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MAXIMAL TOPOLOGIES INDUCING CONTINUOUS CLOSED MAPS 

By Thomas Gearhar t and Norman Levinc 

1. Int roduction 

Suppose f : X • (Y. W) is a sur jection from a set X on to a topological spacc 

(Y , iì') . Let T" denote the collection 01 topologies On X which make f conlin 

uaus and closed. Tbc collcctîon T cc is ncvcr void ; in fact, the “ weak" topology 

3 • w= Lr
1

[UJ : UE k'} ‘s casily seen to be its smallest membcr. 1n this papcl 

v,rc address the qu est ion of ex ìstc!lCC of max imal or Iargest mcmbcrs of T cc" 

lfA 드 X we w‘U use the nOla Lion ~A lO dcnote the complemcnt 01 i l. 

2. Maxima Iity i!l T cc 

LEYl MA 2. I. Supþose (X . .3η aχd (y , iì') are toþological spaces alld f: X • Y 

is a sllTjection. Tll ell f is a closed ma þ if an.d O1:!y ‘f the ι'olloUJing co;;ditio“ ’s 

salisfied: for each y ε Y and each O E Y , if rl (y ) 드 0 , the1l thεra cxisls 
U ε iì' with Y E U sIIch Ihol f • 1 [UJ 도 o. 

This is well knov-.~n a nd the proof is omittcd. 

THEOREM 2. 2. Supþose f: X • (Y , W ) is a S IIηection alld Y O E T". Lel Y 

=supIY ET,, : ‘ro 드 ‘r} . lf f • l(y) is comþacl i1l (X , Y ,J f or eac/.‘ y EY, 

t1le l1 tlzere exists a maxi11lal η"tember ..r. 01 T cc sucÌl that !i’ o 드 Y ‘ 

PROOF. The collection α= {Y ETcc ’ ‘7。 드 3이 is nonvoid and po. rtial ly 

ordered by inclusion. Lct ε gα， 강 a nonvoid chaîn. If \'"C definc Y' =~ :->U ;:> 

{Y : Y E ~}， il is c1ear lhal Y O 드 ‘T'. ‘:7' makcs / continuou5. and ..:r 도 
‘ ;T' lor each Y E 강. 

\Ve 00 ‘v show that Y' makes f a closed map. Suppose f - l(y) is contained in 

O’ E Y'. For 않Cl1 X Ef- l(y). there cist c;, o ; - -- -, o:., klong:ng to 

topologies in 강， such t hat x E o ; no; n ... no:. 도0’· Settlng Ox= o;no; n ne;. 

and using the fac t that ~ Îs li nearly ordered. we conclude that x 드 0 , 드 0 ’ 

where 0 : bclongs to a topology in ~. 

A :VIS(MOS) subjcct classif ications (1 9801) . Primary 54C05, 54.C10. 
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Now- f - l(y) g U lox : x E f -l(y)} g O’ . Since 1-1
( y ) is compact in ( X , .9기) •. 

therc exists ixl' %2 •...• %n1 도 f l(y) such that f l(y) g Ox, U Ox, U · U Ox. g . 

0 ’. SeIting 0 = OXl U Ox, U---U Ox. and again lnvoklng the fact that e IS linearly 

ordered, we have f - l(y) 드 O 득 0 ' where 0 E Y for some Y E 강• ButY ETw 

and so there cxists U ε íY such t hat y E U and 1- 11Ul ç;; 0 ç;; 0 ’. 80 indced Y ' 

makes 1 closed. 

lt now folIo、vs that .9η is an upp:::: r bound for 강 ln α， Conscqucntly. 20rn’ s 
• Lemma assures the cxistencc of a maximal member Y of α ， This Y must ’ 

be maximal in T cc as well , and thc proof is complcte. 

COROLLARY 2.3. Suþþose 1 ’ X • (Y , íY) is a sltrjeclio1l alld Y o E T" . 11 

1 - 1(y) is lillite l or each y E Y , theJt there exists a lIIaximai 1IIember y' 01 T"" 

S1,‘ch that y，。투 Y . 

The authors' attcmpts to remOve thc compactness hypothesis from Thcorem 

2.2 ha\'c bcen unsuccessful. Howevcr. if we drop the requircment that the 

maximal member of T << contain a g ivcn Y O in T cc• thcn lhe t.:ompactncss rc

s triction on the point inverses ca 1 be deleted. The construction which yields 

this result 1S motivated by thc following tWQ observations ‘ 

(i) A naive attempt to construct a maxirnal member of T cc would be tO dcc1are 
{E 드 X : J[El is íY.closed} to be thc family 01 “ closcd scts" for the dcsired 

topology . 'l'his fails because the famiJy is not clOs..2d under intcrscctions. 

( ii) ln an attcmpt to Qvercome this difficulty. we can try focusing on a subset 

A of X such that 1 1.4 : A• Y is a bijcction. In fact , for such an A , the col. 

1cction {E 도 X: IIE n Al =J[El and J[El is íY 'closedl docs scrve as the family 

of closed sets for a member of T cc' Unfortwmtc1y, this topology is not max ima1. 

A s!ighr enlargement of the collection in (i i) leads to the successful construction. 

DEFINlTION 2. 4. Suppose 1 : X • Y is a sur jection. A ç; X is called a þreimage'" 

se!eclioη ii and only ii I IA : A• Y is a bi jection. 

T HEOREM 2. 5. Suþþose 1: X - (Y , íY) is a su.rjectioll a /ld A is a þreimage 

se/ection , Then Y = IE 도 X :J[E n Al 도 B 도 J[El ;mþlies B is íY , closed} is 

the lamily 01 closed sets lor a loþoiogy Y(A) 011 X whicl‘ ’Ilakes 1 coηti1lUOUS'; 

alld closed. 

PROOF. J[ fþ n Al 도 B ç;J[ fþ ] implies B =fþ and J[X n Al ç; B 도J[Xl implies. 
B =Y. Hence fþ, X E Y . 
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Suppose {E a : a 드 "1 is a subcollection of Y . Wc nced to show that 

n {E ", : a E "1 E Y . To this end suppose f{ n {Ea : a E "1 n AJ!::;; B ':;;f{n {Ea : 
a E "1 J. lf we can show that B is ~ -cIosed, it will follow that n {Ea ~ 

gεJI E Y. 

Observe that fo r each a E Ll, f[Ean AJ ç; B U f{Ean AJ 득f{E.J. Since each 
Ea E Y , it fo l1ows that B Uf{E . n AJ is W-closed for cach a ε Ll. Now, using 
thc fact that f is injcctive on A, 씨’c havc 

n {B U f{ Ea n AJ : αε Lll = B U [n {f[Ean Al : a E Ll l ) 

= B Uf{n {E.n A: aEßIJ = B U f[ n {E. : aE ,J) n A) = B. 

As an intersection of z,'-closed sets; B Îtself mus[ bc Zγ-clascd. 

l\ext take E l' E2 E Y , and suppose f[ ( E, U E i) n Al ç; B 드 f{ E1 U E2J. 

Observe that [or i = I, 2, f[ 2 , n A) Ç; B n f[E;l 도 f[E， J . Sincc E; E Y fo r i = 

1, 2, it [ol1ows that B n f{E, i ‘s ι-c1oscd [or i = 1. 2. But then sincc (B nf[E ,) ) 

U (B n f[Ez])= B n (f [E 1) U f[ E2J) = B n f[ E,UEJ = B, B is ι c1osed. So E" 

EzεY implies E, U Ez 드 Y . 

Thus ‘:r is indeed the family of closcd sots Íor a topology on X 、、 h ch we 

denote .:rCA ). 

L3t F be @ closed . f[f-l [F]nAlgB 도 f[f- ' [F) J implies Fn f[AJ 도 B Ç;F ; 
but sinιe f[AJ =Y , this mcam B =F and we can concJude lhat f - l[FJE Y . 

Il ence ‘T(A) makes f continuous. 

Also, from [he very dcfinition of Y , E E .'T implies f [E J is W-cIosed. Hence 

.:r(A ) E T" and the proof is complete 

Observe tha[ if S is any superset o[ the preimagc sc1cction A, then f[SnAJ 

도 B 드 f[SJ implies B =Y. Hencc, S is c10sed in CX , .:rCA)) . 1n particular, A 

itself is closed. and thc fo l1owing tcr minology is motivated 

DEFINITIOl\ Z.6. Suppose f : X • CY, ~) is a sllTjection aod A is a preimage 

sclcction. Then the topology .:rCA ) of Theorem 2.5 is cal1ed the closed-seleclioll 

topology determincd by A. 

THEOREM 2.7. S“ppose f: X • CY, ~) is a suηecti0 1l alld A is a þreimage 

selection. Th en tlze closed• selecüou topology Y(A ) t's a maximal member 01 T cc' 

PROOF. Suppose .:rCA ) ç; y ε T" . We need only show that .:r ç; .:r(A). 

Take E to be .'T - c1osed. Suppose f [EnAJ 도 B 드 f(EJ . If wc can show tha t. 

B is W-c1osed, it will follow that E is .!lτA)-closed . 
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A U/-
1 LBl is ..r(A)-closed by thc rcmark immodiate1 y prcccding Dofinition 

2. 6. and hcnce it is ..r -closed as well . ßut tben it fo llo‘VS that E n <AUf-l [Bl?

is ..r -dosed. Then, . since ..r makes 1 a closed map. B is ZI-dosed bec?use 

f[En (A Ur 1 [B])] =f[ (Eil A) U (Enr
1 

[B]) ] 

=f[E ilA] Uf[Eilr
1 

[B]] =f[ EilA] U(f [E]ilB ) 

=f[E il A ] UB =B. 

The foilowing example shows that not all maximal members of T cr arc closcd

~election topologies 

EXAM PLE 2. 8. Lc( X = [0. 1]. Y = Sl , ZI = the usual topo!。잎 on Sl, and 
"> .. :‘ 

define 1 : X • Y by 1(I) =e- ‘ , 0드t드1. lf .r is the usuaI topology on .. Y. then . 
Y E Tcc' By Corollary 2.3. therc exists a maximal mcnbz"!' .5• of T cc 5 "lch -

- ‘ that ..rç.5γ . We wiI1 sh。、\' tha t .:7 is not a 띠osed-selectio:'1 topoiogy. 

The onl)' two prcimage sclcctions arc AI=(O. 1] and A"= [0, η "10\\- [0，융] 

is ..r-closed hur not ..r(샤따ed because 1[[α i ] n Aij=f[ko,÷:: lS not 

ι/→ closed . l-lence .r is not contained in ‘ :T ( -4 1) and we c03cIude ..7 ,=..r(A 1). 

1n a sim i1ar manner, ‘ve can show that the Y-closeà s~t -+. 11 is not Y 
L • 」

(Az)closed, an,1 Y ';OéY (A"). 

3. L.rgest Members of T <c 

DEFINlTION 3.1. Lct 1 : X • Y be a sur jection. The !le,. ilcl of f is defined 

κ= [xcX: x''''x implies l (x') ,=/ (x)J. The coker;:el of 1 is defincd K， =ε'f[K]. 

THEOREYI 3. 2. Suþþose 1: X • (Y. ZI) is 0 suηection and let ε = iE 득 X: f[E] 

.is W-closedJ . The/l tlle lollowiug aγe equivalent : 

( i ) Every subset of K , is 0 þe잉 in (Y , ZI) . 

(i i) B i s closed under arbUrary intersecUons. 

( ili) T cc has a largest member. 

(iv) All closed-seleclio1l tOþologies are l!le so"'e. 

PR00F. (i) implies ( ii) . Supposε cvcry subset of K , is open in (Y , 9/) . Let 

lEa : α E JJ be an arbitrary subcollection of 8. T hat il {Ea : α E JI E 8 follows 

f rom the following observations: 

(a ) f[K ] Uf(n [Ea : a E J ] n~K] is ZI-closed because its complemcnr is a 

subset of K ,. 
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(b) J[n {Ea : a E d ) ) = n (f {EaJ : a E.1) nU{K] uJ[ n {Ea : αELI) n강K]) . 

(i i) implies (iii). It is easy to sec that ø, X , and finirc unior.s of :ncmbers of 

C are in rf. So thc hypothesis that ,g is closed undcr arbκrary ‘ ntersectlor.s 

assures that ,g scrves as t he family of closed sets for a topology on X . The 

simple verifications that this topology makes f con linuous and closed anJ 

contains aH othcr members of T" are lcft to the readcr . 

( iii ) implies (iv) . SUppOSC T“ has a largest mem ber, say Y ‘. Then for any 
• preimage selcction A, .5'(A) 드 Y . But Y(A) is a maximal member of Tc: 

by Theorem 2. 7, and hence we must conclude .5'(A)=.5' . ‘ 
(iv) irn p1ies ( i) . Suppose that thc topoiogies .5'(.1) are idcntica! as A rang"s 

over all preimagc sclcctions. Take U드K " Let A bc any prcimage sc!ection. 

Choose anorhεr prcimagc seicction B 50 that .4nBnt- 1 
{UJ = 0 2nd .4 n .r-1 

{ê'UJ =Bnr
1 [εU] . Then .4ηB=AnBn(r'[uJUF'[εU] )=.1 nBnr 1 [ε'UJ 

= Anr
1 
[2UJ . S‘nce A is .5'(A)'c!oscd, B is .5'(B)-closcd, and .5'(A)= .5' 

(B), it follo“ s that AnB is .5'(.4)-closed. Then using ‘he fact that Y(A) 

makes .r closed. e u must be iY-closed beeause J[AnBJ =J[An.r•, [ξUjJ = 

J[.4J nεU=ynεu=εU. Hcnce UE W. 

The Ohîo Statc Unhrcrs ity 
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