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(The Application of Khachiyan’s Algorithm for Linear Programming:
State of the Art)
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Abstract

L.G. Khachivan’s algorithm for solving a system of strict (or open) linear inequa-
lities with integral coefficients is described. This algorithm is based on the construc-
tion of a sequence of ellipsoids in R" of decreasing n-dimensional volume and contain-
ing feasible region. The running time of the algorithm is polynomial in the number
of bits of compiiter core memory required to store the coefficients. It can be applied
to solve linear programming problems in polynomially bounded time by the duality

theorem of the linear programming problem, But it is difficult to use in solving

practical problems,
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Lemma 1.
Every vertex V' of polyhedron
AX<Lh
X>0
satisfies | |V'|.,<2%/mn. Furthermore, its cordi-
nates are rational numbers with denominators less
than 2%/mn in absolute value.
Corollary 1.
Every vertex V of polytope
AX<h
X>0
X<(2Y/nle
e=(1, 1, +oorer , DT
has cordinates that are rational numbers with de-
nominators less than 2%/m#z in absolute value.
Lemma 2.
If AX<b has a solution, then the volume of its
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Proposition 1.
Let B be an mxn symmetric positive definite
matrix, let a#0 and X’ be n#~vectors and let a,
g, and 7<1 be positive constants.
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Lemma 3.

1f the matrix B is symmetric and positive defi-
nite, so is the matrix B’ (i.e, the set E’ defines
an ellipsoid).

Lemma 4.
The semiellipsoid _é‘Ea is completely contained
in the ellipsoid £".

Lemma 5.
The volumes of the two ellipsoids E’ and E sa-
tisfy A(E)=c(m)A(E), where
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Theorem 1.

Algorithm turns a feasible vector X if and only
if AX<b is satisfiable.
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Lemma 6.
The system of linear inequalities
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has a solution if and only if the system of strict
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DIMENSION LEG (25)
DOUBLE PRECISION A0, 50), X(50), B
(50, 503, SUM(0), BAG0)
DOUBLE PRECISION PRO, DEN, AX, U
DATA IR, IW/5, 6/
READ(R, 1) M, N
1 FORMAT (I4)
DO 97 I=1, 50
DO 97 J=1, 50
97 A, DH=0.
MM=M+1
NN=N+1
DO 100 I=1, MM
100 READ(P, 3) (AQ, D, J=1, NN), LFGD
3 FORMAT(3F4.0, 12)
Mi1=MM
IFLEG(D. EQ.1) GO TO 1000
DO 103 J=1, NN
103 AQL,D=-1. *AQ. D
1000 Do 112 I=2, MM
IF(LEG). EQ.—-1) GO TO 112
IF(LEG(D). EQ. 0) GO TO 1003
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DO 106 J=1, NN

Ad, H=-1. *Ad D
GO TO 112

Mi1=M1+1

DO 109 J=1, NN

AML, D=-1. *A{d, D
CONTINUE

KK=M+N

JL=KK+1
LL=KK+M1+N

DO 115 J=1, N

A, D=—-1. *AU, D
DO 118 J=2, M1
JiI=N+J-1

A, JD=AQ, NN)

DO 124 I=2, M1

A, JLY=Ad, NN)
Ad, NN)=0.

DO 133 I=1, N
I1=M1+I

DO 130 J=2, M1
Ji1=N+J-1

Al JD=-1. %A, D
A, JLy=AQ, D

DO 34 I=1, KK
I1=M1+N+I

Adl, D=-1.

RL=1.

DO 136 I=1, LL

DO 136 J=1, JL
RL=RL* (DABSCA{, D)+1.)
RL=RL#*LL*KK*2,
RL1=ALOG(RL)/ALOG(.)
DO 139 I=1, LL

Ad, JLy=Ad, JL)+1./RL

WRITE(IW, 4995) ((A, D, J=1, JL), I=
1, LL)

FORMAT (//, 9(/, 5%, 5F10.5))
DO 142 I=1. KK

XD =o.

DO 142 J=1, KK

Bd, D=o.

DO 145

B{, D=RL

K=0

5000
1006

148
151

1009

1012

154
157

5001

158

160

163

NL=4. % JL*JL*RL1

WRITEJW, 50000 RL, RL1, NL

FORMAT (///, 5X, 2E20.10, I7)

DO 151 I=1, LL

SUM®D) =0.

DO 148 J=1, KK

SUMD =SUMI) + A, D =X

SUMI) =SUM®D -A(, JL)

I=1

KI=I+1

1G=1

IFKI GT. LL) GO TO 1012

IF@EUMI)., LE., SUMKD) I=KI

KI=KI+1

GO TO 1009

IF(SUMUIG).LT.0.) GO TO 1015

IF(K.GE.NL) GO TO 1018

K=K+1

DEN=0.

DO 157 I=1, KK

PRO=0.

DO 154 J=1, KK

PRO=PRO+AUG, D=B(], D

DEN=DEN+PRO*A(G, D)

WRITE(IW, 5001) K, DEN, (AUG, D, J=
1, KK)

FORMAT(/, 15, 5E20.10)

AX=0.

DO 158 J=1, KK

AX=AX+AUG, D *X()

U=(A(G, JL)—AX)/DSQRT(DEN)

IF(U.LE. —1.) GO TO 1018

DO 160 I=1, KK

BAI)=0.

DO 160 J=1, KK

BA(D=BAM+Bd, DH*AdG, I

DO 163 J=1, KK

X=X —-(1.-U*KK) *BA()/(JL*
DSQRT (DEN))

DO 163 I=1, KK

BA, D=0, -UxU) *KK*KK/(KK*KK—
1.)% B, D—2. (1. -KK*U) *BAI) %
BA)/(JL* (1. —U) *DEN))

WRITEIW, 50020 (B, D, J=1, KK), I
=1, KK)



5002 FORMAT(/, 45X, 4E20.10,/))
WRITE(W, 5005) (X(]), J=1, KK)
5005 FORMAT (X, 4E20.10)
GO TO 1006
1015 WRITE aW, 9 X ,J=1, KK)
9 FORMATC(//, 5%, 4F10.2,/)
GO TO 1021
1018 WRITEUW, 12)
12 FORMAT(///, 5X, “THIS PROBLEM HAS
NO SOLUTION’)

1021 STOP

END
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