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A Common Fixed Point Theorem in Saks Spaces

By Keun Saeng Park
Gyeongsang National University, Jinju, Korea

Resently, some fized point and common fixed point theorems for commuting mappings in complete
metric spaces are proved by S.S. Chang [5), K.M. Das and K.V. Naik [6], K. Iseki (7], G
Jungek (8,9 and S.L. Singh (13, 14, 15).

In this paper,applying some common fixed point theorems of K. Iseki (7] and S.L. Singh (13)]
for commuting mappings in a space with two metric, we shall prove a common fixed point theorem
in Saks spaces.

Some properties and definitions for Saks spaces are given in [1-4, 10-12, 16)

Let X be a linear space. A real-valued function [-| defined on X will be called a B-norm if it
satisfies the following conditions:

(1) lz}=0 if and only if z=0,

@ lz+yl<lzl+lyll,

(8) llazl=|e|llzll, @ being any real number.

Each real-valued function [+| satisfying the above conditions (1), (2) and the following one:

(4) if the sequence {a,} of real numbers converges to a real number a and [z,—z|—0 as — o0,
then |a,z,—azl|—0 as n—co will be said to be an F-norm.

A two-norm space is a linear space X with twe norms, a B-norm ||+||; and an F-norm |l«||,, and
denoted by (z, I+, II+/l2).

If two norms ||-||, and |+|; are defiined on X and z,&X, ||z,},—0 as n—co implies }|z,[,—0, then
the norm [+||; is called non-weaker than ||+][, in X (denoted by [-{o<[<lly). If |-1.<[l-}; and
fell;<ll+lls, then the norms ||+}l; and |+||, are equivalent.

A sequence {z,} of points in a two-norm space (z,|+|lj, |*|ls) is said to be y-convergent to z,

in X (denoted by z,L,z, or y-lim z,=z,) if suplz,);<lco and lim|z,—z,];=0 and a sequence
n-eo ] n—oo

{z,} in a two-norm space is said to be y-Cauchy if (£,,—2,,)-L0 as P, gn—oo.
A two-norm space is called y-complete if for every r-Cauchy sequence {z,} in two-norm space,
there exists z,=X such that z,7,z,.

Let X be a linear set and suppose that |«|; is a B-norm and ||-[; is ar F-norm on X. Let
X={zeX;|z];<<1} and define d(z,y)=|z—yll; for all z,y in X,, Then d is a metric on X; and
the metric space (X, d) will be called a Saks set. If (X,,d) is complete, it will be called a Saks
space and denoted (X;,d) by (=, -}, II*ll2).

In [10], W. Orlicz has proved the following:

Theorem 1. Let (X, d)=(X, "I, lI-12) be a Saks space. Then the following statements are



equivalent:
(1) +lly is equivalent to ||+]ls on X.
(2 (X, I+l is a Banach space and |+|,2>{+] on X.
) (X, |l*ll2) s a Frechet space and ||+],>| |z on X.

Now, we are ready to give our main theorem.

Theorem 2. Let (X,,d)=(X, |-, |-ll) be a Saks space which |+|, is equivalent to |-l; on X.
If two commuting mappings S and T from X into itself satisfy the following conditions:

1) $&XHcTX),

2) 18z—Syl.<a{l|Tz—Sz|o+ 1 Ty—Sylls} +B{I| Tz~ Tylla+ | Ty—Sz|3} +7liTz—Tyll; for all z,y
in X, where a, B,7 are non-negative and 2a+28+r<1,

(38) S and T are continuous with respect to |-||;.

Then S and T have a unique common fixed point in X,

Proof. From (1), we can define a sequence {z,} of points in X as follows: For z;=X, let z, be
such that Tz,=Sz,, in general, choose z,.; so that Tz,,,=Sz,.

Then by (2), we have | Tz — Tz,lly=S2s—Szs-1l:<a{| Tzu— Szall2+ | T20oy — S2ps 2} + B {[| T,
— 82, 1lla+ 1 T2n1—Sulla} +71 T2 — T20ey 1 <N T2n— T2 s [l | Tey — Tzoll, where 0<p=(a+ 5+
7)/(1—a—B)<1. Therefore by Theorem 1, since | Tz,4;—TZ,],—0 as n—00, | Txpe— T,]l;—0.
This shows that the sequence {T'x,} is a Cauchy sequence with respect to |-, and from Theorem
1, since (X, |-|ly) is a Banach space, {Tz,} has a limit point ¢ in X, ie., ]|Tz,—t|;—0 as n—oco
and also in view of Tz,.,=S8z,, |Sz,—t]|;—0 as a—co, Since S and T are continuous with respect
to {|+|l; we have |STz,—St}j;—0 and [|TSz,— Tt]|—0 as n—oco. But since S and T commute, St=Tt,
and hence,

(4) TTt=TSt=8Tt=SSt.

Therefore by (2) and (4), St=3SSt, and so, St is a common fixed point of S and T. Uniqueness
of the common fixed point of S and T follows easily.

As an immediate consequence of Theorem 2, we have the following:

Corollary 1. Let (X, d)=(X, ||-l1, |+ll2) be a Saks space which ||-|, is equivalent to ||+|, on X.
If two commuting mappings S and T from X into itself satisfy the following conditions:

(1) S*(X)CT(X) for a positive integer n,

@) 187 z—Sy.<a{|Tz—S8zl2+ (| Ty—Sl:} + 81 Tz— Syl + 1 Ty—S"zla} + 7| Tz~ Tyl, for all
z,y in X, where a, B, are non-negative and 2a+28+7<1,

(3) S and T are continuous witk respect to |- |,.

Then S and T have a unique common fized point in X.

In case T is an identity mapping, the following corollary is obtained as a special case of our
theorem.

Corollary 2. Let (X,,d)=(X, |||, |+1l2) be a Saks space which |||, is equivalent to |+{;. If a
mapping S from X into itself satisfies the following conditions:

Q) 18z—Syll:La{llz—Szl2+ ly—Sylz} +Blla—Syllo+ ly—Szlz} +7ilz—ylla, for all z,y in X, where
a, B,7 are non-negative and 2a+2p+r<],



(2) S is continuous with respect to |-|,.
Then S has a unique fized point in X.
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