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A NOTE ON CLOSENESS SPACES

KYU-HYUN SOHN

ABSTRACT
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The purpose of this note is to introduce the closeness structure and to consider the
hereditary properties of a closeness space.

In section 1, after stating several elementary propertiesbof operations on the power
set of a set, we shall introduce the closeness structure which was considered by Kas-
ahara [1]. Therefore, some theorems in section 1 would be found in [17. In section 2,
we shall consider the subspace of a closeness space.

Throughout this note, the power set of a set X will be denoted by P(X) and the
value of a mapping a:P(X)—-P(X) at A=P(X) by A". The complement of A=P(X)
in X will be written Ac. A mapping a:P(X)—P(X) is called monotone it ACB implies
A"CB" for every A,B=P(X). |

1. Throughout this section, X denotes an arbitrary set. Let a:P(X)—=P(X) be a
mapping. For each x&X, we put

D.(2) = (A=P(X) vt A}

Evidently @, is a mapping of X into P(P(X)=PP(X) and the following two statements
hold:

() @.(x)+#9 if and only if x& [ {A"|Ae=P(X).

(2 ¢ED,(x) if and only if xe=X",
Moreover, if a is monotone then the following two statements hold:

(3) ve={x}" if and only if A"A* for every AcP(X).

@ If A=P(X) then A*={x=X |8 A+¢ for every Se=0,(x)}.
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Let : X-»PP(X) be a mapping. For each A=P(X), we put
A*®) _ yeX 1SN A% for every Se¥(x)].

Evidently#(¥) is a monotone mapping of P(X) into itself. And as an immediate con-
sequence of (4), we have the following statement:

&) If a:P(X)—P(X) is monotone then a=k(B,).

For every subset T of P(X), we put

[T={A=P(X)]| A contains at least one member of T}.

Then by 4) and (5}, we have the following two statements:
©) Let #: X—PP(X) be a mapping, then

(Dk(w)(x):[@'(x)] for every x=X.
(0 If a:P(X)--P(X) is monotone, then
[@(x)]=BLx) for every x=X.

DEFINITION. A mapping a:P(X)—P(X) is called a semiclosure on X if it satis-
fies the following conditions:

(a) ¢*=¢ and X*=X.

(b) (AUBY=A"_B" for every A,B&P(X).

THEOREM 1 If a:P(X)—P(X) is a semiclosure an X, then ©(x) is a filter on X
for each x<X.

PROOF. Let x<X, Then x#¢". Hence by (1), @.(x)5¢; by (2, ¢E®(x). On the
other hand, if AZB where A,B&EP(X), then A [B*=B" Hence a is monotone. Thus
by (0, [@.(x)])=P,(x). Now if A,B=D,(x). then since xiE A~ and x::B*, we have

xEA JBet= (Al BY = (A[ 1 B)~,

which shews that A, B&0.(x). This completes the proof.

DEFINITION. Let I" be a set of semiclosures on a set X. The ordered pair (X.I")
is called a closeness space, and I’ is called a closemess on X if the following conditions
are satisfied:

(C1) For every x=X, there exists an a<=I" such that x&={x}".

(C2) For every a,B==I", there exists a &/ such that A% 42~ A" for every

AsP(X).
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Let I, be twn closeness on a set X. We say that {7 is finer than £ (or [' is
coarser than /'7) if for every x=X and for every ac=l", there exists a S&/’ such that
De(x) " Du(1),

By THEOREM 1, we have the following theorem (thesrem 3.in 1]}, which shows
that every convergence structure can be descrived by a closeness structure.

THEOREM 2. Let X be a set. For each closeness /7 on X, there exists a converg-
ence structure 7 on X such that, for every x&=X, ¥e=r(x) if and only if . (x) ¥ for

some ac=l",

2. Let Y be a subset of a set X, Fcr any semiclcsure a:F(X)-»F(X), define a

mapping a’:P(Y)--P(Y) by taking
A =AY  for every As=P(Y).

Then a’ need not to be a semiclosure on Y, but the following lemma holds:
LEMMA 3. Let Y he a subset of a set .¥. If a:P(X)—P(X) is a semiclosure on X
ssuch that ACZA" for every A=P(X). Then a’:P(¥Y)-»P(Y) is a semiclosure on Y,
PROOF. Clearly ¢*’=¢. Since Y2Y®, Y*/=Y*[;Y =Y. On the other hand, for
every A,B&P(Y), we have

(AUBY =(AUB (1Y =(A" JB) 1Y =(AOY) (B Y) = A B,

“This completes the proof.

Let Y be a subset of a set X. For any closeness I on X, we put
y=la’ :P(Y)-P(Y)|as=l}.

“Then we have

THEOREM 4. Let Y be a subset of a set X. Let I" be a closeness on X such that
for each a=I and for each Ae==P(X), A" A%, Then I’y is a closeness on Y.

PROOF. By LEEMA 3, Iy is a set of semiclosures on Y. By (8), [I'y satisfies(Cl).
On the other hand, for every a’,8/¢Iy, there exist a, 8l such that A* =4%{]Y and
Afr =ABNY for every A=P(Y). Hence there exists a 7&=[" such that A% JA% A" for
every Ac=P(X). Thus there exists a 7'<Fy such that A7 =AY for every A=P(Y).

And we have

A0 A8 = (AT JNY) = (A UAS Y ZATY = AT,
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This completes the proof.

This I'y will be called the relative closeness on ¥ with respect to I’. The closeness
space (¥,7y) will be called a subspace of (X,I').

As an immediate consequence of THEOREM 2 and 4, we have

THEOREM 5. Let (Y,Iy) be a subspace of a closeness space (X,I"). Let 7,7y be
the convergence structures induced by I"s['y, respectively. If ¢y is the relative conver-

gence structure on Y with respect to 7, then ze=t'y.
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