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An Approximation for Calculating Sample Sizes
for Comparing Independent Propotions
in case of p;<0.2
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1. Introduction and Summary.

Let p, and p. are proportion of binomially distributed populations. And consider the
problem of determining the sample sizes required to compare two indepecent probabilities
b1 and p,. Ho: pr:=p, is the null hypothesis at significance level « against the alternative

Hi : pr<p, with power 8. Define @ to be the cumulative standard normal distribution and
define @(z,) =v. '

According to Casagrande, Pike and Smith (CPS) (13, there are some approximations
for calculating sample sizes for comparing independent proportions in case of »,=n.=n:
(i) The “arcsin formula” as given, for example, in Cochran and Cox,

N (z1-a+20)"
@ "= "3Carc sin x/l’p_z—a;c siny/p,)*

(i) The “uncorrected ¥* formula” as given, for example, in Fleiss,
D) n= (z‘-“‘/iﬁ+z"//7141+15242)2
52
where p=(p+p.)/2, §=1—p and 6=p,—p,.
@ The “corrected y* method” given by Kramer and Greenhouse,

@ il 12

where m=(2i-.v/3 pg+2: vV pqi+pag)™

Exact sample sizes for «==0.05 and a=0.0]1 are calculated by Haseman [(3).
CPS derived the corrected fermula

__m 48\
@ n=fe (1 Y1+
from the comparison ofexact values with those of three approximations.

In general case of n %n, let r=n./n,. According to Fleiss, Tytun and Ury (FTU) (2},



Ury obtained the following formula by modifying the CPS’s,

- 2G+D \
® m=t (1 22
as the approximate sample size from the first population, where
,_ 1 = 2
6) m =7£r(2x-uV(r+1)Pq+z’“/(’P141+quz)
- pl+rpz - 1 F
p~—-—«———r+1 and g=1—p.
And FTU derived the simple approximation
& m=m+LEL.
Also, Ury and Fleiss (4] derived the approximation using Yates' correction,
® m="~(1+ V12w’
= ) H= pl+rp2 7i=1—5
where o Ctzhe P 7+1 and §=1-».

2. The Proposed Approximation.

1) Case of rx1.
FTU's formula is obtained by using approximation

) Jirba1

—?};—> J 1+—%— for +>0. Therefore we want to reduce the

But there is a bias since 14

bias. So using
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we proposed another approximation
= 2+1) \
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2) Case of r=1.
Substituting r=1 into {10)
a AR

3. Comparision of Approximations.
Now, consider the problem of estimating power for prespecified sample size. I we
use the approximation (7), FTU derived

_ A= OF DoV ¢+ 1D D7
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as the approximate percentile corresponding to the actual power. If we use the appro-
ximation (10), the approximate power @(z,) is given by

s - ,\/752”1__2_(7+1)5_’21—an
P g1+0:q2)
using (6) and (10).
Since z; in (13)>z; in (12), the approximation (10) is more powerful. Table 1 shows
the numerical example.

Table 1.
Approximate powers for detecting a difference between p,=0.15 and p,=0.25 using
a one sided significance test with a total sample size of 360 and a significance level

of 0.05.

Approximation (7) Approximation (10)
¥
2 Power 2 Power
0.33 0.24 0. 5948 0.27 0. 6064
0.50 0.49 0. 6879 0.55 0. 7088
1 0. 60 0. 7257 0. 62 0. 7324
2 0.41 0. 6591 0.49 | 0. 6879
3 0.19 0. 5753 0.29 0. 6141

Table 2 shows that the approximation denoted by (11) is more accurate than the
approximation (5) for =1 in case of p;=0.2. Therefore the approximation (11) is more
unerring than that of (7).

Table 2.
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Upper figure: Exact value.
Middle figure: Due to approximation (11).
Lower figure: Due to approximation (4) (or (5) for r=1).
*: Middle figure is more accurate than lower figure.
$: Lower figure is more accurate than middle figure.
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