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W ALSH FUNCTIONS AND GENERALIZED ALMOST CONVERGENCE 

By Dr. Mursaleen and S. K. Gupta 

1. l ntroduction 

The Rademacher functions are defined by 

ho(x)=1 (o<x <공). ho(x) = -1 (웅드x<I). 

ι。(x+1)=ho(x). h.cx)=ho(2"x). (,,=1. 2. 3 • ... ). 

The Walsh functions are then given by 

rþo(x) =1. Ø/x) = h, (x). hzCx). .... hn,(x) 

for n = Zn‘+ zn‘+ ... 十2n，. where the integers "i are uniqueJy determined by 

<...lb i + 1 、

Let f(x) be an integrable function in the sense of Lebesque jn [0.1] and be 
∞ 

periodic with period 1. Let the Walsh-Fourier series of f(x) be ε-::，anø.cx). where 
n=l 

(1.1) an= J~f(x)rþ.cx)dχ 
"\Ve shall now enumerate jmportant properties and results concerning \iVaIsh

Functions which have been obtained by Fine [1] and which have played a 

significant role in the theory of Walsh • Fourier series. 

For each fixed x and for a[most all t. the equation 

(1. 2) øιx+ 1) = çí"Cx)rþn(t) holds. 

for each fixed x. 

(1. 3) 이
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and 

(1.4) Jo" f( I)Ø,.cx + t)d서Jf(x+씨，(1) dt 

Let 

Jþ) =fc싫(I)dt. k = O. 1. 2. 

J;Cy)=k Jiy) . 

For k는1. we write k=2"+k'. where 
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O드1/ <2n• 11 =0. 1. 2. we have also 

(1.5) J .(y) =2- (. +2) (ø.1(y)-울 2-r ø?n+ψ)) 
r=l +Il 

It is easy to see t hat 

( 1. 6) 2’t+2Ik[ y)=0. for y = 0. 1. 

a nd 

( 1. 7) 1 J;(y) 1 든M for all y and k. 

Let B . (x) denote the sequence {ka얘.(x)). where a. is Walsh-Fourier coeffi

cicnt of a fUDctioD of bounded variation. 

Thc matrix A = (a.,) is said to be (c, F .rø), .. (see [3)) if and only if 

(i) N ( A) <，∞ and there exists a wholc number r 2 0 such tha t 

(iωωi“ii) l i때im εbι’1111…"μ’ ’• n 

sup ..c l..c õ .. .(i) a샤 1 <，∞， 0드i<，∞， r츠m<∞. . " 
( iii) Iim ζ’bm，，(i) ..ca •• = 1 uniform in i. 

’"n R 

2. We shall prove the following theorcm 

THEOREM. lf AE(c , F Sf! )"g' Ihen for eνery fEBV [0, 1] and f or eνery xε [0, 1] 

lim εbm，，(i) ..ca". B.cx)=O 
m一∞ ’‘ R 

""iformly i ’‘ i , l/ alld 0ηIy if 

lim ..cbmn(i) ..can• J;(I)=O 
m_∞ ” ’ 

umformly in i for every tε [δ， 1]. δ> 0. 

PROOF OF THEOREM. We have by virtue of (1. 2) and (1. 4) 

우b’””(1) Z% 따(x) 

=온bnl/l(i) 우ank(kak 와(:c:)) 

=εbmr.(i) ..ca써kL~f(1) ø,(t) Øk(x) dt) 
n R 、 ιu

ZEbm, (,) 우an.(.꽤/(1) 따(x+ 1) dt) 

=투bm/i) 동a .. (반;f(t + :C:)Ø.(t) dt) 
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= L.-'b N，.(η 도싸k[f(x+ I)j(I)lr-=bml(t) =aldf(x+t)μ(1) 
'1 t u ’ ‘ "U 

= 1,- 12, say. 

Hy vir' uc of condi Lion ( ii) of Thcorcm S (3) . 1,-0 as 1/ -'∞ uniformlr in i. 

Now, it Î:; su f( fi dcn L to show 니1Ut 

(2. 1) 1딘foldf( r+ t)K” ’(1) - .0. as '"→∞ 
un iformly în i , whcrc 

K •. ,(t) = Lb",.ci ) ~a"k 1;(1). 
" . 

~OW Iη virluc of condilion (i) of Thcorcm S [3J wc havc 

( 2.2) IK •. ， (I) I 드M. i~ O. 1. 2. 

It is C3 、r lo ; how lhal (2.1) is cqui、 alcnt lO 

( 2. 3) J: K •. ,ct )df( X 11) - .0 aS /11-'∞ 
\.1 1111‘'nrmly in ι 

l lcIlrc b)' a : hc1rcm on thc wcak c(}n\'cr~cn l:c of s('qucnccs in the [janach 

~pa"'c oi a Jl cClnli numls function [4, μ I:l l] a nd , hc facl 니，al I j( n. ,(1) I :...cM fo , 

“11 11. i and t드 [δ， lJ , ò', .0. Now. thi .:i complClc5 thc proor of lhcorcm~ 

Th c “ uthor wi~h cs LO t、 press his gnHcf lJ l th“nks tn Dr. %. U. Ahmad rOl 

hclp and p;uidcncc frnm hi l11 . 

HE.\ I \RK. I r we <: hOO:5c thc malri 、 8 τ g;o - (l). ou r Ihcorcm rcduccd 10 

Thcorcm 1 and for g; -g;, il will UcCO ll1C T hcorcm 2 .. 1' ,\ . 11. Sidd‘qi (2) 

REFEI! E1\CES 

DCJlun mcnl of‘ 시al hcrr:a: Ït.."fi. 

Aligarh 、 lu .. lim l T ni \'t~~r:s ilr， 

Alig‘,rh 2O:lOO1, 1 ndia. 

[1 1 :\. J. Fin('. 0 11 /lte Walslt.ful1이iOlls . TI ‘IIl ~ . AIl1<:r. \1 <1 lh. :-;0‘. 6G(1 91~lì . 37:!- ,1l 1. 
i~) .\ . 11. 씨d <.l iqi. O/t /lIc summaMlily 01 a seqllcllcc 01 rva!shI…Icl iollS . .1our. or (ho 

/\ \1시 ra !ian !\ blh. Soc. Vo1. lOCH1G9) . J85-3 !J 1. 

[:1) 1>1. Slie~lilι EiJl c V crallgc1J/eiJfe l'Ì Jlg des ßegnJh dC$ F (J st f( oJll'ergcu .z. M~l1 h 

j ‘ L[ .:I’1. lS( t!Ji:n . 53- iU. 
[11 ~ . Il‘tnach. T heoric dcs oþeralìolls /iueo;rcs. ( 'ιtr:':I \\ a , 1‘’32). 


