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A REMARK ON NEW CRITERIA FOR UNIV ALENT FUNCTIONS 

By Shigeyoshi Owa 

O. Abstract 

St. Ruschc‘λ eyh suggestcd new critc r ia for univalent fun ctions and two prob

lcms. 1n th is p:tper , we shaH give lhe relat ion betwecn ne‘.v cri tc r ia and 

fractionaJ calcul us a nd sorae resu1 ts for Ruschewey h ‘ s problems in a Se:lSC 

1. Introduction 

Let A denote the family of f unctions [ (z) anal ytic in the unit disk U = {f z l < 11 

and nDrmalized [ (0) = 0 and 1' (0) = 1. And let K " dcnote tbe class 01 functions 

[(z)εA satisfying the following conditions 

「 {znf(z] l (r Ll) 1 
(1) Re l --"τ1 _ .. . r .. γ 1> ..'!.τ=- (z드U) . 

L (z.-'[(z ) 、 ) J . -.c. 

wbere llENU [이 • ln par ticula r. for 11 = 0 the conditions ( 1) hecome 

R r f’(~) 1> ~ e l -j(~꺼 > τ ( zEU). 

Therefore. the c1ass K 0 eq uals the class S융 (1/2) that dcnote the c1ass of 

s tarlike functions of order 1/2. 

Let [ *g( z) denote the Hadamard product of two fUDctioDS [ (z ). g ( z)EA. that 

1S. 

[*g(z) =궐， J IEI=P( 1 f COg(zl t) 솥 dS. 
a nd 

(2) D"f(z)=l~← :"- 1 \ *f (z) (a르-1). ‘ (1 -z)" - ' ) 

T hen. t he relation (2) implies 

Z [z'-lf( z)J (. ) 
(3) Dn f ( z) =걱L치꽉-'--

‘ wherc nENU [0) . 

Wit h thi s notation (3) ‘ve ha、 e that the nece5sary and sufficient cond ition for 

.a function f (z) EA to be in the class Ko=언(1/2) is 



16 S higeyoshi 0ωa 

f D'/( z) 1 , 1 
Re I - ,;'-' I > +.- (zεU) . 

lDγ(z) J " 

t he nccessary an~1 su ffi cien t con:liüon for a funct ion [(z)εA to be in thc clas~. 

KI드K i3 

Re (픽젠식 > ÷ (Z든U) . ‘ Dγ(z) I " 

and the necessary and suÍficicnt condition for a íunction f ( z )EA to bc in the:: 

class Kn is 

(4) Rc I프끽(z) 1 > {- (zEU). 
l D ‘'I(z) I • 

l'v!orcover. in thc notation (4) also a class K - 1 can be dcfincd as the farn ily of 

func tions f ( z ) E A sar isíyi ng [h{! cond itÎon 

Re (펀L} > ÷ (zg U) 

2. The deî init ion D" f (=) 

In [1 ], S. 0、.\'a dcfined thc rractional intcgraI .and dcrivativc of ordcr α as 

folIows. 

DEFIJ\JTIO:-! 1. T he [ract ic n:t1 intcgral of ordcr α is dcfinod by 

f' 1(0 d; D - a 1(2)= r:_. J: J "ι~ 
.1 \. "- .1- r(αJ Jo (z -a)l a , 

、‘~There a>O, f ( z) is an an :a lytic function in a simply con nJctcd rcgion 0 1" the ~ 

z-plane containing thc orig:n , ι n :l thc mul tiplicity of (z -oα- l iS reinovcd by 

requ iring In (z-O to be rea l whon (z-<) is grcatcr than O. 시oreO\"er. 

I ( z ) = lim D: " 1 (2) . 
a • . 'J 

DEFWITJO:-! 2. 1、he fractioll?l der ivat i 、 e of order a is dc fimd bv 

d f' 1(0 d; Dnf(z) ---」-- l 4i4iL 
r(l-α) dz j O (z-O. ' 

wherc O<a < l. f ( z ) is an analytic function in a simply conncctcd region of the 

z-pla nc containing thc origin , and the rnul t iplícity of (z - s) - (7 is remo \'ed by 

requiring ln(z- Ç' ) to be reaì when (z←히 is greater than O. l'vloreover , 

[(2) = lim D~ / ( z) 
a - .Q ‘ 
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f' (z)= Iim D~ f (z) . 
a-l 

T HEOREM 1. Let the flmctioη 

∞ 
f(z)=z+~ ιzn . ,1= 2 " 

Thell, for 0<α < 1 ωe have 

and 

Dαf(z) = r(J늄)D;[zα 1f(Z)} I 

DOf (z) = lim D앙(z) ， 
a-O 

df(z)= Iim Dαf(z). 
a-l 

PROOF. For 0 <α<1. we havc f rom (2) 

D"f(z.)=j ←」1;닝 셔z+ 울 a 0"] ‘ (1 _z) n uJ \ !1 = 2 n-

∞ (,, -1 + α)(η-2+α}--(1+α) 
=z+ι; ••• - 주 :;--2 (;?-l)’ 

On the other hand, by means of Definition 2 

n a __ z 
’‘ 

τ끊y- D; [za• 1 f (z)J =τ옮7 D:(za+불 an앙 l+a) 

∞ r(n↓α) 
=z+~ ”= 2 (2 1) ’ /"(1十α)a，/

∞ (η 1 +α)(n-2+α} -- (1+α) n 
=z十윌 (n ])! a“ 

Therefore. the theorem is established. 

T HEOREy[ 2. Let the funclion 
∞ 

f (z) 二Z十 주; a .. z”. 
n=2 “ 

T hen, for 0<α <1 we hανe 

al，ιf 

D • af(z) =τ줍하D;a {z- a - l f [ Z)} ,

D" f(z) = Iim D ‘ f (z) , 
a • u 

D- 1 f ( z)=lim D- a f (z) . 
Q • l 

17 
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The proof of the theorem is given in much the same way as Theorem 1. 

3. The classes K _ and K _ 
“ - " 

Let Ã denote the family of functions 

∞ 

f (z) = z+ :L: a.z" 
n=2 … 

analytic in the unit disk U. And let K a and K -a denote the classes 01 functions 

f(z)EÃ satisfying the following conditions 

Re「 Dr+1 {z앙(z)) l > 1 ~α 
、l D: {za-1f (z)) j / 2 

(zEU) 

and 

( D1 -α { z αf(z) ì ,_’ 
Rel “ ’ 1> →τ l D “ {z “ ‘ f(z )) j ι 

( zEU) 

for 0 <α < 1. respectively. 

Hence, we have Theorem 3 and Theorem 4 from Theorem 1 and T heorem 2, 

respectively. 

THEOREM 3. T he necessary and sμfficieη1 condilion for a funclion f (z) EÃ 10 

be in Ihe class Kao O<a < l , is 

, .、1+ αF 、 ‘ • 
Re {ιτ끄쓰 1 > •• (zEU). 

' D“ f(z) " 

THEOREM 4. T he "ecessary and sαfficienl condilion for a function f (z) EÃ 10 

be it the class K a ’ 。〈α<1 ， is 

Re (뿜짧) > 융 (zEU). 

THEOREY! 5. Lel Ihe flμχc1ion f (z) belong 10 the family Ã and salisfy the 

coηdilion 

∞ 

ε n(1I+ 2) 1 ι1 <1. 
n느2 

Theη， for 0<α<1 ， the fnηctioη f(z) is in Ihe class K a' 

PROOF. The hypothesis of the theorem 
∞ 

:L: 1I(n + 2) la. 1 < 1 
n=2 

i mplies the inequality 
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> 
∞ T (1l + 2) 
-ε2 것;각51 la. 1 

1+흘장렌← l a.1 

{ ii텍藝r:::) 
Accordingly. 

} z ” a 

-
] 
J 

μ
 -U 

D 
-

I 
이
 

‘ 
p “ 

(” r앙rF캅2) la.1 

TC Il+ a J 
[) ! TCa+lJ 

∞ 

l 一 ε:
는--흐三2 

∞ 

1 +뀔cn la. 1 

∞ T ( Il+2) 
> 1 칠걷;;~ï)! la. 1 

1 +휠깅띔유 la. 1 

l 
>거f" 

This proves tbat the function I (z) is in the c1ass K a by means of Theorem 3. 

The next rcsult is given in much the same way as Theorem 5. 

salisfy I Iz. Ã atld 10 11z. lami/y 

∞ 

ε (2,,+1) la-1 < 1. 
n = 2 

TIz•ι for O< a < 1, the fu，lct，。，z f ( z) t-s ”t tIte class K - a· 

L.t Ih. 11mclioll 1(2) b.lollg THEOREM 6. 

cOllditi01t 

4. The Ruschewcyh’s problerns f or the c1asses K a and K _a 

St. Ruscheweyh gave the fo l1owing problems in [2] . 

PROBLEM 1. What can bc said about the c1asses K a' if we replace the natural 

numher n in (4) by a n a rbit rary rcal number α르1. Is it perhaps that KaζKß 

for a>ß? 

Rusche-by St. 

Is K a c10sed under the Hadamard product? 

The truth of Problem 2 is trivial lor a = - 1 and was proved 

weyh and T. Sheil-Smal1 in [3] lor a =O. 1. 

PROBLEM 2. 
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sense. 、，\rc give somc rcsults for Problem 1 in a Now, 

salisfy IIIe Lel IIIe funciion f (z) belong 10 the class Ka+δ and THEOREM 7. 

condition 

10 ,1<1 
(2n+ 3δ .L 4)[’ (n+δ+ 1) ,n-1) ! r (ö‘, 3) 

∞ 

r:; 
n=2 

fo r O<a < 1 alld O<a+δ<1. Then Ihe lunc!ion f (z ) is ;11 IIIe class K • . 

The hypothesis of the thcorem 

(21Z +3δ→4) r(n+δ .L 1) 

[’‘ -1) ! r(δ+3) 

PROOF 

’a.1 <1 
∞
 「
설
 

> ÷. 
∞ r(n수δ+2) 

1 월 (n-l)! nδ 3)" 10.1 
∞ r ( "←「δ+ 1)

1+ ..L:' r~J ~ ;~ ， ;'/fY"./ 1')"1 lanl ，~ ( 1l - 1) ! 1’(δ 2) 

implies lhc incquality 

삼원잠강깅1 
땀뚫n 

o。

1 1 캐 r:; 
- 0 .... J H=2 .. -’-l ∞ 

1 1, r:; ι 
n=~ 、“

Accordingly. 

e[ Di냐때} 
D"f (z) 

∞ r (n +a + !) 
a l-뀔 강二l) ， -r(a ，'l)- 1 0，， 1 

1+흙 강f〉(;껍=1) 1 0" 
∞ r(tl+a+δ， 1) 

> l r딪 (，z-l) ，-r(:aτδ파)1 0. 1 
∞ f’ (n ，Ct+δ) 

1 +설 강피1γa주U끽)1 0，， 1 

짧
 

一랬
 

∞
 공피
 -
∞
 
컨
섬
 

_1_ 
> 2 

This provcs that the function I (z) is in thc c1ass K a ‘vith thc aid of Theorem 3. 

thal is There exisls Ilze IU1/ciioll f (z ) 01 IIIe closs Ka~ð su떠 COROI, LARY 1. 
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in the cla5s Kα， where O<a < 1 aηd O <a +δ <1. 

COROLLARY 2. For Ihe [ amily o[ functioηs 

∞ 

[ (z) = z+ ε ιzn 
’‘= 2 “ 

salis[ying the [ollowiug conditioll 

응 ( 2n +3a- 3.8+ 4) T(Il +α→β+ 1) 
등"2 (n • 1) ’ T(α β+3) 

i[ O <ß<α <1 and 0 <2α }β<1 ， th eη KaζKß' 

10,, 1 <1, 

21 

THEOREM 8. Let t lte [ακction [ (z ) be/ong 10 Ihe class K -a+δ and sσtis[y Ihe 

condition 

∞ ( 2n +30 +1) T(n +δ) 
fE2 (?2-l) 1 「(δ+ ~ÓV ' la" I<1 

for 0 <α < 1 and 0<α→δ < 1. Then the [" nftio" [ (z) is in Ihe closs K - a' 

COROLL ARY 3. There exisls Ihe [uη clion [(z ) o[ the c/ass K -a+δ such that is 

z"n the ctass K α， UJ!lιre 0 <α <1 and 0<α+δ<1. 

COROLLARY 4. For Ihe fαmily o[ [u lIctions 

∞ 

f(z ) =z+ :L
h 
a"z’‘ 

n = ~ 

50!씨ifyillg the f ollo llJing conditioχ 

ξ (2η + 3α 3β十 1) T Cη+α- ，8) 

，P죄 (η- 1) 1 rcα)β+ 2) 

ι'f 0 <2α - ß<I, Iheι K αCK_p' 

10’‘1<1, 

The proofs of Thcorem 8, Corollary 3, and CoroIla ry 4 are given in much the 

same way as Theorem 7, Corolla ry 1, anci Corol1ary 2, respectively. 

Finally , 、ve ha、 e the following results fo r P roblem 2 in a scnsc. 

THEOREM 9. Let the [ i“nct‘on [ (z) belong 10 Ihe [omily A and sat;s[y the 

condition 

∞ 

ε n(n+ 2) 1 a. 1 < 1. 
n=2 

Then , [or 0<α<1 ， the Hadomard prodιct[융j(z) is in the class Ka' 

PROOF. The hypothesis of t he theorem 
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∞ 

ζ n(η + 2)l afj l < 1 
n ~ι; 

22 

Jeads the incqualities la.1 < 1 and 

∞ r(η+2) 
l ε " αJ 

l -" 、 > ， ” 、 l 

ι‘ f\η t- l) • 2 

n= "2 \“ 1) 

since thc Hadama rd product of f (z) and f ( z ) is givcn b" 

f용f(z) = z+ )5 a.'z" , 
n= 2 

On the other hand. 

「 ∞ r(n+α+ 1) 2 ,- 1 

= Re! ~+E2받피힘2) au z 
1 ∞ r (n ←α) 2 ~n - l 
I 1+.L' "' ;;-;;, (n-1) 1 r(a +1) 

Re (함딸짝L} 
D"lf용J(z)1 

we have 

9 
-

” g r (n α + 1) 
α-1)1 r(a투깅j 

Hn+ α) 

(n - 1)1 r α+1) 

∞ 

1-.L' 
:> n-2 

∞ 

1+ .L' 
’‘=2 

9 
-” a 

「(n十α+1)
( 1l -1 ) • r(αγ 2) ， ιn' 

rcη+α) • 

1) 1 r(α + 1) ,“”• 

1- .L' 
> ’‘=2 

∞ 

1 +설 ( n 

> 1 -홀깊원쥬la， 
1 +.흑2강쁨Flaκ| 

> 융 
with the aid of cJass Ka Therefore. the Hadamard product f용J(z) is in the 

Theorem 3. 

the-that class K a 잉leh There exists the fíμηctioη f (z) of the COROLLARY 5. 

the-

H ad amard prod“et f *f (z) is in the class K a' where 0<α <1. 

1f the fuχctioη f(z) bι10ηgs ta the class K a aηd satisfz'es COROLLARY 6 

C01t이 ti01t 
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∞ E n(,t+2)|a” 1 <1, 

then the Hadamard þroducl f융f(z) is iη the class Ka' where 0<α<1 ， 

T I-lEOREM 10. Lel the junction f (z) belong 10 the jamily A aηd salisfy the 

condilt"o1t 

L: (2n+ 1) la.l <1 
n =2 

Theπ， for 0 <α < 1 ， Ihe H adamard product f용j(z) is Iη the cl ass K - a' 

COROLLARY 7. There exisls Ihe fU 1iction fCz) of Ihe class K_a 찌ch that th fl' 

Hodαrnaγd prodιc! f*fCz ) is in Ihe class K - a' where 0 <α <1. 

COROLLARY 8. If Ihe funclion f(z ) èelongs 10 Ihe class K - a and sallsfies I"e 

cond t"t io’z 
∞ 

ε:' (2η+ 1) l a .. 1 <1, 
n=2 ’‘ 

Iheη the Hadamard þroducl f*fCz ) is In Ihe class K - a' where 0 <α<1. 

The proofs of Theorcm 10. Corollary 7. and Corollary 8 are given in much 

the same way as Theorem 9. Corollary 5. and Corollary 6. respectively. 
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