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On M-spaces
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1. Introduction

Let m be a cardinal number=1. We will say that a topological space X is a P(m)—
space if for a set O of power m and for any family (G(ay, -+, a,) |ay, =+, @, € Q, n=1,2, *}
of open subsets of X such that G(ay, -+, a,) €Glay, **+, @y, @upr) Or @y, o, @y, a1, #=1,2, >+
there exists a family {F(ay, -, a.) |ay, -, @, €Q, n=1,2, --*} of closed subsets of X satisfying
the following conditions:

(1) Flay, = an) <G(ay -, ay) for ay, -, a.€Q, n=1,2,

2) X=61F(a,, -+, a,) for any sequence {a,} such that X=°l°JG(a1, e ).
n=: n=1

In case X is a P(m)-space for any cardinal number m, we will say that X is a P-
space.

We will say that a topological space X is an M-space if there exists a normal sequence
{(U,ln=1,2, -} of open coverings of X satisfying the following condition (3) :

(3) If a family R consisting of a countable number of subsets of X has the finite
intersection property and contains as a member a subset of St(x,, U,) for every #n and
for some fixed point x, of X, then N {K|KeR) #4.

This note is a study of M-spaces.

2. M-spaces.

It is easy to see that metrizable spaces and countably compact spaces are M-spaces.
K. Morita has shown the following theorem (1].

Theorem 1. A topological space X is an M-space if and only if there exists a closed
continuous mapping f from X onto a metrizable space T such that f~*() is countably compact
for each point of T.

Recently Z. Frolik (2) has shown that a completely regular Hausdorff space X is
paracompact and topologically complete in the sense of Cech if and only if there exists a
closed continuous map f from X onto a complete metric space 7 such that f'(¢) is
compact from each point ¢ of 7. Our Theorem 1 above gives the essential part of



Frolik’s theorem by Theorem 2.

Theorem 2. A paracompact normal space {which is G, in a countably compact regular
space is an M-space.

Proof. Let R be a countably compact regular space and X a subspace of R such that
X is paracompact and normal and X is G, in R. Then there exist a countable number
of open subsets G,, n=1,2,:+ of R such that X=nG,. Since X is paracompact normal
and R is regular, there exists a normal sequence {U,|n=1,2,-} of locally finite open
coverings of X such that the closure of each set of U, in R is contained in G,. Then it is
easy to see that {U.|n=1,2,-} satisfies condition (3). Thus X is an M-space.

However, there exists an A-space which is not even normal; for example, the topolo-
gical product of a countably compact, non-normal space with a normal metric space is
such a case.

Since a metrizable space is a P-space, we obtain the following theorem.

Theorem 3. An M-space is a P-space.

Proof. Let {G(ay, -+, a,) oy, e, €Q, n=1,2,:--} be a family of open subsets of X such
that G(ay, -+, &,) SG{ay, ***, @py Anyr)y fOT @y, oo, @1 €EQ where Q is a set of indices. Let X
be an Af-space! let {U,|n=1,2, ---} be a normal sequence of open coverings of X satisfy-
ing condition (3). Let us put F{a, - a,) =X~St(X~G(ay, **,a,), U,). Then we have

Clearly F(ah STty Q’,,)CG(an “tty an)- If X= L‘G(‘xh % an): then X= Jll:(ah 't an); OtherWiSe
n 1 n-
there will exist a point xOEX~iF(a,, '--,a,,)=°f13t(X—-G(a1, «,a,),U,), and hence [ X—

G(ay, *, @) I NSt(xo, U,) #¢ for n=1,2, -, and consequently RXEX—-G(al, s a)]#¢ by (3),

but this is a contradiction.
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