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ON REGULAR AND CONTINUOUS RINGS I

By Roger Yue Chi Ming

1. Intreduction

This is a natural sequel to [8] and [14]. GLD (generalized left duo) and ALD
(almost left duo) rings are introduced in [8] and [9] respectively. In [14], the
following generalization is considered: A is called a (left) CM-ring if, for any
maximal essential left ideal M of A, every complement left subideal is an ideal
of M. Working along the lines suggested by the referee of [14], we now look
more closely at the connections between GLD, ALD and CM-rings in the first
section of this note. In so far as Von Neumann regular, left and right V-rings
are concerned, our attempt will be most satisfactory (several of our previous
results are here extended). Next, we introduce weak Up-injective rings to
continue the study of continuous regular rings in [8].

Throughout, A represents an associative ring with identity and A-modules are
unitary. Z will denote the left singular ideal of A. For completeness, recall
that (1) A left A-module M is p-injective if, for any principal left ideal P of A
and any left A-homomorphism g : P—M, there exists y&M such that g(&)=by
for all 5P ; (2) A is a (lef) WP-ring (weak pinfective) if every left ideal
not isomorphic to ,A is p-injective. Von Neumann regular rings may be char-
acterized by any one of the following conditions: (&) Every left A-module is
flat ; (b) Every left A-module is p-injective. As pointed out in [13], if 7 is a
p-injective left ideal of A, then A/I is a flat left A-module. It is now well-
known that there is no inclusion relation between the classes of regular rings
and V-rings (this has motivated the study of various connections between regular
rings, V-rings and related rings (cf. for example, [1] and [3])).

2. CM and regular rings

Apart from generalizing GLD and ALD rings, CM-rings (introduced in [i4])
include left Ore domains and left PCI rings studied by A.K.Boyle, C.Faith
and R.F.Damiano (cf. [2]). Our first result shows that if A is von Neumann
regular, then A is CM iff A is ALD iff 4 is GLD (which answers a query due



172 Roger Yue Chi Ming

to the referee of [14] and alsoc improves [14, Remark 7]). However, this is not
true for V-rings. Indeed, CM left (or right) V-rings need not be regular (the
domains constructed by J.H. Cozzens are relevant examples). We first continue
the study of CM-rings. As usual, (a) an ideal of A means a two-sided ideal and
(b) a left (right) ideal is called reduced if it contains no non-zero nilpotent
element. The next lemma improves [14, Lemma 1.6, Theorem 1.9, Lemma 2.1,
Theorem 2.2(2) and Proposition 2.4].

LEMMA 1.1. If A is a left non-singular CM-ring, then A is either semi-simple
Artinian or reduced.

PROCF. Suppose A is not semi-simple Artinian. Then there exists a maximal
left ideal M of A which is essential. By [14, Lemma 1.6(1)], M is reduced. If
0:£h=A such that bg=0, since 0#gb=M for some a& A4, then (bab)E:U and bab
€M together imply bab=0. It follows that (czb)2=0 which implies ¢b=0, contra-
dicting b0. This proves that A is reduced.

The next result then follows immediately.

THEOREM 1.2. The following conditions are equivalent:

(1) A is either semi-simple Ariinian or strongly regular.

(2) A is a left non-singular, lefi p-injective CM-ving.

(3) A is a left non-singular, right p-injective CM-ring.

(4) A is a left non-singular CM-ring whose simple left modules ave flat.
(5) A is a left non-singular CM-ring whose simple right modules are flat.

Applying [8, Proposition 2.1] to Lemma 1.1, we have

PROPOSITION 1.3. If A is @ left non-singular CM-ring, then the maximal left
guotient ving of A coincides wilh the vight one.

Now write “4 is ECM” if, for any maximal essential left ideal M of 4, every
complement or essential left subideal is an ideal of M. The next lemma improves
[13, Lemma 1.1].

LEMMA 1.4, If A is semi-prime ECM-ving, then A is either semi-simple Arti-
sign or reduced.

PROOF. We see from Lemma 1.1 that it is sufficient to prove that Z=0.
Suppose the contrary: let 0#z&Z such that 2°=0. If M is a maximal left ideal
containing 7(z), then /(z)MCZI(z) implies (Mz)ggAzMzgl(z)Mz:O whence
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M=I(z) (since A is semi-prime). Therefore Az(=~A/M) is a minimal left ideal
and hence a direct summand of ,A which implies z=0, a contradiction.

Following [6], a left A-module M is called semi-simple if the intersection of
the maximal left submodules of M is zero. In [6, Theorem 2.1], right V-rings
are characterized in terms of semi-simple right modules and intersections of
maximal right ideals. The next theorem partially extends [13, Theorem 1. 3].

THEOREM 1.5, The following conditions are equivalent for an ECM ring A:

(1) A is regular.

(2) A is a left or right V-ring.

(3) A is fully left or right idempotent.

(4) Every cyclic semi-simple left A-module is flal.

(5) Aisa semi-prime ring whose principal left ideals are complement left ideals.

(6) Any proper left ideal of A which contains all the minimal projeciive left
ideals is an intersection of maximal left ideals.

(Use [10, Theorem 1], Lemma 1.4 and the proof of [13, Theorem 1.3].)

Since ECM rings still generalize ALD and GLD rings, the next corollary then
follows.

COROLLARY 1.6. If A is either regular or a left or vight V-ring, then A is
GLD iff A is ALD iff A is ECM.
(cf. [8], 9] and [13]).

Rings whose left ideals not isomorphic to 44 are quasi-injective, called /ef?
wg-rings, are studied in [7]. Principal ideal domains are noted PID.

Applying [7, Lemma 1.5] and [12, Corollary 1.6] to Theorem 1.2, we get

PROPOSITION 1.7. (1) A CM, WP-ring is either semi-simple Ariinian or
strongly vegular or a left PID.

(2) A semi-prime CM, left wq-ring is either semi-simple Artinian or left and
right self-injective strongly regular or a left PID.

We add a remark on wq-rings.

REMARK 1. (a) A is simple Artinian iff A is a prime unit-regular left wq-
ring; (b) A prime left wq, left and right V-ring is either Artinian or a simple
left PID.
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Since left Ore domains are CM-rings, it is natural to ask: when is a prime
CM-ring a left Ore domain ?

PROFOSITION 1.8, The following conditions ave equivalent:
(1) A is a left Ore domain.
(2) A is a prime CM-ring containing a non-zero reduced left ideal.

PROOF. Obviously, (1) implies (2). Assume (2). Let I be a ncn-zero reduced
left ideal. If ,I is essential in 44, then Ais an integral domain [11, Proposition
6]. If not, then 7@K is an essential left ideal for some non-zero complement
left ideal X of A. Suppose I®K7#A. If M is a maximal left ideal containing
1K, then KICKMCK implies XKITKNI=0, contradicting the primeness of
A. Thus I®K=A which implies A an integral domain again [11, Proposition
6]. The preceding argument also shows that any non-zero left ideal of A must
be essential which proves that (2) implies (1).

REMARK 2, (@) If A is a CM-ring, then a minimal left ideal is injective iff
it is p-injective, (b) A CM-ring is a left V-ring iff it is a left V-ring [11]. (c)
If A is an ECM-ring whose singular left modules are injective, then A is either
semi-simple Artinian or strongly regular left hereditary (this generalizes the
corresponding commutative case studied by V.C. Cateforis and F.L. Sandomi-

erski).
3. WUP and continuous reguiar rings

Recall that A is left continwous (in the sense of Y. Utumi) if (a) cvery left
ideal isomorphic to a direct summand of A is itself a direct summand of A
and (b) every complement leit ideal of A is a direct summand oi 4. As from
now on, we shall call a left A-module M Up-injective (Utumi p-injective) if,
for any complement left ideal C of A, a=A4, any left A-homomorphism g : Ca—
M, there exists yEM such that g(ca)=cay for all ¢=C. It then follows that a
complement left ideal which is Up-injective is generated by an idempotent.
Rings whose proper complement left ideals are Up-injective are therefore the lelt
CS-rings studied by Chatters-Hajarnavis [5].

We now introduce left weak Up-injective rings.
DEFINITION. A is called a (lefi) WUP ring if every left ideal not isomorphic

to 4A is Up-injective.

Obviously, a WUP ring is WP. On the other hand, WUP rings generalize
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left PID and left continuous regular rings.
LEMMA 2.1, Let A be @ WUP ring. Then

(1) A is a semi-prime ring whose finitely generated and complement left ideals
are principal projective.

(2) For any idempotent e, either Ae or A(1-¢) is Up-injective. Consequently, for
any aSA, either Aa or [(c) is Up-injective.

PROOF. (1) If C is a complement left ideal not isomorphic to ,4, then ,C
is Up-injective which implies ,C a direct summand of 4,A. Then every comple-
ment left ideal is principal and (1) follows from [12, Lemma 1.1].

(2) Since a left A-module isomorphic to a Up-injective left A-module is Up-
injective while a direct summand of a Up-injective left A-module is Up-injective,
then (2) is proved as in [12, Lemma 1. 8].

We are now in a position to give some characteristic propertics of left contin-
uous regular rings.

THEOREM 2.2, The foilowing conditions ere equivalent:

(1) A is left continuous regular.

(2) Every left A-module is Up-injective.

B) A is @ WUP ring such thal the square of every principel left ideal is a
left annihilator.

(4) A is a WUP ring such that the square of every principal right ideal is a
right annihilator.

(5) A is @« WUP ving which is either left or right p-injective.

(6) A is a WUP ring whose principal left ideals are complement left ideals.

(7) Every complement left ideal of A is principal and every cyclic singular
left A-moduie is flat.

(®) A #s a left non-singular ring whose principal and complement left ideals
coincide such that any cyclic non-singular left A-module is flat.

(9) A is left non-singular such that for any non-singwlar left A-module M,
I(y) is Up-injective for every vEM.

PROOF. Since Up-injectivity coincides with p-injectivity over a left continuous
regular ring, then (1) implies (2).

Since Up-injectivity implies p-injectivity in general, then (2) implies (3), (4),
(6) and (9).
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Assume (3). For any 0E4, r((Ab)2)=r(Ab) since A is semi-prime and AdC
l(?(Ab))=l(r((Ab)2))=(Ab)2 implies Ab=(Ab)2 is a left annihilator. A theorem
of M. Ikeda-T. Nakayama then asserts that A is right p-injective which shows
that (3) implies (5).

Similarly, (4) implies (5).

Since a WP-ring which is either left or right p-injective is von Neumann
regular, then (5) implies (1) by Lemma 2. 1.

(6) implies (7): For any complement left ideal C, if K is a relative comple-
ment such that CEK is essential, then CEK is finitely generated and hence
principal (Lemma 2.1) which implies that C®K is a complement left ideal.
Therefore C&K=A which proves A regular.

Since A is regular iff every cyclic singular left A-module is flat, then (7)
implies (8).

(8) implies (1): Since Z=0, for any complement left ideal C of 4, A/C is a
ncn-singular left A-module which is therefore flat. Since C is principal, then
:A/C is finitely related which implies 4A/C projective whence ,C is a direct
summand of ,A.

Finally assume (9). Then A is left p-injective left non-singular. Let M=Ax
be a cyclic non-singular left A-module. If ,I is an essential extension of /(u)
in 44, for any a€l, there exists an essential left ideal L such that LeCl(u)
which implies ex&€Z (M), the singular submodule of M. Since Z(A)=0, then
a&{(x) which proves that /(z)=7 is a complement lelt ideal of A. Then /(u)
Up-injective implies /(#) a direct summand of ;A whence AY s projective.
Therefore 4 is a left p-injective ring whose principal left ideals are projective
which implies A regular. If € is a complement left ideal of A, since Z=0,
then 4A4/C is non-singular which implies ,A/C projective. Thus ,C is a direct
summand of ;4 which proves that A is left continucus and therefore (8) implies

(1.

The next corollary then follows from [12, Lemma 1.3, Theorem 1.5 and Co-
rollary 1.6], Theorem 1.2, Lemma 1.4 and Theorem 2. 2.

COROLLARY 2.3. (1) A WUP ring is either indecomposable or left continuous
regular;

(2) A directly finite WUP ring is either a left PID or left continious regular;

(3) A reduced WUP ring is either a lefi PID or a continuous strongly regular
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ring;
(4) A semi-prime ECM ring whose left annihilator ideals are Up-injective is
cither semi-simple Artinian or continuous stvongly regular;
(53) A CM-ring whose essential left ideals are Up-injective is either semi-simple
Artinian or continuous strongly regular.

Applying [12, Proposition 1.9] to Theorem 2.2, we get

COROLLARY 2.4, Let A be « WUP ring. Then A is left continuous regular if
any one of the following conditions is salisfied:

(1) A contains a central zero-divisor. (2) The left socle of A is non-zevo finile-

ly generaled. (3) A is a direct sum of two left ideals which are of infinilele
St Goldie dimension.

It is known that a right PCI ring is either semi-simple Artinian or a simple
right Noetherian right hereditary V-domain [2, Theorem 11.

REMARK 3. A WUP, right PCI ring is left PCL

Call A an ELT (resp. MELT) ring if every essential (resp. maximal essential)
left ideal is an ideal of A(cf. [11]).

REMARK 4. A is ELT left continuous regular iff A is a MELT, WUP ring
whose simple right modules are flat.

REMARK 5. If A is MELT, then A is von Neumann regular iff for any
maximal left ideal M and any ¢€A, ;A/Ma is p-injective and flat.

REMARK 6. If A is an ELT ring whose factor rings are semi-prime and whose
primitive factor rings are regular, then A is regular. (This is related to [3,
Problems 1 and 4] and improves [10, Proposition 6].)

REMARK 7. If A is commutative and P a non-singular ideal gencrated by an
element, then P is generated by an idempotent iff pz is an annihilator.
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