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STANDARD HALFRINGS AND STANDARD IDEALS 

By Louis Da1c 

1. In tro깅uction 

The concept of a fing is derived f fom , and is a gencralization of thc al .Çcbraic 

pr야Jerties of the set of intcgers. A semirîng is a gcneralization of the al gebraic 

propertics of the set of nonnegative intcgers. Thus the conccpt of a semiring is 

much morc gcn8raì than that of a ring. Consequent]y, thc c1ass of scmirings 

may bo subdividcd into a number of subc1asses. One of thc morc i:ltcrest ing 

subdasscs 01" ~r.::mi rjngs is thc class of halfrings. lIaIfr ings am those scmirîngs 

capab~c of being embeddcd in a ring. Thus it is possiblc to movc freely írom 

thc study of r.~.llfrin，;;s to thc study of rings, and convcrscly. In this pap:-r. wc 

"ill look at the struclurc of halfrings. identify ccrtain types of hal fring3, and 

dcrerminc SD :-:J.C of thosc propcrtìcs of rings that are inheritcd by hal:rings. \-γc 

wili 0.150 1。이， at the rclaLion bêtween idea1s in the haliring and iàeals in thc 

correspon c1 ing ring 

2. The c1assification of halfrings 

A scmiri1zg is a nonempty sct S togethcr v{ith t,'lO binary opcrations called 

add:tion (+) and mul tiplication (. ) such that (5. +) i5 an abclian semigroup 

with a zero, (S •. ) is a scmigroup. and mu ltiplication is distributivc over additioi1 

from both the 1eft and thc right. \Ve caU a semiring S comnzulativc ií ab=ba 

for aI1 a. bε5. A semiring with the cancellation property rc1aLivc to addition 

will be called a halfrillg. 

Let H bo a halfring and H=H x Ii. In H. definc (μ. k)=(ι， ι) if and only 

if h + k' =ι +k. Since H has the cancellation property. it is an easy mattcr to 

show tbat equa1ity in H is an equivalence relation and consequcmly. partitions 

효. lf we define addition and mu1tiplication in 효 by 

(h. kh(ι’. k’ )=(h+h’ . k . k') and 

(11. k)(h’ . k')= (Jzι + kk' , Izk’ + kh’ ) 

then it can be shown that addition and mu1tiplication are weI1 defined and 갇 IS 

a ring with respect to these operations. A150, thc mapping ø: H • H given by 

h" = (lz. 0) is an injection and it fo11ows that Ii is cmbedded in 강 lf we identi fy 
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the ordercd pair C“, 서 with h- Þ.. then H = {h- 서 Iz. kEHl will be called the 

ring of diffcrcnces of H. It is clear thnt H is the st!la lJcst ring containing H. 

i. e.. thc intcrscction of a11 rings containing H . \Ve summarizc t his information 

in the following theorern. 

THEOREM 2. 1 CEmbed버ng) . Au)' !zalfriug H CC1! be enrbcdder! Ïit a ri’!g. T lle 

small est st!ch rillg con!ailling H t's the γillg H. 

We now want to identify celtain types of halfring. To do this we will usc 

the folJowing definition 

DEFDllTlON 2. 2. A æmiring S is called a slηct semirillg if a.bES and aïb 

=0 impJy a=b=O. A slγicl halfrillg is defined similarly. 

Thc sct of nonnegative integers Z + is a strict half ring as wclI ns the set 

M"CZ+) of alI Il X 1I matrices ovcr Z +. 

The strictness property enabJes us to characterizc and invcstigalc thc structure 

of ha1frings. Since every halfring conLains a zero clcmcnL 0 and {o} is a ring 

with rcspect to the operations in H . it fo l1ows that cvery ha1fring contains a 

ring. '\Vhen we say that a haUring H contains a ríng R. 、，vc wi l1 mean RζH 

and R is a ring wi th respect to t hc opera tions in H. T he rolloψing thcorem 

glves us a starting pomt. 

TH EOREM 2.3. Lel H be a Izal f ri l1g alld R a rillg such Ihat RCH. Thell H 
is stη cl if and on[y if R= {이 

?ROor. Soppose H is stric!. RζH and aER. Sincc R is a ring. -a든R 2nd 

a +C - a)=O. From H being s!ricl. it follows that a= -a=O. Consequently. R = 

{이 • 0 0 the otber hand. suppose for any r ing RC H it fo llows that R = [0) and 

supposc furthcr that there are elemcnts a. bE H wi th α + b=O. Since a. bE1fεH. 

it íollows that b= - aEH. Consequently. R ’ = (a, -a) . the se! of aJl sums and 

products of the eJements a and 一 a. is a ring contained in H. T o see this. ncte 

that R' consists of all sums of elcments of !he form 1lla' where 1ItEZ. Z thc 5e! 
k 

of iotegers. and I능1. T hus tbe eJements of R' arc of the form ε m;a‘ πhere 

1II, EZ. lt is clcar that R' i5 closed under addi tion. Since C1Ila')C，싸)=mlla‘" ’ lt 

follows that R ’ is closcd under multipJication. Now -aER' assures that the 

inversc of cach eJement of R’ is in R'. The distributive and associati,-e properties 

aæ .nherited from H. Consequently, R' is a r ing contained in H . Therefore R’ = 



Staltðard Hal!rùtgs alld Stalldard 1 deals 

{이 때d it follows that a=O. Thus a =b=O and H is strict. 
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Let H bc a halfring. H its ring of differenccs. and H* = ((0. b) I bεH)= 
(-b lbEH). Either HnH*={O} Or HnH*#{이 and we have thc following 

coroIIary. 

COROLLARY 2. 4. A Izal!r…g H is slricl iJ alld o/l fy iJ HnH‘= {이 . 

PROOF. lf HnH*음 {이 • then H contains a ring. For if :cEHnH‘. then x. 

-xEH and it foIIows from the proof of Theorem 2. 3 that J = ( :c. -x> is a ring 

in H. Therefore Theorem 2. 3 assures that H is strict if and only if J = {이 and 

it follows that H is strict if and onJ y il' HnH응={이 • 

、，Vith this information wc can n。π c1assify a halfring according to whether or 

not it contains a nOllzero ring. A halfring H will be called a slalldard IIal/:η J1g 

if H is strict. A halfring H will be called semislalldard if H is not standard. 

Jt is possible to rcf ine lhcse two cJassifications even furrher. :--lole lhat if H is a 

halfring we always have HUH‘ CH. Jt may be that HUH* = H or HUH*，즈H. 

ì\'e will caII H a Iyþe J ;wl!rùlg if H = HUH* and a Iyþe n lzafJrit!g if H # 

HUH*. Consequently, OU l" two major c1assificarions of halfrings are standard and 

scmistandard. Each of thcse ciassifications are refin ed to give subclasscs of typc 

1 and lypc 1l. ìVc now give examplcs of cach of these classes. 

EXAMPLES 2. 5. (i) The sel H =Z+ of a l1 nonncgative integcrs Wilh thc usual 

매eraLions is a stanàard half ring of typc 1 . It is clcar that H is strîct. For H‘ 
is the 5el of a lJ mnposilive imegers. and it is c!ear lhat HnH*= (o) and H = 

HUH‘. 
Recall t hat an ordered ηug is a ring R rogether ,vith a subsct P of R such 

that 

(1) 0앞P. 

(2) if aER thcn eithcr aEP. a=O. or -aEP. 

and (3) if a. b드P lhen a+b and abEP. 

If wc put OEP and let P ‘ = { - a I aEP}. t hen P is a standard hal ‘ jing oi typ..: 1 . 

For clearly. R= P = PU P* and pnp*= (o} . Consequcnrly. any ordered ring 

contains a standard hal fring of typc 1 . 

(ii) The sct K=Mιz .... ) oÍ a11 2X2 matriccs ovcr Z+ 15 a standard halfring 

of rype ll. . lt is r:llher obvious that K 1S strict. ~OW K* is set of 2X2 mat riccs 

Wilh nonposilivc cmries and K= A!o(Z ) . AIso wc have KnK‘=(이 ，，"hα c 0 lS 
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thc zero matrix. Since there are matrices in K with both negative and posítivc 

entries, it fOJJ01VS that K:7'KUK* 

(iii) Thc set H =Z+XZ with the usual componcnt、vise operations of addition 

and mul[iplication is a semistandard hallring of type 1. Clear1 y H=Z XZ, 

H용=Nx Z. w’here N is the set of all nonpositive imegcrs, and HnH*= (ω， 11) 

I/lEZ) 르Z is a nonzero ring contained in H. Also. it is ea양 to see tbat H = 
HUH용-

(iv) Thc sct H=ZT XZ~XZ with the usual componentwisc operations of 

addition and multiplication is a semistandard ballring 01 typell . Now H = Z X 

Z x Z , H*= N x N x Z, where N is thc 50t of all nonpositive integers, and HnH‘ 
= [(0,0, 서 I nEZ) 르Z is a nonzcro ring contained in 1/. It call be casily shO\vn 

that H 'i"HUH*. 

A few remarks about standard halfrings. lf H is a standard halfring of typc 

1 , then H is an ordered ring with lhe set P being H - (0) . lf H and K are 

standard halfrings of type 1 , then H x K is a standard halfring of type ll . A 

standard ha1 fring H 01 typc 1 is nice to work with since HnH‘=(이 때d 7l = 
HUH*. For the remainder of this paper wc will assumc that standard hal(ring 

will mcan standard halfring 01 type 1 

3. Ideals in a standard Jmlfring 

If H is a commutativc balfring πith an identi ty , then it foJJows tbat H is a 

commutatÎvc ring with an identity. 1n what follows wc will assume that aU 

halfrings are commutative with an idcntity. 

DEFNITION 3. 1. A nonempty subset 1 of a half ring H is called an ideal of 

H if for a, bEI and hEH 
(i) a+b and abε1， 

and (ii) ha and 찌르1. 

)low there is a natura l rcIation bctween ideals in a halfring H and idcals in thc 
ring 7l. If J is an idea1 in 강 lhen it is straigbt forward to show that JnH is 

an idcal in H. On lhe other hand, if A is an ideal in H , 、ve want to relatc A 

lO SQmc ideal in H. Since A is a subset of H the ideal A’ =n (I II is au ideal in 

갇 andAζI) is an ideal containing A. ~ow Ict A= [a-bla, bEA}. 

THEOREM 3.2. 1 f A is a1l ideal … H , thell A is all ideal 씨 파. 

PROOF. Suppose x， yεA and a E 71. Now x =a -b, y=c-d fo r some a, b, c, d 
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EA. and it follows that 

x-y=(a-ó) - (c -d)= (a+ d) - (b+ c) EA and 

xy = (a-b)(c-d) = (ac+bd) - (bc + ad)EA • 

.'\150 a = þ-q for some Þ. qEH and it follows that 

αX= (þ-q)(a-b) = (pa+qó) - (qa + Þó)EA. 

This is c1ear since A is an ideal in H . T hus A is an ideal in H. 
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Sincc ACA it foll。、vs t hat A’ζA. But any ideal containing A mU5t contain A. 

Thu5 AζA’ and it follows that A =A'. Therefore we can associate thc ideal 

AζH with the ideal AζH. )low it is not generally true tbat if A is an ideal in 

H. then A = AnH. To 5ec thi5, let H =Z + and A = (O, 6, 8, 10, " ') . )1。、.v A= 

(2) , the ideal in Z generated by 2, and An H = Anz+ = (0, 2, 4. 6. …} ￥A. Thu5 

it may happen that A and B are ic1eals in H with A = B but Ar' B. 

DEFIK ITION 3.3. An ideal A in a balfring H is called a stalldard ideal if 

A=AnH. 

We note that if H is a 5tandar c1 halfring and J is an ideal in H. then J n H 
is a standard ideal in H. Recall from the literature that an ideal I in a semiring 

S is called a k.ideal (subtractive ideal) if a. a+ ó드1 and bES imply bEI. In a 

halfring, the notions of 5tandard ideal and k.ideal arc equivalent. 

TH EOREM 3. 4. Lel H be a standard ilal/ring aηd A all ideal ill H. ThC1l A 

is a slalldard ideal i/ alld o1lly if A is a k.ideal. 

PROOF. lf A is a standard ideal and a. a + bEA with bEH, then b= (a+ b) 

aEA. Conscquently, bEAnH=A and it fo lIows that A is a k. idcal. Convcrscly, 
supposc that A i5 a ι ic1eal in H . Clearly, AζAnH. Assume xEAn H. Then 

xEA and xEH. Now xEA give5 x=a-b where a, óEA. Thus a=b+ x and A 

being a k.ideal assures that xεA. Conscquently, AnHζA and it follo1\'s that 

A =An H and A is a 5tandard ideal. 

lf A is a standard ideal in a standard halfring H , then from A=AnH it 

follows that A - AC강-H. We will now look at some of t hc proper ties of A 

carried over tO A and somc of tbe properties of A inberited from A. 

T HEOREM 3. 5. Let H óe a stalldard I!al/ring a1i떠 P a standard idea! ;n H. 

Then P is p,.ime if and 0 1lly if P is þrime in H. 

PROOF. Supposc P is prime in H and aóEP. Since H is standard, eitbel 

abEP or aóEP- P. If aóEP tbe theorem follows easily. If aóEP- PCH - H , 
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lhen - ab EH. Thus -abEPnH=p. Hcncc eithcr -aEP or bEP and it 

follow’s that • (-a)=aEP or bεPcJl. Conscquently, P is a primc ideal in H . 

Con\'crsel\" supposc that P is a primc ideal and c, dEH such that cdEP=pnH. 

Thcn cEP or dEP and it fol1o、、 s that cEPnH= p 0 1' dEPnH=p. Conscquen. 

tl;., P is a primc idea l in H. 

THEOREM 3. G. Lel H be a slalldard halfri1‘ g and ."4 a staudard ideal in 

H . Theμ M is l/Ia:cimal wilh respect 10 slandard idcals i/ a1Id only il M is 

’ua:dmal Ùl H. 

PROOF. Suppose M is maximal in H and N is a standard ideal such thal 
MζNCH. Then McNcH and it follows lhat M=π or π=H. lf M = N , 

then M=MnH=Nn H =N. !f N=H, then N = NnH= H n H = H. Consequently, 

M is maximal wilh respect to standard ideals. :\ow supposc that Q is maxirnal 

with respect to standard ideals in H and J is an ideal in H such that QζjζH. 

Then J'= JnH is a standard ideal in H and Qζ!，CH. Since Q is maximal 
with res야ct to standard ideals, we have J' = Q or J ’ =H. Hence Q=7'=J or 
7' = H = J and it follows that Q is maximal in H. 

Standard is necessary in the above theorem. For it can happen that M is 

maxirnal \vith respcct to standard ideals and there cxists an idcal 1 such that 1 

is not a standard iùcal but MCIζH is a proper inclusion. When this happens it 

follows that 1 =강. 

It is straight foπva rd to show that an)' principal ideal in H is a slandard idca l. 

Also, if P is a principal ideal in H then pnH is a principal ideal in H. Thus, 
it can be shown that if P is a standard ideal in H , thcn P is principal if and 

001)' ;f P is principa l. We now know that lhe prime, maximal, and principal 
properties of ideals in a standard halfring arc carricd over to related ideals in 
the ri ng of differences. Conversely, thesc same properties of ideals in the ring 

of differm:es are inherited by standard ideals in the halfri ng. Further, if H is 

principal ideal ring, it is not true in general that H is a principal ideal ha lIr ing 
Also if H is a local ring. it is not true in general that H is a local ring. 

,1. Homomorpldsms of halfrings 

In lhis section we will consider homomorphisms of standard halIrings 

THEORE:vI 4. 1. Lel 1: H• K be a l!omo11Zorþ!tiS1tl 01 tl!e lzalf.ηngs H al1d K . 

T hen 1 call be exlellded 10 a l1011l0morþh;s… l:H• K 01 lhe rùzgs H alld K. 
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PRCOF. Lct f : H • K bc ~ homomorphism. ~。、.Y any x EJl has thz form x=a-b 

‘vhcrc a. bEH. Definc 1 : H• K b)' I (x)=f(a)- f (b) . Since f (a) . f(b)드K. it is 

d ear that l(x) E K . Now SUpp05<O x=a-b and x =c - d . Then a + d=b T c and f 

being a homomorphism aS5ures that f (a) + f (d ) = f (b) + f (c) and ∞ns쩍uemly 

f (a) - f (b) = f (c) - f (d) . T Ìlus f is wclI defined. ~ow if y= o.' - b’. then 

and 

1(,,+)') = f[ (a -b) +(0. ' - b')] 

=f[(떠 a’)- (b+ b')J 

=f(a+a') - f(b+ b’) 

=f(a)+ f (a’) - {f(b)+ f (b')} 

= {f(a) - f (b) } + {f(a’) - f (b') 1 

=f(x )-'-f(y) 

I (xy)=f[ (a-b)(a' -b’ )J 

=f[(aa’ W) - (ab' + a'b) J 

= f(aa ’ +biJ’)- f (ab’ + a'b) 

= [f(a) f (a ’ ] • f (b) f (b’ )J - [/(a) f (b’)+ f (a’)f(b)J 

= [/(a) - f (b) ] [f(α’) - f (b')J 

=f(x)f(y) . 

ConscquE'I!rl y. 1 is a r ing homomorphism. It is c1tar that 1 rcstricted to H is f. 
Thus f is an extcnsion of f. 

F l'O!ll Theorcm 4. 1 we cιn derive a coupl。 이 othcr ,.esult5, lf f : H • K is a 

homomn:'f)hism, then it is straigh lÎor까.a rd to show thar j(H) =1è효) . AI50 if f 
is st: rjcctive and J is a stanàard ideal in K , lhen f -l (J) is a slandard ideal in 

H. lt is al50 valid that lhe homomorphic ima;:c of a standard halfring is 

slandû‘ d 
Jn ali αamplcs of standard halfr ings of lype ll , 1 have found lhûl thesc 'werc 

thc sum of a halfrîng ~nà a ring. 1 havc not bcen able to provc this.. 1 ,:\.-ouJd 

likc to clC5C this pεP’‘r Y.' Î1 h the fo J1owing qucstion. Is it true that H is a swnd

ard ha!fr'ng 01 typc n ii and onl, if H=H’ + R where H' is a staneard haJfring 

of typ" J and R is a ring? 
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