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..A NEW CLASS OF COMPLEXES OF LINES IN ELLIPTIC SPACE S3 WITH 
ONE OF THE PRINCIPAL SURFACES COIl'íCIDENT WITH THE 

COORDINATE SUREACES 

By M. A. Soliman and N. H. Abdel.AIl 

1. Introduction 

Consider the elli ptic space S3 with a moving frame in the form of a normalized 
' polar. tet rahed ron T CÏÎ" ÏÎI" ÏÎ2' ÏÎ:;l. The fundamentaJ equations and the structuraJ 
. equations of that frame are 

dÏÎα=ωa x3, 、vhere ωa+ω~=o ì 
DOJ’ =ω'tlωt ， DIU’二띠f~Aω’ ω' tl띠(1) j ' ...... , .... j - ...... j u ....... k 

(ω’=ω6= -ω~， i . j. k=l. 2, 3) J 
Here ω，~ are Pffa f's forms. D denotes the operator of exterior differen t때on 
and 샤 is t he ex terior product, berween forms. 

The differen tial equations of the complex of lines generated by the ray ÏÎoÏÍ3 

r elat ed to its canonicaJ tetrahedron in the 2nd differential neighbourhood of its 

,ray [3] are 

” ω'3=k，ω， , 
? " 

dk =þω- +αω+ß，ω3' 
3 2 2 . 1 . 2 
ω -kw;=aw-+qlω + rω3’ 

. 32 _2 2 
”띠 -ω; =ßω +r，ω +r，ω3 ' 

(2) 

'where k is the invariant of the 1st differential neigh∞urhood and þ, α. ß. Q.r.r 

arc the invariants of thc 2nd differentiaJ neighbollrhood of the r ay 01 the 

,complex. 

2. Exi stance theorcm 

The di lferential equations of the complex of lines, whose one of the principal 

surfaces [1] coincident with the coordinate surface [3] are 
• 2 

띠3=k띠 , 

dk=pω2’ 
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3 2 1 . 2 
ω -k，ω'1 =q띠 +r，띠3’ 

3 2 2 
kω -ω1 = rlω +rω3' 

Extenor differentlanon of dk=￠U2. glves 

p(q-r) _1 --.2 
dpAcJ2+ Y \.'I →스 ω A써=0， 

l -k" 
2 

smce 띠 • 띠 and ω; are linearly indcpendent forms. w e must have 

(3) ‘ 

p~-~=~ ~) 

The cases for which p=O, q- r ,=O and p ,=O, q- r =O have been studied in (l j' 

and (2] respectively. 

2 
Jn the previous paper (2], the equation 띠 =0, determines a holonomic coo-

gruence has been proposed. ln gencral this congruence is W-congruence (a 

congruence is ca l1ed W -co1l.gruence if the asymptotic lincs on the focal surfaces 

have thc same equations) (3]. 

]n the present paper \ve investigate thc compJex fo r which the congrucnce 

띠2=0， is not a ~V - congruencc. For th15 purpose the asymptotic lines 00 the focal 

surfaces C70 and C73 described by the focal points Ao and A3 are dctcrmined by 

and 

dAO' dAz=ωl띠;+ω3띠;=o， 

dA • • dA. =띠1ω3+ω2ω ~=o 3 .... " .. 1- ........... ' ...... 1 ..... 3 

(5) ‘ 

(6) 

rcspcctivcly. From (5) , (6) and (3), it follows that, the asymptotic lines on 

thc [ocal surfaccs C7a(a=O, 3) ha、 e not thc same equations if a.nd onIy if at lcast 

one of thc cqualitics 

q-kr= O, r- kq=O, 

holds wi th the condition q • r = O, p,=O 

m 

(;) \VC study hcre the complexes for which q- r=O, p ,=O and q=kr. ln this ' 

case the diffcrcntial cquations (3) take the form 

’ ? ω;=kw-. 
。

dk = pω- ’ 
3 :2 .. 1. 2 

ω kwï=q(ω + kw;;). 
1 . :2 

k!o ωî=q(kw' +ω'3>. 

(8) 

Extcrior differcnliation of the last thl-ee equations of (8) and using Car tan’ s, 
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From equations (9) we have the followng existance theorem. 

THEOREM 1. The c011lplex (9) exists within 01le arbitrary jiμμction 01 01lσ 

νaγiable. 

3. Geometrical construction 

The followηng Theorems give the geometrical construction of the complex (9) . 

THEOREM 2. Whe1l Ihe ray AoA3 generates the complex (9) , Ihe line AoA2 

generates a Plaue tallgent to the absolute. 

PROOF. From the dif[erentials 

dAo=띠l(Xl±z X3) +띠2X2， ) 

dAz= iω3 (Xl= 2X3)-ω2x。， | 
d(A1土iA3) = ::t ikw

2
(A] ::t iA3). J 

It follows that AO A2 gencrates the plane iJ with tangential coordinates 

δ= (AoA2' A, ::t iA3), ( 11 ) 

(10) 

it follows from (10) and (11) that , 

dδ=0， (modσ)， 

this means that, the plane δ is stablc and tangent to the absolute at the stable 

point A] ::t iA3. 

From the differentials 
1.... 2• 3~ 

dA. = ω A.+ω A，+ω A 1 I VJl ~ "2 I ""1 .... 3’ 
3 • 1.... 2• 

dAo= ω A，+ω A. +띠~A 0 ' ""'3‘ "1 I ""'3~ .. 2’ 
(12) 

it foIlows t ha t, the line AIA3 generates a normal congruence whose its rays cut 

orthogonaJJy horosphere with centre at t he point A, ::t iA3, and its focal points 

coincident with the stable points A 1 :t iA3o 

LEMMA 1. T he equalion ω2=0， determi”es a ltoloηomic congrμence belollgs 

10 the complex (9). 

PROOF. Since Dω2=o， (modω2)， this means that ω2=0， is integrable and: 
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<1etermines a holonomic congruence. The focaI points of this congruence a r:e 

the centres of the ray AoA3 of the compJex. From (10) and (12) it fo lJows 

that. the focaJ point Ao describes a line l~(껴ü' A, :t iA3) and the focal point 

A3 describes horosphere with centre at the stable point Al :f: iA3• 

3 lf t Ìle point Ao is stable(ω =ω ~O) then 

dX3=ω햇2' d lA aA31 ~ω3lX。져2 1 . 
this means that. 113 describes a cur、 e Jying On the horosphere and the ray A，왜3 

generates a boundJe of lines. i. c.. tbe compJex (9) is a two parametr ic fam ily 

of the boundle of Ji nes. 

THEOREM 3. We cO?l sz'der a Iwrosþhere whose ce씨re lies 011 the absolzde. We 

take wWlovi1tg lille þassillg tllrougÏl the pla1!c tangellt to IJze absolute at thc CC1ltre 

ollhe horosþhere. Take IMs line and Ihe horosþhere as Ihe l ocal SIαfaces for a 

COllgrue11ce. 011e þarametric fa끼t‘/y ollhese congruCítces CO'Jlstruc/ the ccmþlex (9) . 

PROOF. \Ve choose a frame of refcrcnce in the form of a polar tetrahedron 

T ( AO' A j> Ae. A3). such t hat the point Al = i져3 coincides the cen tre oí the 

horosphere, the line A IA3 coi ncident \vith the normal to thc l:orosphere and 

the poin ts Ao and A 2 pJace 011 thc Jine ]J미ar COD]ugate 、\'ilh A IA3 、.vhich Jies on 

the ta l1gent pJanc to the absoJute at thc point Al :t iA3' Moreover. Jet thc 

unmoving line 1 and the horosphere described by the points .40 andA3 rcspectively 

’밍 taken as lhe focal surfaces oì a congruence. Then thc diffcrenrial cqt:atÎons 

of rhe congruence constructeå above a re 

씩=0. ω1-=0. (13) 

by construction thc li ne Ao낌3 coincidcnr with the ray of lhe complex, it foHows 

2 ’ that , ω , ω , ω~ and 띠3 arc thc principal [orms for this CO ll1jJlcx an이 tl:c forms 

띠; and ωJ2 must lb] c Cm。이on짜1 

Jt.s c’xt않eno야r d미lηrηfercαcnt l띠a따t lon gl\'、vcs (2잉) . s히ince J져겐 1 A3 generates a congrue밍n따1πce of 

J i…rne않s. then the fωorπrm s ’ 

This Jeads to the cquaJi ty 

C(~β~O. (14) 

Also the ccntre of thc horosphcrc is a slablc, i. c . . 

‘ d껴， :":: iáA3=O. ( modA1 :!: iÃ3). (1 .')) 
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from (12) and (15) we get 

q=r =:!:i. (i = ‘/τ1) (1 6) 

The reJations (14) and (16) characterize the constructed compJex (9). 

(i i) The compJex for which q - r=O. P7'O and r=kq. Jn this case the Jine 

껴，A3 ‘배ich is pJoar conjugate to AoAz genera tes a stabJe planc. The ex istance 

Theorem and geomctrical construction can be given by similar way 2.5 the above. 

( ii i) The compJex for which q-r=O. P7' O. q=kr and r=쩌. [n this case the 

focal su rfaces of the congruences generated by the 1ines A;) A2 and 져1 A3 are 

degenerate to stabJc pJanes. as rcvcJcd from thc foregoing results in (i) and (ii) . 
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