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On Some Properties of Ordinal Space

By Yoon Kyo Chil
Kang Won National University, Chuncheon, Korea

Abstract: In this paper, we give several properties of ordinal spaces [0, Q) and (0, QC.
1. Introduction.

Let I” be any ordinal number and let (0, ") be a space with the topology generated by
all sets of form {zx{x>a} and {x|x<B}. We call this topological space thelordinal space
(0, I"). Throughout,  denotes the first uncountable ordinal number, and we mainly
investigate the properties of the space [0, Q) and its subspace (0, Q(.

2. Some Properties of Ordinal Space.

Lemma 1. Every nonincreasing sequence of ordinal numbers is necessarily finite. (See (1],
p.43)

Lemma 2. Let j: (0, Q(—(0, Q( be any map such that f(a)<a for all a=some ap.
Then there exists a po<Q with the following property: As a increases, its image f(a)
repeatedly returns to value below Bo. In symbols: 3fo VB Ja=B: f(a) < Bo. (See (1), p.55)

We recall that a Hausdorff space X is paracompact if each open covering of X has an
open nbd-finite refinement.

Proposition 1. The ordinal space (0, Q) is paracompact.

Proof Let {U,la=-l} be any open covering. Since the sets]4, x] form a basis, define
o : (0, Q)—(0, Q) by associating with each 80 a ¢(8) <8 such that Je(B), flc U, for
some @, and setting ¢(0)—0. By induction, construct a sequence Bo=-, Br1=¢(Q), -, Bn
=@(3p-1), --+; then 5 >j>-.By Lemma 1, this terminates with somne B.. Because the

process can not be continued, B.,=0, and so J0, Q]C‘gl]ﬂ(, Bi-1). Choosing a U, conta-

ining each J8: Si-1) and some U, D {0}, we have a finite subcovering of {U,|a=s A},
which is consequently an open nbd-finite refinement.

Proposition 2. The ordinal space [0, QU is not paracompact.

Proof The open covering by the sets {0,al, 0<a<{), has no open nbd-finite refine-
ment. For, given any open refinement {U,}. define ¢ : [0, Q{——(0, Q[ as in proposition
1. Because of Lemma 2, there must be some §p such that vy 38>7r: e(8)<B and it



follows easily that fo+1 is contained in infinitely many sets U,.

Proposition 3. Let I' be any ordinal number. Then the ordinal space {(0,I'( is normal.
In particular, [0, Q[ is normal.

Proof Let A and B be disjoint closed sets. For each ac A, the set {8<a|feB} has
a supremum b, (Lemma 1), which necessarily belongs to B=B; note that Jb, a) iS an
open set containing no points of B. We thus get an open set U=U {)b,, a)|lac A} DA,
and similarly, an open V=U {Jas §}|8=B}>B. Now assuming UnV=x=¢, then some
1ba, @) N Jas, B> ¢. Since f<a, this gives f&lb,, ), which is impossible. Thus, Un V=
¢. That is, (0, 7' is normal.

A normal topological space in which each closed set is a G; is called perfectly normal.
Then we have the following lemma.

Lemma 3. The space (0, Q) is not perfectly normal.

Proof The singleton set {Q} is a closed set in (0, QJ, but {Q} is not Gsy-set. For, if
{G;lie N} is arbitrary countable collection of open sets containing (3, then because the
sets Ja, 8] are a basis, Vi 3 a;<Q : Ja;, QJcG;. Being countable, the collection {a;]ie

N} has an upper bound <€), so _610,-3 16, Q3={Q}. Hence, the space [0,Q) is not

perfectly normal.

Lemma 4. Every metric space is perfectly normal. (See (1], p.186)

Lemma 5. (A.H. Stone) Every metric space is paracompact. (See (1], p.186)

By the above three Lemmas, we can derive the following properties. Their proofs are
clear.

Proposition 4. The space (0, Q] is not metrizable.

Porposition 5. The space (0, QU is not metrizable.

In the proof of Proposition 1, we have the following result.

Proposition 6. The space (0, Q) is compact.

Remark: We know that the usual topology on the real line R is metrizable, but not
compact. And in Proposition 4 and Proposition 6, the space [0, QJ is not metrizable, but
compact. So we can say that compactness and metrizability are not related.

3. Application for perfect map.

Definition. A map p: X—Y is called perfect if it is a continuous closed surjection
and each fiber p~1(y) is compact.

Perfect maps preserve certain properties under inverse images. We know the following
theorem.

Theorem. Let p: X——Y be a perfect map. Then

(1) If Y is paracompact, so also is X.

(2) If Y is compact, so aiso is X.

(3) If Y is Lindelsf, so also is X.

@4) If Y is countably compact, so also is X.
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In the above condition, if ¥ is normal, then is X normal? The answer is “No”. In the
below, we will give the counter example.

Lemma 6. Let X be arbitrary, Y be Hausdorff, and f: X——Y be continuous. Then the
graph of f is closed in XXY. (See (1), p.140)

Lemama 7. The set {(a,a)|0<a<Q)} is closed in (0, Q) <00, Q(.

Proof Let ¢: {0, Q(—(0, Q] be a map such that ¢(a)=a for all 0<?<Q. Since
Ja, ] is a basis in (0, Q), we must show : ¢~'(Ja, 1) is open. If %€, ¢ 'Qa, f))=)a,
8), if =0, ¢'Qa, QD =le, QL. In any case, ¢ '(a,f)) is open in [0, Q[ s0 ¢ is
a continuous map. By Lemma 6, the graph of ¢ is closed in [0, Q(x (0, Q], that is, {(a,
)| 0<a<Q} is closed in [0, Q[ X (0, Q). Thus {(a,a)|0<a<Q} is closed in [0, QI x(0,
QL

Proposition 7. The space (0, Q) X(0, QL is not normal.

Proof Let A={(Q,m|0<#<Q} and B={(a,a)|0<a<Q)}. Then 4 and B do not
intersect closed sets in (0, Q) %[0, Q(. Let U be any nbd of A; since for each fixed » the
point (Q,n)e U, there exists an ordinal a,<Q suchithat Ja,, Q)X {n} cU. Then, since
{axl0<n< Q) is a countable collection, {a,} has an upper bound ay< ) so that the “tube”
Jao, Q) %0, Q[ cU. It follows that any nbd of (ao+1, ap+1)=B must contain points of
U; therefore each V2B will intersect U. Thus [0, Q)X (0, Q(is not normal.

Claim: If p : X——Y is perfect and Y is normal, then X need not be normal.

Proof Let p: [0, Q) X0, Q(——[0, Q[ be the projection. Then p is a obviously a perfect
map. The space (0, 2(is normal, but {0, 3] x {0, Q[ is not normal.
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