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ON THE THEORY OF OBSTRUCTION

By HEE JIN LEE*

§ 1. Introduction

Recently, the obstruction theory has been extended to

(i) the cross section theory of fiber spaces ([3], (6])),

(ii) the foliation theory ((1]),

(iii) the theory of characteristic classes ([5)),

(iv) the extension theory of group rings ({4 )).
The purpose of this note is to prove one property with respect to (i) above.
That is, we shall prove that under some conditions for a fiber bundle

n . E-~+X(X is a finite CW-complex and each fiber is n-simple)

A%=Q3 (X, A; Ba)=H" (X, A; Bn),

where A is a subcomplex of X (Theorem13).

In §§ 2 and 3, we have explained and proved some terminologies and some
properties with respect to the obstruction theory which is needed to understand

Theorem 13. Finally, in § 4 we shall prove Theorem 13.

§ 2. Preliminaries

Let £ =(e,, -'-e,) be the standard n- simplex. For a CW —complex and a
singular n- simplex f | & = X with f(eb)j—:xe, there exists s continuous map
T AarXr! (x)—Y satisfying the conditions :
wof (2, y) =2, [ (eay)=y,
where 7. Y—X is a fiber bundle. For any two points z, and x: we put
NXs320, 21)={w [0, 1] =X | @ is continuous with w(0)=x, and
w(l)=x }.
Then, for each w €0 (X ; %0, x1) there is a continuous map

@ 10, 11Xz (xo)—Y such that
* This research is supported by Research grant of Ministry of Education in 1981
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mow b, y) =w (), w0, y) =y
Furthermore, if we put @=& {1 X7 ' (%) | 7 '(x0) — 2" (x1) then the homotopy
class of & is determind by the homotopy class & of w. If we put

(77! (xo), ' (x1) }==the set of homotopy classes from m™* (xo) to #™' (x1),
we write the above fact by &€ (7™ (xo), #™* (x1)]). In particular, & induces the
isomorphism @ . Hn(#™! (xe) ;G)—~Han (n™" (x1) ;G), where G is an abelian group,

In this note, we only consider the category F, which is defined as follows.
Every object of F, is a fiber bundle 7 ! E—X such that X is a finite CW-
complex and each fiber is pathwise connected and n-simple ([2]).

Every morphism of F, is a bundle map ((3)). Since each fiber of #! E—X
in Fb is n-simple for each z€X andZ&€a~'(x) mnln™' (x), &) =ma(n" (x))is
abelian for all n==1, 2, - . Moreover, for each w €0} (X;xo 21) and [w]=a
we have the isomorphism

& (7 (X o)——w 7n (7 (x1)).
Let us put
Bn(z) = (n" (x)), Bn(a)=(a")"", xE€X)
then we get a locally system over X ([21]).

lan = 1n : A" — A" gives the orientation of A" by [ 1.]€H" (", A™). Let
ox: (A", A")—(X™, X™') be a character map of a n-cell ex of X where X™ is
the n-dimensional skeleton. Then ¢, ([ 1.]) EH.(X™, X" V) =Ca(X) gives
the orieritation of ex. For a subcomplex A of X we put Xm =AUX"™. Suppose
there is a cross section §:X™—E. The obstruction theory rises from that whe-

ther or not there exists an extension s’ | X‘™' —FE.

Definition 1.  Under the above situation the (n-+ 1) — cochain
c™(8)EC™ (X, A i Bn) =H™'" (X™", X™ ;Bn)

is defined as follows. For a (n+ 1) —cell ex of X and a character map o=o,:
(™, A™1) — (X" X™) we have the induced cross section

o*s | A" —o*E, v
where ¢*x | 6*E—A™' is the induced bundle of ¢ : A™'—=X ™' CX. Hence
o* ECa™! XE, and for each u&A™!

(6®3) (u)=(u, sclu))E™ XE.
Since S"==A""' (homeomorphic) we may assume that [ 0™s lEn.(6*E, 0”5 (e0)).

We put
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[6*sl=c™' (s, 0)
For lA™ =1, : A™ A" we have that
™ (s, O)=(0"s) » (1) Emn(0®E), 0%s ().
In the fiber bundle ¢*x ; o*E—~A"™"!, since A™! is contractiblé we have
zZa((6% M (eo), (6%s) (e0))=ma(a™E, (6%s) (o))
in the homotopy exact sequence of 6*E({3], [51, and [6]). In our category
every fibre of a fiber bundle is homotopic, and thus
Bn(0(es)) =mn(n" (0(e)) Tma(0*E, (0%s) (e0)).
That is, we put
7 (6" (E), (6%) (e0)) “+Bn(0(e0))
U v
™! (8, O) ~mmmc™ (5) (ea),
where ¢™' (s)&€C™ (X, A; Bn). ¢™' (s) is called an obsiruction cocycle of a
cross section s : X=%~sE, (That ¢™ (s) is a cocycle can be proved, see (1],

(2.

Definition 2. We consider a fiber bundle # . E~+X in our category F,. Let
$, 8, - X™ —E be two cross sections such that
() solA=s, 1A
(ii) 3 a homotopy A : XV XI—E{I=[0, 1)) such that
h:.salff"'”‘)::'sl | Xv-v rel A
(for symbols see (3]). We are going to make a n cochain d" (so, 31, h)EC"
(X, A; Bn) as follows.
The fiber bundle X 1 ! EX I =X XI has the same fiber of E and also EXIE&
Fb. Then we have
(XXD)™ =X" =X "xTUX™" XI
and hence X XI™ =AXIU (XXI)™ . ‘A cross section h : X XI™—E is defined

»

as follows :
iz t), 1), (& t)EX»" XI
hix, t)=1{ (s, @), 0), x€X™, t=0
(s,(x), 1), z€X™, t=1
In this case Bn(EXI)==Ba(EXI) is the induced locally system from the locally
system Ba(E) (Note : Bn(z,t)=Ba(x)). For each n-cell ex of X we define
d* (so, 51, k) (ex) =(—1)" ¢ () (exXI) EBnl(o,(es) X 0)=Bn (e (eo)), and
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d™(s0, s1, h)is called a difference cochain of s, and s If 5 | X"V =g, | XV
and h (z, t)=s,(zx) ((x,t) €X™" XI) then we put

d (s, s .h)=d(s,s).
There are many properties with respect to obstruction cochains (proofs are om-

itted) ((2), [6)).

Property 3. Under the above circumstance

dd" (s, 8, h)=1c™" (s,)—¢™" (s,).

Property 4. For n>1 if a cross section so; X™ —E and a cochain d&C"
(X, A; B, then there exists a cross section s: | X° ~E such that

So | Xm—“ &nddu(So, 8!):!1.

Property 5. For a fiber bundle 7 : E—X&F, let 55, 81, s3 - X'™ —E be
cross sections such that |
hisol X" =g, | X* Y rel A, A’ 1s:| X"V s, | Xn-2rel A,
Then for a homotopy k : X' —E defined as

1
5 0Lt <
. (o t)z{h(x 2t) £17
, h (e, 2t—1), —z-vgtgl
we have

d"* (s, 8, B)+d" (51, 82, b7 ) =d" (s,, 5,, k).

§ 3. Obstruction sets and d” (s, s, 4)

Definition 6. For a fiber bundle z : E—+X and a subcomplex A of X, let s:

A—+E be a cross section. The (n-+ 1) —dimensional obstruction set
O™ (s)eH"" (X, A; Bn)
is defined as follows. If 5 is not extended to X™ —E then O(s) is the vacuous
set. Suppose s is extended to s’ : X —E then we have the cohomology class
[e™ (s")]€H™" (X, A; Bn) which is called the (n+ 1) ~dimensional obstruc-
tion element of s. We define
0™ (s)=1{ (n+ 1) —dimensional obstruction elements of s } .

By our defintion (Definition 6) the following can be easily proved.

(i) As section so==s: | A—E then O™' (s,) =0™" (s,),

(ii) If a cross section s : A—E can be extended to X'’ —E then O™ (s)
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(X, A,’ Bn).

contains the zero element of H"*'

(iii) if for every n>1
H™' (X, A; Ba)=20

then every cross section s : A—E can be extended to a total cross section X—E.

Let us consider two cross sections s,, s, : X—E such that s, | A=s, | A. If

there is a homotopy
h : X™" XI—E such that

hiso !l XMV s | XV rel A
then we have a difference cochain d” (so, s1,h) €C" (X, A; Bn).

Lemma 7. Under the above situation d® (so, s1,h) is a cocycle.

Proof . By property 3
&d™ (s,, s,, h) =c™** (s1) =™ (s,).

Since for a cross section s :X™ —E
s is extended to X"V —E&sc™! (s)=0, ¢ (s1)=¢"" (s0)=0. There-

fore dd” (so, s1,h)=0. |

Lemma 8. Under the above situation the homotopy h has an extension h™ !

X® —E such that
h* D50l XV=s1 1 X™ rel 4,
if and only if d" (so, s1,h)=0.

Proof . Let us put
J=XXI M=AXIUXX0UXX1

Jn =MUJ™ =(XX0)U X" XDHUXX1).
Define a map F :J ‘™ —E by taking
solx), x€X, t=0,
Flx,t)=1 h(z1t), X" €],
s (x), z€X, t=1.
Then F determines an obstruction cocycle ¢! (F) of the CW-complex J modulo
M. Since there is the isomorphism
. C"(X,A; Bs) —— C™' ({J, M; By
) ' U
& (50 1 X™ 50 | X h)es (— 1)1 (™ (F) =™ (501 X™) X0 —c™" (51 | X™)

X 1) ([2]), we have
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Pd™ (50 | X™, 81 | X™, h)=(—1)™" omt (),
Since F has an extension F’ :J™V —Fesc™! (F)=0 and $-is the isomomorphism
3 h¥ec™! (F)=0e=d"(so | X", s | X™ , B)=0.0

By Lemma 7 the cocycle d* (s, 1 X™, s, | X™ k) represents an obstruction

cohomology class

" (s, | X™, 5, | X", h))=0"(s0, 51, h) EH" (X, A; Bn).

Definition 9. In our category Fi for a fiber bundle =: E—X, let ¢ : X—E be
a cross section. We set
O=1{w::X™" —E|s is a cross sections }
W={welQ|s | A=wl A}
and @Wo €W such that wo=3s | X™'', We define
R™ (X, A; s)=m (W,w, )
which is a group.
The each element a of R*(X, A; s) is represented by a homotopy
h X" XI—=E such that
his|X™ =5 | X" rel A.
Therefore we obtain an obstruction cohomology class 6" (so, 50, h) €EH™ (X, A: Ba)

which depends only on a. There is a homomorphism

& (R" (X, A; S)— H"(X, A; Bn)
U Ui
apwm& (.Sa‘ 8o, h).

We also put &x{(R™ (X, A; s)=J3=J% (X, A; Ba) which is a subgroup of H" (X,
A; Ba).

We shall denote the quotient group
by QI=Q5 (X, A; Ba)=H" (X, A; Ba)/ J3.

Definition 10. For a fiber bundle # E-+X& Fs and.two cross sections s,. s, :
X—E with s, | A=3s, | A we shall define the n-dimensional obstruction set
0" (so, 1) CH" (X, A; Bn)
as follows, where A is a subcomplex of X. If
s | X F 5 | X™Y rel A
then O™ (so, 1) =¢. Now suppose that there exists a homotopy A | X™ " XI—E

such that A sol X" == s, | X'V pel 4.
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On the theory of ebstruction 7

Then there is the cchomology class ¢™ (30,_.&.;}:) €H" (X, A; Bn) Whif;h is  called
an n-dimensional obstruction elements of s, and s,. |
We defeine
O™ (s,, s,) = { n-dimensjonal obstruction element of s,, and s, }.
In the akove situation the following are easy to prove ((2]).
(i) For two cross sections so, s1:. X—E with s | A=s, | A
s, | X™=s | X™ rel A®0"s,,s,)=J%, (X, A; Ba),
(ii) s, and s, are the same as above. If
so | X™V =g | X"V rel A
then s, and s, determine a unique element X" (so, 51) of Q% (X, A; Bn).
Moreover
8o | XM =5 | X® rel Ae=x"(s,, s,)=0.
For a fiber bundlé n. E—=X&F, and a fixed cross section s . A—E, where A
is a subcomplex of X. We put '
Ss={w :X—+E | w is a cross section with s | A=w!l A}
Let 8 be a given (n— 1) —homotopy class relative to A of the maps S,, i.e.,
for s, s €60
5,1 X Vm=gi| X rel A, ol A=si | A=s | A.
Then € determines a subgroup J§ (X, A; Bn) of H" (X,.A; Bn) and hence . the

guotient group

Q3 (X, A; B))=H" (X, A; Bn) /J§ (X, A; Bn)
(see Definition 9). We have to note that
so 1 X™Y =38, X™V and 80 | A=a:] A=>J%,=J%,.

For each so& 60, by (ii) above every s €8 determines a characteristic element
X (s0, 51)EQE (X, A; Bn). An element a€Q%(X, A; Bn)is said to be sc~admis-
" sible if there is a cross section s: € # such that ¥* (5o, 31)=a' We put

A%, =the set of all so~admissible elements in @5 (X, A; Bn), which is called
the so-admissible set in Q3 (X, A; Ba). By property 5, for each bair S0, 1E 0
it is clear that

Alo=x™(s,, s,) +A%,.

Lemma 11. The n-homotopy classes relative to A of S, which are contained
in @ are in one-io-one correspondece with the elements of A%, for an a}‘bitrary
element s, of 6. .
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Proof. For s, €8 x"(so, s1) €A}, as before, where s, &8 x" (so, s1) depends
only on the n-homotopy class relative to A which contains s\ because of that if
s1 1 X™ =33 X™ rel Aand s, s:€6 by (ii) above.

X (30, 8,) —X" (85, 8,)=x" (3,,35,)=0.
Therefore, 7. s,~»x" (s,, 5,) definés a correspondence from the n-homotopy
classes relative to A contained in @ to A%, That 7 is onto follows from the
defnition of A%, Suppose y" (so, 1) =x" (5o, s:) then
X" (s1, 82) =X"(s0, 81)— X" (50, 82) =10

which means that s, | X™ =s: | X™ rel A by (ii) above.

§ 4. Main Theorems

In this section, we shall consider a fiber bundle n ; E~X&Fs and some pro-

perties of cross section 4 ;| X—E

Lemma 12. For a given cross section s, : X—E, if dim X<n-+1 ‘then for
each cohomology class uEQ% (X, A; Ba) there exists a cross section s, . X—~E
such that

X(so,31)=u, s, | A=s, | A,
where A is a subcomplex of X.

Proof. Take d€C" (X, A; Bn) with [d)=u. Then, by property 4 there exists
an extension s: . X —E of s, | X™" ! X' )—E such that d* (so | X™, s:) =d.
By property 3. we have

e™ (1) =~ ™ (s0) =dd (3o | X™ , 51)=dd=0.
Since so . X~+E is a cross section ¢™’' (so)==0, and thus ¢™" (s:)=0.
This means that s, has an extension XP+ =X -wFE, i.e., s is & cross section

of the fiber bundle n: E—X.1

Theorem 13. Using notations an in § 3, we have
A%L=Q3(X, A; Ba)=H" (X, A; Bn)
if dim X<n+ 1 and s.€6.

Proof. By Lemma 12, we have for a fixed element s, €6
{X" (so,31) | 50,8:€0=Q3 (X, A; Ba)=H" (X, A; Ba) /J3(X, A; Bn).

Since for sq, s1E€8
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On the theory of obstruction 9

J3, (X, A; Bn)=J% (X, A; Bn)

we have

Js (X, A; Bn)=J5 (X, A; Ba).
As in the proof of Lemma 11, since x* (so, s1) depends only on the n-homotopy
class relative to A which contains s, we have

Ji, (X, A; Bn)=1{X"(s0, 80) }.
By (ii)of § 3 X" (ss, s0) = 0 because of that so: X™" =X-+E is a cross section.
Therefore, by the definion of A%,

A%,=Q5 (X, A; Bn)=H" (X, A; Bn).
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