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ON A CLASS OF STARLIKE FUNCTIONS II

By SHIGEYOSHI Owa

1. Introduction

Let 8 denote the class of functions
F@ =+ 5 aer

be analytic in the unit disk U= {|z{<{1}. A function f(z) &S is said to be
starlike of order a(0<a<(1) in the unit disk U if
2f' ()
(1) Re { L }> «
for all z€ U. And the above condition (1) is equivalent to
| o () /f(2) =1 -1
2{zf" () /f (z) —a} — {2f' (2) /f () =1} )
O.P. Juneja and M. L. Mogra [3] studied the class of starlike functions
F)y=z+ Z}zanz"
in the unit disk U satisfying the condition
2) zf'(2)/f(z) —1 '< 1
28izf"(2) /f(2) —a} — {zf"(2) /f(2) —1}
for some @ (0<a<1), B(0<<B<1) and 2z U. Recently S. Owa [6] showed
some results for the class of starlike functions

f@=az—Laz  (2,20)

in the unit disk U satisfying the condition (2). Furthermore S. Owa [7]
studied the class of functions

f@=az— ez (a20)
analytic and starlike in the unit disk U satisfying the condition
(3) 2f'(2) /[f(z} =1 <B

2rizf’ (2)/f(2) —a} — {2f"(2) /f(2) —1}
for a(0<a<1), BO<B<1), 7(0<r<1) and z€ U.
In this paper, we consider about the class S*(a, 8, ) of functions

fl2)=z+ Z._:za,,z"
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analytic and starlike in the unit disk U satisfying the condition (3) for a
(0<a<1), B0<BLL), 7(0<r<1) and 2 U. The classes S*(a, 1, 1/2),
S§*{0, 1, (2r—1)/2r} ¢>1/2), S*{(1—p)/(A+7), 1, A+7)/2 (0<r=1
and S*(1—a, 1, 1/2) were studied by C.P. McCarty [5], R. Singh [9],
[10], K. S. Padmanabhan [8] and P. J. Eenigenburg [2].

2. A representation formula
In the first place, we require the following lemma.

LEMMA 1. Let a function
H(z)=1+bz+b,2%+...
be analytic in the unit disk U. Then H(z) is analytic and satisfies the condition

H(z)—1
G —a) —H@H =T | -°
Jor some a(0<a<1), BO0<B<L1), 7(0<y<1) and all =z€U if, and only
if, there exists an analytic function ¢(z) in the unit disk U such that |$(2)|
=8 for z€ U and

_ 1+ @ar—1)2¢(2)
HE = D

Proof. We employ the technique used by K.S. Padmanabhan [8]. Assume
that a function
H(2) =1+biz+byz2+ -
satisfies the condition
H(z)—1
2r{H (z) —a} — {H(2) —1}

for a(0<a<1), B(0<BL1) and y(0<y<1). Setting

_ 1—H(z)
WD = TG —a - B T

<8

we see that the function &(z) is analytic in the unit disk U, satisfies |2 () |
< B for z€ U and k(0)=0. Hence, by using Schwarz’s lemma, we get 2(z)
=2¢(z), where ¢(z) is an analytic function in the unit disk U and satisfies
[¢(2)1 <B for z=U. Thus we obtain

H(z)= 1+ @ay—Dh(z) _ 1+ Qar—1)z2¢(2) .

1+@r—Dkh(z) 1+ 0Qr—1Dz6(2)
On the other hand, if
1+ Qayr—1)z2¢(2)
H&) =1 D)
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and [¢(z)|<B for z€ U, then H(z) is an analytic function in the unit disk
U. Furthermore, since |2¢(z)|<Blz|<8 for 2€ U, we get

H(z)—1 B
2r{H(z) —a} — {H(z) —1} | |26 (=) | <p

for € U. This completes the proof of the lemma.

THEOREM 1. Let a function
Flz)==z+ ijza,,z”
be analytic in the unit disk U. Then the function f(z) is in the class S*(a,
B,7) if, and only if,

4) fR)==2 exp{—zr(l—a)ﬁ 1+(2j_(_ti)t¢(t) dt},
where ¢(z) is an analytic function in the unit disk U and satisfies |d(2)| <B

or z= U.

Proof. Let a function
f(z)=z+ Z_]za,,z"

be in the class S*(a, B, 7). Then, since the function f(z) satisfies the
condition (3), we can write

2f'(z) _ 14+ (2ar—1)z4(z)

f(z) 1+@2r—1)24(2)
with the aid of Lemma 1. Consequently we obtain

7l 1 2r(Q—a)é(z)
f(z) % 1+@2r—1)zf(2) ~
On integrating both sides of the above equality from 0 to z, we have the
representation formula (4).
Conversly, if f(z) has the representation (4), it follows that

zf'(z) _ 14+ Qar—1)z¢(z)

f(2) 14+ (2r—1)2¢(z)
holds with ¢(z) as in Lemma 1. Accordingly we have that £(z) belongs to
the class S*(a, 8, 7) with the aid of Lemma 1.

3. A distortion theorem
LeMMA 2. Let a function
flz)=2z2+ gzanz"
be in the class S*(a, B, 7). Then we have

14+ Qar—1)8!=| zf'(z) 1—(Car—1)8|z|
1+ (2r—1) 81zl SRe{ f(2) }S 1—(2r—1)Bl=]

for z€ U.
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Proof. Let a function
' flz)==z+ Z:}Za,,z"
belong to the class S*(a, B, 7). Then, with an application of Schwarz’s
lemma, the condition (3) implies that zf’(z)/f(z) assumes values lying in
the disk obtained by taking the line segment joining two points {1+ (2a—1)
Blzl} / {1+ (©@r—1)8lzl} and {1— (2ay—1)8lz1}/ {1—27r—1)Bl2]|} as diameter.
Hence we obtain

1+ ar—1)8lz| zf’ (2) 1—Qar—1)8lz|
1+ @r—-1)8l=l SRe{ (=) }‘<’ 1—-@2r—DBl=l

THEOREM 2. Let a function
f)==z+ .Y;.'za,,z"
be analytic in the unit disk R and suppose f(z)=S*(a, B, ). Then we have

|2]

[fl2) = 4 (27 —1) 8|z} 7707 @D

and
[ =1

If@1< 1— (27 —1)Blz|} &70-a7 Gr-D
Sfor 0=<a<1, 0<B<1, 0<y<1 and 7+#1/2. Further
lz] exp{Bla—D) |z} <|F()I<]z] exp{B(Q—a)lzl}

Jor 0<a<1, 0<B<1 and rv+1/2.

Proof. Since the function f(z) is in the class $*(a, 8, 7), we have
2f'(z) _ 1+ Qar—1)z4(2)
f(=) 1+ (2r—D=g(2) °
where §(2) is an analytic function in the umit disk U and [¢(z)|<p for
2& U. Therefore we obtain
) ff& 1 2r—a)é(z)
(=) z 1+ @r—D=6(2) °
On integrating both sides of (5) from 0 to = and taking real part of both
sides of the resulting equation,
f(z) ’___ f@& W _puffff® 1
z Re{log( z )} Rejo{ f@® —t_} dt
—rRel?l =2rd—e)é(2)
Re o{ i+ Gr—Dwe ¢
2l 2r(A—a) |4 () |
SJ o |14+Qr—1te% (te"")l-dt'

log

Consequently
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S =l 26y(1—a)
z < 0 1—-(27‘—-1)ﬁt dt
2= (o
51 log{l— 2y —Dlel}
— log {1"" (27’"1)}3] 21}27(1—-::)/ @r-1
for 0<a<1, 0<B<1, 0<r<1 and 7#1/2. Moreover

logl—j:%z—‘SB(1~a)ﬂﬂdt ~8(1—a) 2]
for 0<a<l, 0<B<1 and y=1/2. Hence we see that ,

]f(z) | < {1___ (27,_1)‘3|‘2;1|}2r<1~a>/ 2r-n
for 0<a<1, 0<<A<1, 0<y<1 and 7#1/2 and
f(2)] < 2| exp {8(1—a) |z}
for 0<a<(1,0<<8<1 and 7=1/2.
On the other hand, by Lemma 2, we have
zf’ (2) 1+ (2ar—1)8lz]
Re{ FZ62) }2 1+ (2r—1)8lz|
for 0<a<1, 0<<8<1, 0<y<1l and z€U. This gives

el 2 {on 220 <re 7

log

f(2)
1+ ay—1)pr 1 = 28r(1—a)r
1+@r—Dpr 1+ (2r—1)pr

for |z|=r. Thus we see that

Sz f(2) r —28r(Q—a)
log z =Re {Iog } = o 1+ (2r— l)CjSt dt.
Hence
log f(z) ‘ - (},1 la ) log {1+ (2y—1) 8}

=—log {1+ (2y—1) By} 2rit-=>/@r-b
for 0<a<1, 0<B<1, 0<y<1 and y+#1/2 and

l%—) >Bla—1)r
for 0<a<1l, 0<A<1 and y=1/2. Consequently we obtain
S A e
for 0<a<1, 0<{B8<1, 0<y<1 and 7#1/2 and
| f(2) | <|z| exp {la—1)]|=l}

for 0<a<1, 0<{B<1 and y=1/2. For equality we may take

_ 2

FlB= {1—(@2r—1) e} 2ra-®/ @0

for 0<a<1, 0<B<1, 0<y<1 and y#1/2 and

log
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f(2)==z exp {$(1—a)z}
for 0<a<1, 0<B<1 and y=1/2.

4. A sufficient condition for the class S*(q, 8, 7)

THEOREM 3. Let a function
FE@ =zt X aper
be analytic in the ungt disk U. If we have
®) 3 A=) +B(+1-2r—2ap)}| & <261 (1—a)

for some 0<a<l1l, 0<B<1 and 0<y< 1/2, then the function f(z) belongs
to the class S*(a, B, 7).

Proof. We use a method of J. Clunie and F.R. Keogh [1]. Assume that
the condition (6) holds. Then we get
[2f"(2) —f (&) | —=B|2r {=f" (z) —af(2)} — {=f" (2) —f ()}

= 2::2 (n—1)a,z" ‘*ﬁl2T(l~—a)z+§,;(1—2ar)anzn_— }Z‘z (1—27) na,z"

< £ a-Dlallsl={| 125 a~@= + 5 1—207) fare”
=5 a-2salall=l

< Z a-Dlallz"— |-zl -5 a-28lalizl"
~ % a-2mpn lal 217

(= 1)+ Bt 127 —207)} | a2 |~ 267 (1—a) | 2|

Ms

<

2

IA

0

for 0<a<1, 0<B8<1, 0<y<1/2 and z= U. Consequently, by the maximum
modulus theorem, the function f(z) belongs to the class S*(a, 5, 7).

5. The radius of convexity for functions in the class S*(a, 5, 7)
TUEOREM 4. Let a function

f(z) =z-+ 22 a,z"
be in the class S*(a, B, 1) with 0<a<l, 0<B<1 and 0<y<1/2. Then the
function f(2) maps

l2] < 1+70—a)—v7(1—a) 2F+r0—a)}
‘8 .
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on to a convexr domain if
14700+ viT-a 2 rra-a] | [fa-a)+ vEi-o i+ra-a] |

<pVrd—a) 2+7(1—a))
<Vr(l—a) 2+70—-a)}
This result is sharp.

Proof. We employ the technique used by T.V. Lakshminarasimhan [4].
Since the function f(z) is in the class S*(a, B8, 7), by using Theorem 1,
we obtain

2f'(z) _ 14+ Qay—1)2¢(z)
f(=z) 1+ (2r—1D=29(z) ’
where ¢(z) 1s an analytic function in the unit disk U and satisfies [¢(z) | <8
for € U. On differentiating both sides of the above equality with respect to
2 logarithmically, we get
L) 1+ Qar D) 2r(—a) h() 8 ()
S () 1+ 2r—1)26(2) 1+ 2r—Dz¢(x)} 1+ Qar—D=zg(2)}

Moreover we have

(7)

F |- 1- s/
g 1 1—|=?
for the analytic function ¢(z) in the unit disk U. Since
Re 14+ Cay—1)2¢ (=) }
1+ @r—1=z4(2)
_ 1+ @ar—1) (2r—1 |z¢(z) |2+2(ay+7—1)Re {zd (2)}
11+ Qr—D=zp(z) |2
> A+ (2ar —1) l2¢(z) § {1+ (2r—1) {2¢(=) [} < 1+ Qar—1) |20 (=) |

1+ @2r—1zd(z) 2 T 14+ 2r—1) 26 (2) |
and
29 (2) +22¢ (2) )
{1+ @2r—D=2d(x)} {1+ Qar—1)z¢(2)}

)
[¢']
N —

|26 (=) | + | 2%0 (=) |
1+ ©2r—1D lz6(2) |} {1+ 2ar—1) |20(2) |}
|26 (2) | + 220’ (=) |
1+ @Cr—D lz9(2) [}2°

A

we obtain

Re {1_1_ z2f" (2) }> 1+ Qar—1) 120(2) | 2r(Q—a) {29 (2) |+[2%¢ (2) |}
) 1+ (2r—1) |26 (2) | {1+ @Cr—1) l24(2) [}2

If we assume that

®) 1+|z6(x) 2—2{1+7Q~a)} |26 (2) | —2r(1—a) | 2%’ (2) | >0,

then we have
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2 f" (2)
Re {l—l- %) }>0.
Now, in virtue of (7), the condition (8) will be satisfied

1+ |24 (2) 2—2{1+7(1—a)} |26 (2) | —2r (1 —a)| 2|2 5‘1'f(!zz)l|22/ﬁ ~0.
Setting a=]z| and t=|z4(z) |, the above condition can be re-written as

Q1-a®)[1+2-2{1+7rQ—-a)}t]—2r(1—a) (lgaz_%z)>0’

that is,
©) tz{(l——az) +—21£151'Q—} % (1—a) Q47—
+1—a2—28r (1—a)a®>0,
where 0<{a<{1 and 0<¢<pfa. If G(z) denotes the left hand member of (9),
then we see that
¢ ®-2{a-a +—27—<{6,:'Q-} —2(1—a) {1+7(1—a)}.
Hence get G’ (t) =0 for

t=it;=

B(1—-a? {1+r(1—a)}
B(1—a®)+27(1—a)

Furthermore

G (@) =z{(1~a2)‘+ﬁ(—1/—3‘—“)—}>0,
for 0<(a<{1. Now #;—pfa is positive and negative with

Bad— {1+r(1—a)}a®— {f+2r(d—a)}at+1+7r(1—a),
respectively. Let
E(@)=8a2— {1+rQ1—a)}®— {f+2rd—a)lat+1+7(1—a)
and let ay be the positive root of E(a) =0 lying in the open interval (0, 1).
Then E(a) is positive for 0<{a<laqy and so #>pa. Consequently G’ (¢) is
negative for 0<¢<fa, G(Ba)<G(t) and the condition (9) is satisfied if G
(Ba)>0. This is equivalent to
BfPa?(1—a?) —2Ba(1—a? {1+7(1—a)} +1—a®>0,
that is,
(1—-a?) [fa?—-28{1+7(1—a)}a+1]>0

which holds for

e LHrd=—0) = Vr(}%—a) 2+7Q—-a)}

Moreover we can show that
gy > 170 —a) — Vr(}}—cx) +rQ—a)}
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if

1+7(0—a)— Vr(l—a) 2+71—a)} <B<1.
The condition on 8 implies that
0= = YA Bl o

and so

o= 1+7’(1—a)—~/7(2—a) +rd-el

if E(a;) is positive. Further E(a;) >0 is satisfied if
(10) Vri(l—a) 2+7(0—a)} F
~2r(1-a)(1+7(1—a) - vy(1—a) 2+7r0—a)} )8
—(+r(1l-a) - vV7y1—a) 2+7r0-a)} )
XVy(d—-a) 2+7yQ—a)} >0
which holds if
o> 1+7(d—a) = vy(Q—a) 2+70—a)}
Vr(l—a) 2+7r(0—-a)}
XrQ~a)+v2r(d—a) {+7rQ—a)}l.

Let
Cla, 7)=

1+70-a)— vy —a) 24701 —~a)}
ViQ—a) 2+7(1—a)}
XGA—a)+ vV2r(l—a) 1+7y 1—a)}]
If 3=C(a, 7), then we have
_ Vil—a) 2+7(0—-a)}
r(l—a)+ v2r(1—a) {I+7 1—a)}
_ - - vr(d-e) 2+rQ—~a)}
B

20

This shows that

|z <<

1+7(—~a) = vVy(1—a) 2+7r(0—a)}
8
is mapped on to a convex domain by f(z) provided C(a, 7) <B<1. To see
that the estimate is sharp we choose
flo= 1+ (27.__1)[322} ra-a7 G-
so that f(z) €S8*(a, B 7) while

zf"(z) _
1=
when o 1+70—a) = Vr(1—a) 2+7r(1—a)]

ﬁ k4
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0<a<l, 0<B<1, 0<y<<1/2, so that f(z) is not convex in any disk |z|<R
if R exceeds

1+t7(d—-a) =~ v7yd—a) 2+70-a)}

8
Furthermore, for 0<a<{1, 0<B<1 and 7=1/2, we ought to choose

f(z)=zexp{fla—1)2}.
This completes the proof of the theorem.
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