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REGULAR GENERAL CONTACT MANIFOLDS 

By Jorge Saenz C. 

1. Introduction 

lt has proved that a compact connected manifold M 2nH with a rcgular normal 

f -sLructurc is the bundle space a principal T'-bundlc over a complcx manifold 
2n+s N~n. :\10reover. if M~n.，.， is a K -manifold. thcn N ‘ is a Kaehler manifold. [2]. 

In thls v。rk we prove that (Theorem 4.1) lf the K structure on M2l+s ls an S 

Slrucnlre, lhen N2’ is a Hodge manifold. Conversely (Theorcm 4. 4). given a 
?“ 

N -“ and any s>l. there exists a principal toroidal bundle Hodge manifold 

M (N. T ' ) over N . 2’‘+ whosc bundlc space Jl-f!. J1 -t-
s has a regular S-structure 

2. Normal f-st r uctures 

AC∞-mani l'old M2•ι .1 iz > l . is said tO have an f-struct“re, iÍ the structural 
group of its tangent bund le is rcducible to U(Il ) x O(s) . This is cquivalcnt to 

thc existencc 01' a tensor ficld on M of typc (1 . 1). rank 2“. satisfying l + f = 0. 

A lmost complex structures ( s=O) and almost contact structure5 (s=l) arc two 

cxamples of f -structures_ lf there cxist vecLor fields Ei and 1-forms. 상• 1< i< 5 

such rhat 

f (E i ) = 0. ”l(EJ닝j' ηt 。 f=o f2= I+핀 η'0Ei 
'1" -'-we say that JV-1- lS has a [l amed f-st! UCtum- or, Slrnply an [ f , E ,, η' )-s trucLure_ 

A framed f-structure is normal if 
S 

S= [ι fJ 十필 dηt정Ei 

vanishe.,. where [f. fl is t he Nijenhui5 tensor 0 1' g. In this casc we have [3] 

l ) L E,r/=O. 2) [Ei. E j] =O. 3)LE / =O. 4)dη’ (fX， Y)=-dη'(X. f Y). 

The equality 2) implies that the vcrtical distribution 

the E i ) is integrable 

( thc one generated by all 

lt is known that for any (f. E i' η) -st ructure there exists a Riemannian meLric 

g τvhich sat i5fies 
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g(X. Y )=g(fX. fY)+은IT/'(X)ηIα). 

A framed f. str ucture toge!her with this metric is called aframed ’JletrÎc f-strιC' 

I"r.. or. simþl.. an. (f. E;. η'. g)'sITuclltre. The 2-form 

F(X, Y)=g(X , f Y) 

i8 callcd the f ,mda l1lental 2-f07… of the (f, E ‘ , η~. g)-struclure. A K -structure i ~ 

a normal (f. E;. η" g)'8tructure wh08e fundamcntal 2-form i8 closed. 

Let D be an integrablc distribution of dimension " on a manifold N까 A 

cubical coorèinate neighborhood (U, (x l , "', x.')) on N "‘ is 8aid 10 be regltlar 
a wi th respect to D if 견~， , " ', ---!--i;- is a basis for D(þ), for evcry jJEU. and if 

U ι iJx" 

cach Jeat of D intersects U in at most one n.dimensionaJ slice of (U, (x’, "', x'")) . 

、.Ve call D rogular if each point ÞεN has a cubical coordinatc neighborhood 

which is regular with respect to D. 

An (f, E;. η‘).structure is said 10 be regular if the vcrtical distribution is inte. 

grabJe and regular, and if each Ei is regular (the distribution generated by E; 

is rcgular). 

!.et’ S sta!e tbe theorem mentioned at the begining; 

THEOREM 2. 1 (ßjair, Ludden , Yano) . Let M 2nH
’ 

n>l, be a comþact con-
2‘ + nected 1ilam"fold tuitlz a regutar fra11led f-struch‘re. Then M~nT s is the Imlldle space 

of a þrillciþal IOToidal blmdle over a comþle.t uzamfold N 2n. Moreover, if tlze 

framed [-st ructure is a K-structure, then N 2n fs a Kaehler mamfold. 

3. Toroidal bundles 

~l Let T1=SI and T'=SI X"' XSI be the one.dimen8ionaJ and s'G!mensionaJ tom3 

s 
rcspectively. Since these Lie groups are commutative. by choosing A. a nonzero 

1... ~ ~l element of the Lie algebra L(T") of T", we identify L(T' ) with R , and L (T' ) 

=L(T1) X ... X L(T1) with R' by means of 
ω . .... A. O ..... 0)•• ei, 

\.;herc e i .. .. . es is the canonical basis of R S
• 

Let ?[N , T 'J be the 5et of all T'.bundles over the manifold N . lf ? (l\, T',:r) 

aT1 d Q(N, T ' , π) arc two clements in this set. on 
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MP x Q)= {(α.v)EPxQI π(μ)= ，，'(ν)} 

we clefine the equivalent rela tiün: 
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(u l' Vl)~("2' Vz)-IET' such that (α11. ι1lt l) = (tt2, ν2) ' The action 01 T' on 

MP x Q) given by ((u. v). t)→(αt， ν). induces an action of T
S on 

i\CP x Q) P十Q= Ll. \.L /, "'(J 

obtaining. in this way. the new T'.bundle P+Q. It is known t hat P [N. T'J 

.wi t.h this operation. “+", is an abelian group whose iclentity c1ement is the 

trivial bundle N x T'’ (4J. 

Jf ω is a connection form with curvature form Q 01 a bundle P(N. T'). then 

ω=Bω‘@e .. and Q=Bd띠 .. rg; e‘ . 

i=l . i=1 

Each real 2.form dωis horizontal and right invariant. therefore thcre exists 

‘ ’.‘ a un ique real 2• form Qi on J.V satisfying dwi =π Qi' Since the forms Q i are 

‘ ” closed. they determine s cohomology classes [Qi1. l <:i<:s in HτN. R). These 

cohomology c1asses are independent from the connection. 1n this "\vay '\ve get the 

function 

, ? ‘ 
ψ P (N. T'J→핸ι(N. R) given by P• ([Q,1. .... [Q,]) 

Our intention now is to show that ψ is a group homomorphism. 

Suppose that {rþßa} arc the transition function of P(N. T ’) corresponding to 

some covering {U a}. Each function øßa : ußnuα→T
S 

can be ìvritten as 

(샌α， , ￠&). 
Now {싫] are the tra찌디on [1ωunct 

over N. If we construct the whitney sum P,EB ,, 'EBP,’ it happens that a sot of 

transition lunctions 01 this sum is precisely {Øßα ]. In other words. P and P 1 EB 

"'EBP, have the same transition function . Therelore we may ass Llme lhat 

P=P, EB ... EB P ‘ and P [N. T'] = 린P[N. T ' ]. 

Let hi be the projection hi : P 1 EB ... EB P,• P i. If Qi is a CUfvature form on P i• 

there 1S a connection on P 'i.，，~hose curvature form Q satisfics 

Q=필 hiQ‘ε.e‘ 
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Therefore we can assume that the function 
。

ψ : P[N, T ‘ J = ffi P [N , T'J →잉 Hι(N， R) 
i=1 i=l 

is given by ψ=ψx ... xψ where ψ is the function 

S ., ‘ 
1Jf : P [N, T'J • H ‘ (N , R) such that ψ(P)= [Q ,.J. 

But this 1Jf is precisely the function defined by S. Kobayashi in pagc 32 of [4J. 
1, .- .. 2 

Furthermore, he proves that ψ : P[N,T"] →H~(N， R) is a group homomorphism 

which sends P(N, T
1
) onto H

2
(N , Z)" where H

2
CN, Z), is the subgroup 01 

” fruv, R) formed by all the elements which contain an integral closed from. 

Thercfore 

THEOREM 3. 1. The fuηction 

ψ : P[N, T'J • E8 H 2(N, R) 
;=1 

P• ([Q1J. "', [f.l,D 

is a grouþ homomorphisnt. which sends P [N. TSJ 0η10 

송H2(NI Z)b 

4. Regular S-structures 

2tl+s DEFI'HTIO)/. A manifold M""T' is said to have an s.conlacl slγIIclure if there 

exist on M s global, linearly independent l-forms η ， ηS such that dη= 

dη’ ， d~' has rank 2" and, at every point of M , 

η1;\ .^~S ACd~’)'낯O. 

2n+ lt is known [1] that if M"n+ s has s'contact structure, then it has an (f, E,., 

η" g)-structure, which we call associated to the s'contact structure, such thut 

F=싸， where F is the fundamental 2-form. A normal σ. E i' ηt g)-s trucmre 

associatcd to an s-contact structure is caI1ed an S-structαre. Notice that an S 

structurc is a J( -structure. 

2n+ 1、HEORf..::VI 4. 1. Let M-.:.n+s be a compact connected manzfold witJz a γegulαf 

S-s!necture (/, Ei' ηt， g), t 二 l， ··, s. Thea M2”+s ts tIze b?mdle space of a ρnn­

ct" þa[ loroidal bmzdle over a Hodge 11lallifold 1\[2n. 
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2n士PROOF. By 1'heorem 2.1 and πs proof we have that 111Ln~s is the bU71dle space 

of a prlnclpal TS bundle over a Kachler manlIoId N2”, and that t he gloup actIOn 

is given by the one~parameter groups of transformalions of the vector fields 

Ep Es' 

N o\v we claim that the form 
s 

ω=설 ηt@ei 
[s a connection form. 1'his is. ω satisfies 

‘ ( 
a) R，ω=ω. for tET‘ . 

b) ω(X‘)=X. “ihere X ‘ is the fundamental vcctor fields of X. 、vith X in the 

Lie algebra of T' . 

Part a) follows from t he fact LE ; '7'=0. i. j= l, .... sj' which is a consequencc 

01 the normality of the S'structure. For part b) it sulfices to prove it for the 
’ vector ej • i = l , .... $. But this follows immediately from ei= E i 

On the other hand. from the proof of 1'heorem 2.1. we also have that the 

fundamental from of the f-strucn미re. F. and the fun damental for 01 the Kaeh 
‘ lerian structure, Q. are related by 

F=π Q 

where π is bundle projection. But. in the particular case of an S-structure. we 
‘ ’ ” have F=dη‘ • i = l, .. .. s. Thcrefore dη‘ =π Q. Hence. by Theorem 3. 1. [Q 1 is 

H(N. Z ) , . which says Lha t N
2n is a Hogde rnanifold. 

THEOREM 4.2. Lel M(N. T'. π) be a princiPal 

Theu SPQCC Ar21‘ ιαs αn allllost H eγmitiaη slrμcture. 
g) -slrι ctltre. tO 

= 1, s. 

base 

kf ltas a 7cg1tlar (f, El, η‘， 

whose loroidal bundle 

PROOF 
s 

Fix a connection fo rm ω=ε= η， @ e .. on M and let E .. be thc 
i==l 

men ta l vector of ei, 1 <.i ,s. Then we have 

η'(EJ=δ r 

funda 

Lct (J. g') be the almost l-lermitian structure of N. lf uEM. ~(u)=v and 

믿 :T/N )• T/M) is the li itin g with respect to thc fixcd connecLion. define f 

oy 

f(X) = (rr,' j ' ",) (X) ’ xεT“ιν). 
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Thcn we have f(E ,) =0 and η10/=0， i 二 1， ''', s, W e also have 

t'(X) 二 (rr 0 j 。 π)2(X) = _ (죠 。 π)(X)=-X+섣η’(X)Ei 
th1S ls, f2= I+딛 η‘ @ E i, Thus we have an (f, Ei' η')-structure， I<i <s, on 

111. Furthcrmore, the Riemannian metric g on M defined by 

g(X , Y양(πX， πY) +날 η’ (X)ηfα〕 
is associated to this (f, E

‘’ 
7j’)-structure. since 

g(fX , fY) =g’(πfX， 상Y)+힐 η' (fX)η' (fY) 

=gτjπX‘ JrrY) 二g '(πX， πY) 

=g(X, Y) →감 η'(X)η’ (Y). 

It is c1ear from the definition of Ei that each one of these is regular. The 

regularity 01 the distribution dctermined by a lI the E/s (vertical distribution) 

fo lJows from thc Thcorcm XIV of [5], which says that if the Ieaf space of an 

integral d istribution is a manifold and if the projection mapping takes the 

tangent space of any point onto the tangent space of its projection. then the 

distr ibution must be regular. 

Tj-lEORD1 4.3. The framed f-strαcture d강ηwd in. tlze previoιs theore’n t's noγ­

ηzαI rf and ol1ly if the followηzg two coηditiol!S hold 

1) J is a C01>ψlex structure. 

2) dω(fX， Y) =- dω(X， f Y) , foγ any X , Y. 

PROOF. Since 2) is equivalent to 3) dω(fX， jY)=dω(X， Y) the theorem will 

fo l1ow as soon as we prove the Lwo equali ties : 

a) π(S(X， Y)) = [J, Jl CπX， πY) ; X , Y right invariant vector fields. 

b) ω(SX， Y)) =dω(X， Y) -dω(fX， fY ), for any X , Y. 

a) If X , Y are right invariant vector fields on M , so are [X, Y ], f (X) and 
f(Y). (f is right invariant). Besidcs, 、;'.，'e have thc rclations: 

π [X , YJ = [rrX, "YJ and π。I=J。π.

Therefore 

π (S (X， Y)) =π([f，fJ(X， y) +Edη'(X， Y) E i )= [J, Jl (πX， πy). 

b) Since f is horizontal we have dω(fX， f Y) = -w([fX, IY]) ‘ He!1ce 
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ω(S(X， Y) ) 二ω ( [fX， jY])+dω(fX， r'f) 十dω(X， Y). 

TRIEOREM 4. 4. Ict N2” bc a Hodgc ，ltaηrfold. Then for each s>1 theγ'c exis!s 

a pr씨CIPα1 loroidα1 blmdle 114(N, T', π) ， mhose b1e,ltfle sPQCC M2η+s l1gs a 7cgJt 

lar S-st7llct1tre. 

PROOF. Lct (J, g') be thc Hodge structure on N , and Q‘ its fundarnent~ l 

2-form. Sincc [Q‘ ] EH
2
(N, Z)γ then 

([Q‘], ‘ --, [Jrl )e E H2(N, Z)ι· 
、-←---→ i = l ν 

Bv Theorem 3. L thcre exists a toroidal bundle M= •M(N, T'. π) such th 8. : 

ψ(114)=([Qη . "', [Q‘ ]) We can find a conncction torm ω=gη정 ei 、네 

curvature from dω satisfics 

dω=딛 d!/ @ ei =검 π‘ Q' @ ei 
211 + s Thc forms η , ‘, η define a s-contact structure on 111""" ' '''. ]n fact. since d r;‘ 

= π'Q’ ， the ranh 0 1' dηis 2η 

On Lhe other hand, if El' .. .• Es are the fundamental vector fields of cl' "', es' 

\"'-c h iJ. vC 상 (Ej) =ò> Now, taking El'" 퍼s and X l' . .. • X '2n horizontaI and li…zn 

a r1y indepcndcnt vectors. 、，ve get 

η1/\ AηsA(df)”(El， , Es, Xl, ·, Xμ) 

= (dη')" (X1’ ‘ , Xz ,,) = Q’ (;;X, πX2)카O 

y\hich proves that r/ / \"";\ r/ ^ (dT/)~1용o at every point of J\1. 

If (f, E i' η g) is thc framed [-structurc on 11,11 constructed in tbe Theorem 4.2 

us:ng !.- hc lloc1 ge s tructu re (J, g') on N, \ve have 

F(X , Y) =g(X, fγ) =g' (zX， i'i/γ) = g' CπX， JπY) = Q‘(πX， πY) = dη’ (X， Y ) . 

Therefore this ( / . Ei 1/' , g) -struc turc is associatcd to this .<;-contact struc ture 

dofined by η ，，'. By Theorcm 4. 2 and its proof, (f, E i η g) is regu]ar. On 

the othc1' hand. sincc 1 is a complex structurc and dω(fX， fY) =dω(X， Y), 

(f, E" η’ ， g ) js norma i, and thcrei'ore a regular S-structurc on λ.f. 

Jorge Sàcnz 

Universidad de Los Andes 

Universidad Ccntro Occidental 

Venczuc1a 
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