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PERFECT MAPPINGS AND SINGULAR SETS 

By Ronald D. Salmon 

1. A ma pping (continuous function) 1: X~Y is a comþacl maþþing if 1• (K)­

is compact fo r each compact K CY. T h. mapping is þerlecl if 1 is c10sed and 

I -'(y) is compact for each yEY. If Y is a k.space ,he two concepts a re thc 

same. A set of poiO!s in Y wherc 1 lails lO 1", perlcct is called a 5ingular 5et 

01 the mapping ι Whyburn (4,5) a r.d Cain (2) delined singular "ets in ,hei r 

stuùies of mappings where. gencra Ily. thc spaces X and Y were Joca l1y compact 

scparnbJe mct r Îc spaces. 1n that scuing tr:ci r singular sets coincide but in less 

restnC lI \"c 5αlces thcy arc !lot usua lly cqui\'alcnt. The purpose of this paper is 

to ~tudy these and other singular scts of ll)(' mappi ng f. \.Vc assumc throughout 
that X and Y are at least Hausdorff SfJc;1CCS and Y a k-space. Any other condi­

tion on the spaces will bc mcmioned cxplicitly. 

2. Wbybu rn’s concept of a Singular SC!. 

DEFINIT10N 2. 1. Let 1 : x • Y be a mapping and Ict BζY. Any sct AζX 

sllch that I (A)=B is callcd a Irace 01 B. 11' A is a compact sct , t hen we sa)" 

that B has comþact trace. 

D EFINITJON 2.2. Let 1 : x• Y bc a ma pping and let Q, bc the union of the 

inleriors of a ll 않ts K such that l - l (K) is compact. Thc set 5,=Y - Q, is called 

a 5ingular 5el lor the mapping f ‘ 

DEFlNITJON 2. 3. Let 1 : x • Y bc a mapping and let Qz bc the union of the 

inter iors 01 all sets having a compact trace. Let 52=Y - Q2' 

THEOREM 2. 1. T he 5els 51 and 52 are cl05ed 5e!5. 

PROOF. Q, and Q2 a re unions 01 iote riors of certain 않ts and thus a rc open 

sets. Their respective complements, 51 and 52 are c10sed sets. 

The following theorem was established by E. A. Michael (2, Cor. 2.1) . 

THEOREM 2. 2. [11: X • Y j5 a cl05ed ’'Ilaþþi1lg 01 Ihe þaracomþacl 5þace X 

。1110 Y. thell erJery compact sιb5el 01 Y is Ihe image 01 a comþacl 5el in X . 
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Wi th this result the following can be proved. 

THEOREM 2. 3. Lel 1 : x • Y be a closed maþþing ollhe þaracomþacl sþace X 

Ollto a loco l/y comþacl sþace Y. Then each poinl in Y is illterioT 10 a set with 

co’Ilþacl /race. i. e. , 52 =rþ. 

PROOF. Let yEY. Since Y is locally compact, y has a neighborhood U such 

that clU is compact. By Theorem 2. 2, clU has a compact trace 

The following theorem is a generalization of a t heorem 01 Why burn (4 , Thm. 

강. 1) . In that work he assumed X and Y were locally compact separable metric 

spaces, and the metric properties \,,'ere essential in his pro。ε

THEORE'-1 2.4. Lel 1: X • Y be a moþþillg. 11 each þoi1i/ 01 Y ’s ill!crior 10 

the image 01 50me compact 5et , t /lell each comþact 5el ;11 Y lzas compιc/ 17ace. 

PROOF. Let K be a compact set in Y . For each yEK there cxists a compact 

set C(y)ζX such that yElnt/(C(y)). Thus, KζU (lnt(C(y)) : )EK). 

Si nce K is compact, there is a finite family 

(lnt/(C(Yi)) : l$i드씨 such that KζU (lnt/(C(Yj)) : 1드t드씨 . :\'c\V Ict 

C= [U IC(y j ) : 1드i$씨 l nf- l(K ) Then C ls a compact set and f (C)= K . 

T HEOREM 2. 5. Le/ 1 : X • Y be a maþ껴ng where Y is a locally comþact 

space. lf each comþact set t..n Y has a compact Irace , th eiμ each po i1“ ’Il Y is 

interior 10 the image 01 50me compact 5e!. 

PROOF. For yEY, let U be a neighborhood of y such that c1U is compact. 

Now. there exists a compact CζX such that I (C)=clU. Hence, yElnt/(C). 

In 1966, Whybu rn (5) showed that if 1 : X • Y is a monotone mapping ([-I(y) 

is a continuum for each )'EY) and X and Y a re locally compact I-lausdorff 

spaces, then 5[ =52' The following example shoπs that, in general, 5[ ;=52, 

EXAMPLE 2. 1. Let X be the set of rea l numbers with the usual topology and 
let Y = [-I, IJ be a subspace of X. Define the mapping 1: X • Y such that 

I (x) = x for -1드X드1. 

I (x) = 1 for x> 1. 

I (x) = -I for x < - 1. 

For the compact set K = [ -I, I J ζX， I (K ) =Y . Thus, 52=rþ. However, for any 

. 
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l compact neighborhood L of -1 or 1. / - <(L ) is not compact. Hence. SI7εø. 
l 

Note that for x'EY - {-1. 1} if <=걷- [min {l x’ - 1 1 . Ix+ l l1 ]' then xE [x' -<. x' +다 
-1 

which is compact in Y and / -'[x’ - e, X ’ + <} = [x’ -e. %’ + <], a compact set. 

Thus. SI ={- l .11 

THEOREM 2. 6. For a1ty maPPing / : X-• Y. S2ζSI' 

Proof. Since any set wit h cornpact inverse imagc has a compact trace. then 

QIζQ2' Hence. by De Morgan’s laws. S2CS 1' 

、Ne incJ ude the proof of the following known result since the ideas used are 

needed in the proof of the next thcorem 

L D l\1A. Lel / : X • Y be a c/osed mappi1tg. H a1t open sel i’‘ X alld lel 

Ho= U lf l(y) · f l(y)CHl . 

Tll en 110 is all oþen set in X. 

PROOF. Since / is a cJosed mapping and HζX is an open set. tben f (X - H ) 

is cJosed. Now. f[ HoU(X - H) }=Y and / (H OJ n/(X - H )=Ø. 

Thus. / (HOJ =Y - f (X - H ) is open in Y and therefore 

H o=r
l
(f(HOJ) is open in X. 

THEORElvI 2.7. Jf /: X • Y is a maþþillg, Y a regular space and y a poi씨 

of Y -SI' l I10n / or alty IteighborllOod U of / - \y). Ihere exisls a 1teìghborhood V 

of y such that f 1(V)ζU. 

PROOF. Let yE Y - SI and let U be any neighborhood of / - l (y) . Since Y is 

regu lar and Y - SI is open. there exi5ts a neighborhood Vo of y such that 

clVoζY-S1 and such that fl(clVo) IS compact 1f f l(VOXU, then !he 

concJusion of the theorern is satisfied. 

Assume / -\Vo)(t.U. The mapping / 1/ - 1 
( cJV ~ is a closed mapping. Let H o 

= U Ir1 (z) :r'(z)Cr' (Vo) n UI. Then H o is open and / (Ho) is open in V o 
and therefore open in Y . Then V =/ (HOJ satisIies the concJusion of the 

theorem. 

THEOREM 2.8. Ullder Ihe cOlldiliolls 0/ Theore1ll 2. 7. lel Y O=Y -SI' 
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Tke11 g=flf l(Yo) is a peκfect maPPing. 

PROOF. The results of the previous theorem show that g is a closed mapping 

and for yEY - S I' f - 1(y) is a compact set. Thus, g is a perfect mapping. 

The set Y O is an open subset of Y. Cain (2. Cor. 3. 9) erroneously concluded 

that under somewhat more restricted conditions such an open set would be dense 

in Y . He asserted that for a c10sed mapping f: X • Y where f is onto and X , Y 

are locally compact separable metric spaces, there is an open dense set GζY 

such that f lf -\G) is a compact mapping. 

\Vhile it is certai띠y posssiblc to have such a dense open subset. the conditions 

given do oot insure its existence as thc following example ShOìVS. 

EXAMPLE 2.2 Let x = [O.1)U(2.3J be a space with the relative topology 

[rom the real line and Y = [a. 에 with the discrete topology. Dcfine f: X • Y be 

f (x)= a for xE [ü. l). 

f (x) = b for xE(2. 3]. 

Then f is closed and continuous but there Îs no dense open subset GCY such 

that f lf- 1(G) is a compact mapping. 

3. Cain's concept of a Singular Set. 

DEFD!ITIOK 3. 1. Let f: X • Y be a mapping. Let S3 be the set of all points 

yεY such that each neighborhood of y eontains a compact set K such that f -\K) 

is not compact. 

1'his definition of a singular set for a mapping is duc to G. L. Cain, Jr. (2) , 

\;"ho studied certain mappings by inycstigating the properties of the 5et S3 of 

sing 'J lar po;nts and its inversc image. 

ln this section m!ue properti es of the set 53 a re investigared and a comparison 

is made be t\veen the sct S3 and the 51 oÎ Section 2 

TH EOHEM 3. 1. S3 is a c/osed set. 

PRCOF. Let y EclS. For any ncig'hborhood U 01 y, uns ;t' çí. For each γEunS3’ 
U i5 a neighbQrhQod of y' and as 5uch , U contains a compact set K ‘ uch rhat 

J-l(κ) is not compact. Thereforc. yE5
3 

a nd 53 i8 a closcd sct. 

TH r.: OREi\[ 3. 2. 5.1=51 
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PROOF. It ‘vill be shown that Y - S 1ζY-Sõ 
Let yEY -SI' Then thcre exists a neighborho여 U of y such that f-l(cIU) is 

a compact sel- Let C be anv compact set in U. Then f -l(C)Ef- l(clU) and 

hence f - l(C) is a compacl 5ct. Th is implics yEY - S3 

The foHow ing example shows tha (. in genera l. Sl ;:=SW 

EXAM PLE 3. 1. Let f: X • Y bc the identiry mapping w hcre both X and Y 

arc the sct of ra tional numbers with the subspace topology from R , thc space 

.of real numbers with the usual topology. Clearly, f - \K) is compact for each 

,compact set KCY. Ilence, S3="" However , the inter ior of each compact set in 

Y is empty . 'Therefore, S1 =Y . 

THEOREM 3. 3. If f ’ X • Y is a maþþillg alld Y is a locally com þacl Hous' 

d07[[ sþoce, Ihe써 SI = S3' 

P ROOF. lî [ i5 a perrect mapping, S,=ç, = S3" H [is not perfect, by Thcorcm 

:3. 2, we nccd only show S 1 CS3. 

Let yεY - S3' T hen there ex ists some neighborhood U of y such that fo r each 

compact set KζU， [ - ' (10 is compact. Let W be a neighborhood of y such 니1at 
,clW is compact. There ex ists a ncighborhood V of y such that yεclVζU and 

yEVnWCcl(VnW)cu 

Now , cl (VnW) is a compact set a nd since cì(VnW)cu , then / - I(cl(Vn W)) 

is compact. l-Ience, y is inter ior to the set cl(VnW) whose inverse image is 

compact and, thus, by definition, yEY - S , . Therefore, Y - S3CY - SI' or 

.equivalenrIy , S}ζS3' 

In hi5 papers, Cain (1 , Thm. 2. 4) 5tate5 the fol1owing. 

THEORE~! 3. 4. I[ Y is locally cOlllþacl , Ilw, ι07 olly þoilll yE S3 0ιt a1%1 

Relghborhood U of f 1(y), fhere 서 a lleighoorhood W 0/ y SU이" Ihol [-\W)ζu. 

Some exception may be t.:'1ken to thc proof as given. I-low"ever. the result nQ \V 

follows from Theorem 3. 3 and Thcorem 3. 7. 

Whi le Theorcm 3. 3 shows that local compactness 01 Y is a sufficicnt condition 

!for the equality 01 S3 and S I' the fo llowing example ShOW5 that local compact­

mess is not necessary for thei r equality. 

EXAMPLE 3.2. Let X二 {- 11 U {z : O< x < 11 CR. Let 
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Y = ((O, O)} U ((x, y) :y=sin 숭， O< z < I ) 

be a subspace of the plane. Y is not localIy compact .. Define 1: x • Y such that' 

jmaps x- (• 1) homeomorphicalIy ooto Y - ((O, O)) and I( - 1) =(0, 0). 1 is clearly 

a continuous function. Each yEY - ((0α’ 0이) ) is ill따lte야rior to a closed segment of the 

curvπr 

TIot mteno야r to any compact set. Thus, 5 = ((O, O)} . Now for any、 neighborhood: 

U 01 (0, 0), there exists a number N>O such that for any integer n> N, the seL 

K = ((0,0)) 이(숲， o):n > N}CU 
The set K is compact. However. 

r
1

(K )=r1(O , 0) u{r 1 (콰， o) :n > N} 
compact in X. Hence, (0, O)E53. Therefore, 51 = 53, 

4. More on singular scts. 

A mapping 1 : x • Y may fail to be perfect bccause for some yεY; r 1(y) is 

not compact or because the image of some c10scd set in X fails to be c10sed in 

Y. In thi s section singular sets are introduced 、vhose definitions are motivatcd 

by the ab。、 e and used to study some propertìes of mappings with respect to 

closedness. 

DEFIKlTION 4. 1. Let 1 : X • Y be a mappi ng and 1et 

S4= {yeY • f l (y) ls not compactl . 

T HEOREM 4. 1. A closed maPPing 1: x • Y is perl ect il alld 0ηly '15,= 9, 

PROOP. T his folI。、vs from the defi nition. 

Recall lhe follow ing resu1t on cJosed mappings. 

LEMMA. Let 1 ’ X • Y be a closed ηlapp'μg and let U be a ηeighborhood 01 

f • \y), yEY. Then there exists a neighborhood W 01 y such thal 1-
1
CW)CU. 

THEOlmYf 4. 2. 111: X • Y is a closed mappiug Witll X loca!ly comþact, then 

S4 is a closed set. 

PROOF. Supposc cJ5，← 54듀ø and let yεc1S4-S4" There exists a neighborhood'‘ 

U of I- '(Y) such that cJU is compact. Let W be a neighborhood of y 8uch that_ 

r 1(W)Cu. Now , wn5, ,,,,ø anJ for y'EWn5 'l’ f • l(j)Cf l(W)CCRI-
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However, SInce f 1(y’ ) is a cJosed subset of cJU, / • ( y’ ) is compact, This con­

tradiction proves cJS4 - S4 ~Ø， 

It is known that the restriction of a closed mapping to an inverse set is a. 

closed mapping. Therefore, we ge, the following resu lt. 

THEOREM 4. 3. 1/ / : X • Y is a c/osed maþþi1lgand g~/ I(X -/- l (S4)) ' 

then g is a per/ec/ maþþing 0/ X-/-
1
(S,) 011/0 Y - S4• 

PRoor. Let yεY-s4· Then f- l (y) nf- l(S4)=￠ and f • l (y ) is compact in X 
‘ l Hence, g- ' (y) is a compac t 5et in X - / - ' ( S4)' Hcnce, g is a c10scd mapping : 

w ith compact point imcerses. 

The fo~lowing resul t is due to Mi chae l (2, T hm. 1. 1). 

THEORE셔 4. 4. 1/ f: X • Y is a c/osed maþþt.ng ψtëh X þaracomþact Qlld Y 

locally comþact or f :.,st COtl1상able， /1'"11 /he òOlmdary of f-I (y ) , ßdyf-I (y ) , ;s ' 

C01ll pact f Or each yEY . 

THEOREM 4. 5. lf f : X • Y is a c! osed non-þeκfect 1Ilaþþi1lg 1lJμ Iz X paracom­

pac/ alld Y locally cOlllþac/ or / irst cOll1ltaòle, IhclI Intf- l(y) r'O for each yE S4• 

P ROOF. lf YES,’ then f - I(y) is not compact. Since ßdyf- I(y) i5 compact, 

r I(y) - ßdyg - 1(Y)r'ø. Hcnce, Intr1(y)r'9. 

COROLL재Y. Uωer tlte cOllditiolls o[ Theorem 4. 5, 1- ' ($씨 is 1l0t com þact 

aιi lntr\s，);>εø. 

TH EOREM 4.6. Lel f: X • Y be an oþett.-c!osed maÞPü lg wtëh X paracompact 

and Y loca!!y comþact or lirst cOlmtable. Th e1l $4 is a discrete su.bsþace 01 Y . 

P ROOF. lf yES 4' then 1따f→ l (y) r' r/J. Sincc f is an 야en mapping, f ( Intf- l(y) ) 

~ Iy} is an open set in Y. Thu5 Y Hausdorff impJies Iyl is a n open and c10sed 

su bsct in Y. 

THëORE서 4. 7. Let f: X • Y be a closed 1l0Jl - perfect maþpillg with X paracom-­

pact and Y locally compacl or firsl CO It’IlaMe. Let A~ i1 ntf• l(y ) : yES,I . 

Th en g ~f '(X- A) is a þerfecllllaþþillg 0μ!O f (X - A ). 
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PROOI'. Since A is an 0야n set, X - A is c10sed and thus g is a c10sed 

mappi ng. For yE54, cither g - '(Y )=9 or g- ' ( y)= l3d y[• (y ) n (X -A) 

、w‘v새’ 

τw‘，.↑h…11띠c미마hi녕s a떠Is잉o c∞oαomp야ac야t. T끼‘，'h따1πeref“orcι， g'떠s a per타fωcCαt map에p끼)lOg， 

THEORE셔 4. 8. Lel[ : X • Y bc a closed maþþilzg sltch Ihol [ - ' (y) is cOllllccled 

[ or cach yEY - 5, is a c이ltin“wn il aud 0μIy i[ X-r' (5) is a coιft’WUJ1l . 

PROOF. Tha t Y - 5, is compact and conncctcd 、vhen X -[- ' (5,) is follows 

immcdiatcly [rom the continuity of the mapping [ , 

Assumc Y-5 , is a conti nuum. By Thcorcm 4,3, [ 1 ( X-[- ' (5 ,)) is a perfect 

mapplng 。nt。 y-s4· Thus, x-f- l(S4) lS COmpact- Now- suppose X f - l (S4) 

is not conncctcd. Then thcre cxist disjoi nt CI않d scts A and B such that 

x-f-l(S4)=A UB. Hence, Y S4=f ( A) Uf(B) 

wherc [ (A ) and [ ( B ) and cJoscd SCts. ][ yE[ (A ) n[(B) , then 

r'(Y) =(r' (Y)n A ) U (r'(y) n B), 

a scparation of [-'(y). Since [ - ' (y) is connectcd it much bc that [ ( A )n[(B) 

= ø and thus [ (A ) U[ (B ) is a scparation of Y - 5, . Th is contradiclion pro\'cs 

X_ [ - 1(5, ) is connccted . Thcre[orc, X-[- ' (5 ,) is a continuum . 

lt [ollows [rom tbe dcfini lion that 5,C53, The [ollowing examp!e shows that, 

in gencral , 5" ￥53' 

EXAMPLE 4, 1, Let X bc the spacc of rcal numbcrs “ itb the usual to;>ology 

and Jet Y = [-1 , l J bc a suhspace of X , Define [ : X • Y 5uch tbat 

[ (x)=x [or -1드X드1 : 

[ ( x) =소 [or 1%1 > 1 

Thcn [ is a continuous finite.to-onc mapping and 5 =1þ. Now Ict U bc a ncigh 

horho여 o[ OEY. There exists <>0 such that [y : -<드y드<J cU. 

Since {x: .T>뀐다-， [-o, <J 

/ - 1 [_<, <J is not compact and bcnce OE53, Note that [ is not a cJoscd mapping 

since [[ 1，∞)=(O， I J CY. 

THEORE:I1 4. 9. I[ [ : X • Y is a closcd lIIappillg wilh X locolly co…þac! . tllell 
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.s:=s 4 ..... 3. 

PROOF. For an)' yEY - S. , let U be a neighborho여 of f - I(y) such that clU 

is compact. Let W be any nei g~borhood o[ y sllch that 1- 1(W)ζU. Then [or 

any compact set KζW， r 1uoCclU. Thus, r 1(K ) is compact and yεY-S3" 
Her.ce, S3C S, and this implies S. = S3' 

When a mapping fails to be c1osed, thcre exists a sct of points in Y which 

can be described as a singula r set with respect 10 closed ness of 1he mapping. 

DEFI l\'ITIOl\' 4. 2. Let 1 : x • Y be a mapping. Let T be the set of all points 

yεY such that each neighborhood of y contains a non-cIosed set wi th closed 

trace. T 、‘ ill be called the si1lgltlar set 01 the nzaþþillg with respect to closedlless. 

THEOREM 4. 10. Let 1 : x • Y be a 1IIaþpillg loith Y regular. Then 1 is a 

c!osed maþþing if and 0ηIy il T =tþ. 

PROOF. lf 1 is a closed mapping, then e\'ory set in Y with closed trace is 

c1osed. Thus, T =tþ. 

Assume 1 is not a doscd mapping. There exists a closed set KCX such that 

I ( K ) is not closed in Y. Let yEcl/ ( K ) - I (K ). For any ncighborhood U of y , 

there exists a neighborhood V of y such that clVζU and clVn/(I()갖q，. The 

set r 1(clV)nK is c10sed and f[r1(clV )nK] = [c1Vn/( K )] , Since 

yE cI [c lVn/( K )] - [clVn/(K )], clVn/(K ) is not a c10sed set. Hence, yET. 

THEOREM 4.11 . 111: X • Y is a 1Ilaþping, then T is a closed set. 

PROOF. lf 1 is closed , then T =tþ. lf 1 is not closed, let yεc1T. For each 

neighborho여 U of y, unToFÇ. Let y'E UnT. Then U is a neighborhα성 of y’ 

and as such U contains a non.c1osed set with closed trace. Thus, yET. 

In light of the proof of Theorem 4.10, another set which measures the noo. 

closedness of the mapping 1 is introduced. 

DEFIl\l TlON 4. 3. Let T 1 = υεY : there exists a closed set K cX such that 

yEcl/(K ) - I (K )} . 

TH EOREM 4.12. Let 1 : X • Y be a nzappillg. Th ... 1 is a closed …app…g il 

a1ld only il T 1 =ø. 
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P ROOF. If f is a closcd mapping. thcn for every closcd set Kζx. 

c1 f ( K ) - f (K ) = rþ. Hence, T = rþ. 

If f is not a d oscd mapping, thcre exists a closcd set KCX such that f (K J' 

is not closcd. T hus, clf (K ) - f ( K ) ,Æ rþ a nd T .얘. 

T HEORE.Y! 4. 13. 1 f f: X • Y is a maþpillg wilh Y regular, then T ,CT. 

PROOF. Lot YεT ， and let U bc an)' neighborhood of y. Y rcgular impJies . 

therc exi sts a neighbor i1ood V 01' y such that clVζU. There exists a closed sot 

KCX such that yεclf(K)- f (K ) . Thcn Vnf(K)낯rþ. 

Let L = f l [cl(f (K ) nV) 1 nK. 

Thc sct L is a closed sct and f(L)=f(K)nVζU. Thus U contains a non.closcdJ 

set with closcd tracc and t hus yET. 

Recall that Ql denotes a set of poì nts in Y each of ,vhich is in ter ior to a com­

pact set tha t has a compact inverse undcr the mapping f: X • Y and S, =Y - Q,. 

THEORE'.l 4. 14. For a 11laþþi1lg f: X • Y , TnQ , = q" i. e. , TCS ,. 

P ROOF. Suppose yETnQ , . Let U bc a neighbor~ood of y sllch that cJU is 

comnact and f - ' (clU ) is compact. Sincc y르T there cx ist s " non-closed set KCU 

with a closed trace. say LζX. Now Lnf• j (clU) is compact and 

f (LnF' (c lU )) = K 

1'herefore, K is compact, but Y is Ha usdorff a nd th is imp1ies K is closed. This 

contradiction' proves TnQj = rþ. 

1'HEOREM 4.1 5. If f: X • Y is a maþþing such that f - ' (y ) is comþact for 

each yEY olld Y is locally co’.npact. Iheíl T 二Sj'

PR00F. It suff ices to show that S ，ζT. 

Let yESj. T here exists a neighborhood U of y such that clU is compac t and ' 

f • ' (clU ) is not compact. Now, thc mapping f lf -'(clU ) is not a closcd mapping 

since other、‘ ise f - '(clU ) would bc a compact set. Thus, there exists a closed 

se t KCf- ' (clU) Wi lh f (K ) not cJoscd in clU. Therefore, K is closed in X and! 

f (K ) is not closed in Y. Hence, yET and S,CT 

1'HEOREV! 4. 16. Let f : X • Y be a moþþing 1μth Y regldar aud Iet C= f l (T ) , 
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Then the 1Jlaþpillg g = fl CX -C) is a c/osed moþþillg. 

PROOF. Suppose g is not a closed mapping. Then there exixsts a set K closed 

in X -C suçh that g(K) is not closed in Y -T. There is a cIoscd set LζX such 

that K = LnCX -C) 

Now. cly→Tg(K ) -g(K)듀여. 

lLet yEcl y _ Tg(K) - g(K). 

Then y'i'g(K) implies y중f(L). Thus. in Y yEcly _ T g (K) - f(L). 

Since cly_TgCK)cclyf(L). then yEclyf(L)-f(L). 

This implies yεT lζT contrary to yEY -T. Thus g is a closed mapping. 

THEOREM 4. 17. Lel f: X • Y ée a jintÏe-to-o l1C open maþpiηg where Yis a 

metηc space. Then X -C t"s mctη zable. 

PROOF. X -C is an open set 50 that g is an open mapping. By the previous 

theorem. g: X-C• Y - T is a closed mapping. Thu5. g is an opCn-cI05ed finite 

to~one mapping onto a metric space. Since g is a perfect mapping, X -C is 

paracompact anrJ compJe야ly rcgular. With thcsc conditions Arhangelskii (1) has 

ShO\\lll that the illverse image of a metric space under .anopen-closed {.inite:.tû-one 

mapping is metrizable. 
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