of uni ty subordinate to the above covcring and 

U1(X)=U1( X1 , X
In
), i = 1, 2."' ,1}‘- 1. 

Define a mapp때 U of M to J R: by 

fμ ， (x) if XEU, 
1I (X) =l 

luμ. x"'(I -1"，)+ψ싸x"')) +(0. 싸2(감)1"]' olhcr“ Ise. 

where μ，. is component of μ. 

Using now Kuipcr’ s metbod [8) and approacbing n lo infinity. lhc Icmma can 

be complcte. that is g(u)드g. 

THEORE~ 1. lf a smooth 11Ia써fold M of dimellsioll 11‘ is globally hyperbolic. 

Ihen M cmz be isometrically embedded illto [It, by s씨o이111씨tI…l 

e떼qψ"씨‘ 

PROOF. Let g be the Lorentzian metric such as g = g , -c g, “ here gl is of rank 
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nz a nd signature 111-2, and g? is posit ive 

5 

Let u
1 

be the mapping given by Lemma 4 such that g(ι1)드'gl' Nm'l:, let 1{2 

be t he embedtting g iven by Lemma 3 such tha t g(ι2)=gl -g(“1)+g2' 

T hen, leI t lng u=zt l× 1t? t is the lSOmetnc embeddlng of M m I Rg. 

Young-Nam Univ ersity , Daegu, Korea . 
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