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Morphisms between Universal Bundles

By Seung-Ho Ahn

Let Vi (F") be the Stiefel variety of orthogonal k-frames in F*, and let G
(F™) be the Grassmann variely of k-dimensional subspaces of F™, where F=R
(reals) or C(complexes). Then Vi (F™) —Gx (F") with the canonical projection,
written @, is a universal Uy (k) —bundle ({1]), where Ur(k) is the group con-
sisting of all linear wansformations u | F*—F* such that (u(x) {uly))=(x]y)

for x, y& F* and (x | y) the nner product on F* such that
N x —
x= (21, e, 2x), y=(p. " yx) (x| y)"“‘:g‘ Xy .

Milnor gave a construction of a universal Ux (F) —bundle as follows (about
1955), Consider an infinite join
EWUr(k))=Ur(k) * Usrk) %
Each element of EUr k%)) is denoted Ey
@, uy==(touo, trur, " trux, ),
where t:&(0, 1) and v €U~ (k) such that only a finite number of t;+ 0 and 02
t:=1, In EUr{k)) we define ' "
G,uy=0",u" Yt .=t for each i and u,=ui if t,=t{ %0
and
EW: k) XUrk) —Ew EU k)
by G udae=(touo, trur, yx=ouox, Lruix, = ) for &, wEEWUk)) and
x&Ur (k). We want to introduce a topology on E(U«(k)) in such away that E (U,
(k)) is a Ur(k) — space,.
Define
te tEWUrk))—(0, 1] and s : 27 (0, 1] —Urk)
as follows. For each (t,u)= (fouo, Liu1, =)
te (Ct, wy)=t: ((omo, trur, ==+)) =11
which is the i-th component of ¢, and for (, w)€1:'(0, 1)
w (,u))=us ((Fowo, trur, ==+)) =u

which is the i-th component of u, It follows that
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2 Senng-Ho Akn

ui(ax) = we(a)x, tilax)=1t:(a)
for a€ E (Ur(k)) and z€ Ur(ﬁ).
The set E(Ur(k)) is made into a space by requiring it to have the

smallest topology such that the functions t; and u; are continuous for

all =0, 1, 2, . Then by the commutative diagrams
ti (0, 1 )XUr(k)———»¢t;' (0, 1] EUrk))XU¥rk)y -~-~EUr(k))
w:e X1 | boue P, | 1t
Ur(k) X Ur (k) ——>Ur (k) EWUsk))—>(0, 1)

i is continuous, where- isthe product operator of Ur (k) and p, is the projec~
tion on the first argument. Therefore E(Ur(k)) is a Us (k) -space. We denote
the quotient space E(Ur (k))mod Us(F) by BUr(k)). Then E{(Us{k))—B(Ur
(k)) with the canonical projection, written @ (Uy (k)), is a universal Ur (k) -bun-
dle ([1)). :

In this paper, we shall make a Ur(k)~-bundle morphism from w to @ (Ur(k))
(Theorem 5) and prove its property (Proposition 6)

As is well known, Gx(F") is a finite CW—compl.ex ({2)), and thus it is com-
pact. Moreover, the direct limit Gx(F’") of the sequence Gx(F") CGx(F™!) .-
of compact space is paracompact ({2]).

We know that the projection p : Vx (F™) — G« (F®) is locally trivial. For
each subset of k elements HC { 1,2, ---,n },- we define O, to be the open set
O(F,), where

(i) FH:;” Foy #F*CF" ((e1,--en) is the usual orthonormal base of F*),

(i) O(Fu)={WEGx (F") | W is not orthogonal to Fy §.

Then Oy is a locally trivialization domain ((1]), i e

., there exists a homeo-
morphion ky 1 Oy XUr (k) =p~' (Ou) such that the diagram

OuXUr (k) hy

* p7! (On)
Oy
is commutative, and

(iii) For each point W&Ou«, hs | WXUr (k) is a Ur (k) —map, i. e.,
hu(W Xzy) = (ha W Xx)) y

for x, y€Ur (k).

Loed

Definition 1. An open covering {U, }ies of a topological space B is numer -
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Morphisms between universal bundles 3

able if there exists a locally finite partition of unity{ . |s€s such that @i' (O,
1)U, for each .& 8. A principal G-bundles & over a space B is .numerable
provided a numerable cover { U; }«as of B such that £ U, is trivial for all i€

S, where G is a topological group.
Proposition 2. p IV, (F™) — G« (F™) is a numerable U (k) -bundle.

Proof) By thé description above { Ou } ucii. 2 .mpis & finite open covering of
Gx (F™) such that Vi (F?) | Oy is trivial. Hence there is a partition: of ' ~unity
{ eu },cp,;,‘..n} such that @' (0, 1)CO0k. - This implies that p [V (F*) — Gk
(F™) is numerable. q. e. d.

Lemma 3. There is a Uy (k) -map from V. (F™) to the join
EWUrk)) (k) =Ur (k) *-%Urk) (meCx-times).

Proof) We order { Ou tuc{t,..mx 85 {Qa,*-, 00} (g=mxCx—1). Let hn :0n
XUr (k) — Ve (F™) | On be an isomorphism defining the locally trivial character
of p Vi (F™) =Gy (F™), and let { @: }i.0, g be a partition of unity of {O:}
i=0,-q. We define g : Vy (F*" —E (Ur (k) )(mk) by the relation

g@)=(polp(@)) p, h3' (2)), - @ () p,ha' (2)),
where z&V, (F™*) and p, 10, XUr (k) —Ur (k) is the projection on the second
argument. We have to note that if k' (z) is undefined then @n. (p(2))==0. By
our definition and the condition (iii) above (i. e, hxn (za)=hz' (z)a for z&V, (F™)

and a€Ur (k)), for each a&Ur (k) glza)=g(z)a, and thus g is well defined(Note
q

that 3 @:(p(z))=1) . Since g is continuous, g is a reguired Ur (k) -map,
i=0

q. e. d.

Corollary 4. Let B(Ur (k))(mk) be the quotient E(Ur (k) )(mk)mod Ur &).

Then there is a Uy (k) ~bundle morphism (g, f) sati‘éfying the commutative diagram

Vi (F™9 g E(Ur (k) )(mk)

p p

G (F™F) . f - BUr (k) )Ymk),

where p is the bundle projection.
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4 Seung-Ho Ahn

Proof ) It suffices ‘to define a continuous function:f, For each W& Gk (F™Y) we
define such that
fW)=p-g- P (W).
Then, since p and P are projections and g is continuous, f is-continuous.

Also, p-f =P. g hold. q. e. d.
Theorem 5. There is a Ur (k) -bundle morphiom (g, f) | @ — & (Ur{k)).

Proof) By the description above G ( F™) is d paracompact space. Since p .
Vi (F?) =Gx (F*) is a locally trivial principal Upr (k) -bundle w= (V. (F™), p,
Gx (F”)) is numerable (({1]}). Therefore there exists a countable partition of
unity { @} ox: such that Vi (F=) | @7 (0, 1] is trivial for all i=0, 1, 2, +-
((11).

g. Ve (F*)y —=EUr (k) is defined by
g(z)=(po (P(z)) Po(hs® (@)),-, ex(P(2))
Px(hit (2), ),
where On=¢;' (0, 17, ko’ On XUrk)Yy—P ' (Os) is an isomorphism defining the
locally trivial character of @ and P, . On XUr (k) —Ur (k) is the projection on
the second -argument. As in the proof of Lemma 3 g is well defined. By

the commutative diagram

Ve (F™) g EW:k))
e

p 1 lﬁ

Gu(F=y T BW-%))

f is well defined, where P is the bundle projection. g¢. e. d.

Proposition 6. [f (g, f1), (g2, ) @ —@ ({Ur(k)) are Ur(k)-bundle mor-

phisms, f, and f: are homotopic.

Proof) Let @£ be the category consisting of all Us (k)-bundles over G (F~) and
all U, (k) -bundle morphisms. Then every morphism in & is an isomorphism ({1)).

Therefore we have
fl(@Us k))ZVe (F°)f* (@ (Us (k).

Since w (Ur (k) is universal, we have f1™f,. q. e. d.
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