
、

Kyungpook Math. ]. 
Volumc 21, ~umber 2 
Dea:mber. 1981 

ON THE IN. p" I.SUMMABILITY FACTORS OF INFINITE SERIES 

By K.C. Varshney 

The result of this paper concerns with the 1 N. 까 1 -summability of the fact. 

ored series εane.f(}n whenever the (C.1)-mee.n of the sequence 1 μ’‘ 1 [!μn， being 

the (N. p,.)-mean of the sequence (a"P‘ / p.ll is of certain order η， with certain 

conditions on Ç Il' 8
11
, r’‘. and the generating sequence of cocfficicnts (P,.l. T hc 

result generalizes a number of previously known rcsults in this line 

1. Let :Ean be a given infinite series with the sequence 01 partial sums (s까 • 

Let [p.l be a sequence of positive real constants such that P" tends to infinity 

with 1~. where 

p.=PO+Pl+PZ+" '+P"; P _1=P_1=0. 

The sequence-to-sequence transformation 

" Î ,,=(P,.) 냐~P“ Sμ (P.~O) 
ν~U 

defines the sequence (사 of (N. p,.)-means of the scquence (s"l . generated by 

the scquence of coefficients { ρn} ' The scries Eall is said to be aásolutely Sl‘”‘
mable (N. p.). or sr,‘ 1m’rable IN . p. l. if 

ε I Î.-I，， _ r l <∞. 

In the special case when P.=l. for ,,=0.1. 2. .... (π. κ) -mean reduces to 

(C.l)-mean and then IN . p. l-summabi lity is rhe same as summabili ty IC. 11. 

It is known that‘ . in the special case when PII = (u+ l ) - l, IN , Pn1 is equiYa~ 
lent to the summability IR. log " . 11 

2. Given a sequence {a"l we 、wr디i t않e Aa익f“‘=a%” -aι’"샤+ 1' Aι’h%1 

Ao%a%”=a까11 ' where m is a posilîve integcr. The sequence {anl is said to be CQllve.ι 

i if AZa，，~O. It is well known that if [a.l is boundeù and convex. then 

’ Mazhar (1 966). This can be casily pro .... ed by cmploying the method u5e .:I b、 lvcr 
(1963). 
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∞ 。

u. • , Ilßa .. -→α ’‘-→∞ and ε(1l+ I)ð.'a ，， <'∞. •• … n=1 

A sequence {an} is said to be quasi-cOlivex ií 
∞ a 

ε='(1l + 1)1 ð."a •. 1 <∞ 
n=1 “ 

It is c1ear from thc abovc result that evcry boundcd convcx sequence is quasi 
convcx. llowevcr, the converse need not be lruε Contrary to what we havc for 

convcx: scquenccs, a null quasi-convex sequencc {a,,} necd not be monotonic 

dccrcasing. It is, however, of boundcd variation and it satisfies the condition: 

ftLla ,-• 0, 1Z-'∞. 

The concept of quasi-convex sequence was recentJy generaJized by ’felyakovskii 
(19ï3) . J-Ic defined the class S of sequenccs as follows: 

A sequence {a"l is said to belong 10 cluss S if the following conditions are 

satisfied 

(i) a,,-• 0, η~∞， 

∞ 

(ií) there exists a sequence of numbers {A야 such that A. • o and ε:7A.<∞， 
“ k=l -

(i ii) 1 ð.ak 1 드Ak for all Ii. 

∞ ( 
1‘aking A.= L:', Ið.‘a’,, 1, it follows that a null quasi-convex sequencc {a’‘l belongs 

’II=R 

to lhe c1ass S. The converse is obviousJy not true. In view of the condilions 

( ii) and (iií) , it follows that every sequence {씨 of class S is of bounded 

\"ariation and that nÂan -0, as 1l-→∞. 

N ow wc give the concept of δ-quasi-monotonicity. A sequence {b .,J of positive 

numbers is said to bc quasi-11lotlolone if I1b"근-αb，/ n for SQme positive α It is 

obvious that evcry null monotonic decreasing sequnce is quasi-monotone. The 

scquence {b.l is said to be o-quasi-1.시ollololle if b n - • 0, b,,>O ultimately and 

ð.b.는 δ’‘， where {δn} is a sequence of positive numbers. It is easy to sec that a 

nu l1 quasi-monotone sequcncc is δ-quasi-monotonc with δ，， -αb/n• 

A sequence (anl will be said to belo1lg 10 class S (O ) if 

(i) u,,-• O. tl-→∞， 

(i i) lhere exists a sequence of numbers {Anl such that it is δ→quasi -monotone 
∞ 

and ç A Il is convergent, 
n ~ ↓ 
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(iii) lAaa1드 1 An 1 for all 11. 

lt is trivial that a"εS=:';>a"ES(δ). 

3. The concepts of convcx and quasi-convex sequences have bcell applicd to 

various types of problems in the theory of summability by several authors. Few 

of them are given below 

~'!azhar (1966) proved lhe following lheorem which is a generalization of a rcsul t 

。1 Bhatt (1960, 1962) on the 1 R, log 1ι 11-summability factors 01 inlinite series. 

THEORE:l1 A (Mazhar (1966), Theorem 1). [f (시 tS a cOllvex sequellce s’찌 

that EP./n <∞• 1Ultere {Pn} is 1Z0U-Úlcreasing. and the sequeηce (μ.1 . the (R, P“) 

-1IIea" of (anP "IP.1. salisfies the co"ditioη : 

l μ" 1 =O(T")(C, 1)‘. 
{싸rμ써”샤1 beiαt1뺑， 

’” o (P.T"IP.I, IlIe" tlle series Ea까"P，/Tr. is summable I.N, p" l. 

In the special case when P n = 1, for all 11. this result also generalizes the 

following theorem of Prasad and Bhatt (1957). 

THEORE:VJ B (Prasad and Bhatt (1957, Theorem 1, with α=1)) . [f ().시 's a 

convex sequence sαch that ε/1닛11 <∞， a때 1/ the seque… {tj , the (C, l )• nemz 

o[ !llan}. satisfies the cOlldit'ioll: 

l 시 1 =0 ( (Iog싸1)1 ' (C, 1), k르0， 

then tlze SeT%'eS ε llog(”+ 1)} -h2n% ts smMluable | C, 1|. 

Rccently, Ahmad (1974) proved the following theorem, which is a further 

gcnerali7.ation of Theorem A. 

THEORE:I1 C ([잉 ). Let Ihe seq1lellce (P,) be stlch 11m! 

(ia ) Pn+ll P"+l =0 (P"I P .), 

(ib) 

(ic) 

” ε"J_ '" 1 ðPml =O(P .), 
”‘=u 
(11+ 1) Pn=O(Pn)' 

*This mea ns that 까추「잠1μu1=0(r싸 
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11 1M seqπ.nce {ε1%1 is su.cl,‘ t/,‘at 

(iia) P"ε’‘ = 0(1). 

(iib) sÞ’‘ 1.’‘ 1 <∞， 
(iic) Sllp" Il\.2e• 1 <00. 

the seq“ellce {μ"L the (N. κ)-meall seqllellce 01 {a"P,.I Þ"I. salislies Ihe cOlldilio“ : 
| μ. 1 =O(r.) (C. 1). 

{r,l } beillg a positive tlOn.decreas“Ig seqlle，ιcι alld il {O.J. be a þosiliue seq“. 
ellce suc /t that 

(iiia) r,/on = O(p.). 

(iiib) l\.O"= O{Þ"O"IP ,,I . 

then the series εan e/fJ‘ lS S1,“!llIIable IN. Þ.I. 

The main object of the present paper is to give a further generalization of 

Theorem C. so that the previol!s theorems become speciaI cases of our main 
theorem. 

ι1. We assert the foIIowing main thcorem 

THEOREM. Lel Ihe seqllence {Þ.I be such Ihal 

(a) þ.+/p.+1 =O(Þ"I P .). 

n 

(b) 담”‘ 1 l1Þm 1 =O(p .). 

(c) (11+ 1)þ.=O(p .). 

11 Ihe sequ./lce {e.1 is sllch Ilzat 

( a’ ) e,,=O(1) . 

(b’ ) exists a seqαellce 01 ημmbers (AkJ sllch Ihal it is δ.quasi-moJlotoμe witlz: 

∞ 

(i) ε~n P_il_ <∞， 
1l =1 “ 

(i i) S P. + 1 A. <∞， 

and 

(c’) l l1e. 1 드 1 An l lor all u’ 

Ihe seque/lce {μ'nJ . Ihe (N. þn)-lIleau seque/lce 01 (a"P ,.I þ"l. satislies tI,. cOlldilioll: 

lμnl =0(r씨 (C. 1). 
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(rn} beùtg a positive lloll-decreasi1tg sequence. alld t'f {ßn} be a posiUve sequel1ce 

slich that 

(a’) T,/ (},, = O(p .). 

(b") M ,,=O (p’‘ (),/ P"J. 

∞ 

IlIell 끼c sertes g a,, e，찌 ISS“”‘’빼 

It is to be noted that whenever we take 
∞ -

A"‘=εp’‘ 1 A' ，，， ( . P ,,',,= O( I). εP，， 1 ' " ( <∞， and z，tP” l AZE시 〈∞， 

the cond it ions (a'). (b') and (C,) of our theorem are automatically satisfied and 
hence Theorem C becomes a particular case of our theorem. 

5. The proof of our theorcm needs the fo lIowing lemmas 

LEMMA 1 (Robertson (1968). Theorems I and 2) . Lel the sequence (a"J be δ

quasi' 11Io/lolone sllch thal Zø" δ，， <∞， ItP‘1 being a þosUive tmmolonic t"1Zcreasillg 

seque”ce. If Za”A￠ 〈∞• thcn 

(i) a쩌，，=0(1). as "→∞， 
∞ 

(ii) .ç: tP씨Aa" l <∞ n=u 

LE빼，1A 2. Lel the sequence I씨 be s“야 tllal (n + l) p
’‘

=OP (,,). If IA"J be a 

δ-quasi-mollotone 5eη u.ence with ε"p.ò. <'∞ and EP"+ IA，， <∞， then 

(i) tlP" A ,, =O(1) . 11→∞ 

a1Zd 

(ii) E (n+l)Pn+ l 1A A ,, 1 <∞. 

PROOF. Taking a"=A,, and tP. = nP. in Lemma 1, we see that 

εa.AtP. =EAnA껴x 
= E "A(n P ,,) 

= - EA"(P ,, + (1I + 1)P. +1) 

< Z A"p .+ZP.+1A" 

드'KEPn+ 1A• 
<∞. 
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Which means that the hypothesis of Lemma 1, is satisfied. Hence thc result of 

lhis lemma follows directly by the use of Lemma 1. 

LE:VI:VIA 3. Under the hypot1zesis 01 t1ze t1zeorelll , !Ue Izave 

P.. 1< .. 1 
(i) ε경L τ~Iμ" 1 <∞， 

- ν - μ 

bε . 1 
(ii) E날듀 숭뉘':""1 μ) <∞. 

“ T ‘ νf ‘ 

PROOF OF (i). Fol1owing lhe proof of Lemma 3 of Abmad ( [낀 ), as '"→∞， 

we obtain 

1:1 þ" :e.1 
검 Puτr-lμ) 

m-1 111 -1 
드KεP) ð.<) +K r:;. P"+11<Hl1 +KPml<ml , 

ν=u υ=u 

=K(J~ + J~ + J;'‘), say 

by hypothesis. Therefore, in order to prove tbe validity of (i) we have to show 
Ihat, as m→∞， 

J~I드K， for (r=l, 2, 3) (5. 1) 

썩
 싸
 
페
 

써
 써야
까

?
 써
강캅 

L 

= 

<-

<

1
L 

띠
 l 

ε
 
I 

아
 

m p
‘ 

by hypothcs!'; : 

긴’ =침p"+1 leμ+1 1 
∞ ∞ 

= L: P“’ |ζ’ ð.e‘ ~， I 
ι=0 - , ι n=ν ” “ 

∞ ∞ 

르타PJJ+ l ζ 1 ð.en+11 
ν=v 11= ;1 

∞ n 

=ξ1 ð.e.+11 r:;. PH 1 
1f= V ν=u 

∞ 

=뭘P.+1 l ilen+ l i 
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∞ 

sε=:'Pll + 1 I A II + 1 1 
n=u 

〈∞，

by h ypothesis ; 

I;=PnI ’ ε.， 1 
∞ 

=P", I r; l.e) 
ν= J!i 

∞ 

5.Pmε I l.eμl 
:,= m 

μ
 

A 
@ 

ε
 써
 

m 
n 1-

A P 
” 

∞
 ε
 

p 

% 

-<

by hypothesis. 

This compJetes the proof of Lemma 3(i) . 

T he pr∞f of the inequality (ii) is similar. 

6. P roof of the theorem 

Now we are ready to give the proof of the main theorem 

Let (f .) be the sequence of Cπ， P.) • mean of th" series 2:a"e./en• Then, by 

definition, we have 
h • 

- f~ 1 =---':=-二!}--r; P. , a .. e.le 
P nPt‘ - 1 ... = 1 ν 1 ""!J ν u 

=돼;f say 

where. 
r. P 

2:=ε 걷二~P .. ι e.lOι 
ν=0 rν 

”←~ p" E" 11- 1 Pν Pν+ 1 ElJ 

=-잖냥한P"μu+已강 힌+l τPuμu 
,, - 1 P l.e. ,, - 1 P P .. l.0 

+ε←→=-P μ -ε v ←→~E 
;;U Pν + 1 θu u u ν:;:'0 Pν+ 1 0μ 0"+ 1 μ+l 

P . e 
+ :.-‘ " n 후rτr" μ， 
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="1+ε2+ "3+"4+"5' say. 

Il ence, in order to prove the theorem, we have to show that 

z돼:l Zr|드K ( r=l, 2, " ', 5) 

PROOF OF(6.1). For ν~O， we have 

∞ ~ 

--二"←르KIP 
'1 =ν+ 1 PII P,I -l 

Now, “ e have 
∞ 0 ∞ Þ. nCC1 1 e.,l 
ε . " 1 2:， 1 드ζ --→ε-ε’ Pντ:S lμ) 
~lPn Pn- l 1 ~1 1 ---=;;;1 P nPn - l ν=O .YI; (Jν 

∞ le. 1 ∞ -
=검 Þ，;개r1μμ"뀔l한화: 

∞ P. . 1< .. 1 
드K은휴 냉-1μν| 

" “ 
드K， 

by hypothesis and Lemma 3(i) ; 
∞ b ∞ P. ,,- 1 P .. ~ ， ε | 

El화화rrlε2 1 드，ElR화rrg댄픔「 개r-lμ) Pv 

∞ P .. ~ ， 1<,,1 ∞ t 
二픔강f 펴~Iμν I Pν，뀔l한화: 

∞ P，，~ ， 1< ,,1 
드Kε :"II -t- .L ~IμJ 

ν-;-'O PI.I + l tJ l.I 

∞ Pν l ε l 
드Kε":!)~Iμν| 

~OP u f)ν 
F 

< K 

(since 웰=0않)) 
by hypothcsis and Lemma 3(i); 

。o p ∞ P.. ..-1 16< .. 1 
εn 'T:: I L~! 드ε;→二 " ζ’P -τ.e.:.... 1 μ) 
n71 Pu Pn-l ' - :'.1' ---O~l Pn P"- 1 ~o ν I}u 

∞ 16<,,1 ∞ n 

=r:p， .-τ~Iμ，， 1 ε 7갚--
ν=0 - U" 11= ν+l r，1 rn

_

1 

(6. 1) 
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∞ I fIε | 
드K I.그←τ~IμJ 

ν=0 uν -

’" 1 A.,I 
드K￡-숭lμν 1 ， (m→∞) 

r ,,-1 lilA .. 1 ,, - 1 lilθ 1 
=KI E:~걱-νν(ν + 1)+ E:，←→-"-"- A " ..!.. l ι(ν+ 1Ì 

[ν=o 6u ν;'0 {jν Oμ+ l l 

+써 

드Kl r=: uP", ilAν1 +ζ Pμ+1 IA야 1 1 +mP"， A서 ， 
」ν~U ν~V 

(111→∞) 

드K. 

by hypothesis and Lemma 2: 

∞ b ∞ P. . -1 p 2 lilO) 
gl한순- 1 1:4 1펀파파rE￡탈r τ밟rl Eν+1 11μν1 

∞ P.. IS. ，~ ， I ∞ b 
Eκε:--L--」주~P.，I μJ ε • 

ν~OPu+ l 8))+1 ν .~ν+1 P II Pn- 1 
∞ P.. Is .. ~ ， 1 

드Kε -~--→ μJ 
μ;;;'o Pμ + 1 θ"+1 

드K. 

by hypothesis and Lemma 3(ii): and 

∞ P.. = P.. P .. _, IsJ 
εl꽉화τr1εsl =딛한화τ 숨f τi-P” 1 μ’‘ 1 

∞ þ" 1 ê n 1 

샅화거::'1μ.1 

드K， 

by hypothesis and Lemma 3(i). 

This completes the proof of the theorem. 
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