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ON THE DIRECT PRODUCTS AND SUMS OF PRESHEAVES
WON-SUN PARK
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Let (Fi)ea be an indexed set of presheaves of abelian group on tepological space

X. We can define the cartesian productlg Fi of (Fi)aea by

(){IA F) (U):IZ(F; ()) for U open in X
Py gg F (U)‘"“"’gg Fi) (V) (1 )reas~——(PY(52) Yaea)

for VCU open in X where ;07 is a restriction of F,. And we have natural presheaf
morphisms x; and ¢, such that

m(U): (I F?) (U)—F3 (U) ({8)zea~>52)

aW): Fay)— I F;) (U) (s:—~—(0,0, 0, 83,0, e 0))
for (s:) eIAIF;(U) and s;eF.(U)

PROPOSITION 1. et (F:)ia be an indexed set of presheaves of abelian group on
topological space X. Let G be a presheaf of abelian group on X and (f:)ia be an
indexed set of presheaf morphisms f,:(; »F;. Then there exists a unique presheaf

morphism f : G-/IF; such that for each AeA, the following diagram

J
Gererrovanrnsonesns —-JIF,
. )

7

RN /7
N
F,

corpmutes.
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PROOF. For each seG(U), define F(U): G(U)——(IF;) (U) by n:,U)f () (s)=
FU) (s), (Aed). Since m,(U) and.fi(U) are homomorphism f(U) : s~-—f(U) (s) defines
a homomorphism GU)—(IF;) (U), Suppose that g :G—//F; is another presheaf
morphism such that mg=f for all AeA. Then for each seG() and AeA, we have x,(U)
gW) ($)=m(U) (s) so g U) (s)=f(U) (s). Thus g=f.

DEFINITION. Let (Fi)ia be an indexed set of presheaves of abelian group on
topological space X. A pair (F, (Pi)i) consisting of a presheaf F on X and presheaf
morphism P;: F——F, is called a direct - product of (F)ims if there exists 'unique
presheaf morphism f : G——F such that fi=p; f for each preshaf G on X and each set
of presheaf morphisms [1:G—F,. V

From poroposition 1, (IF3, (7:1)aea) is a direct product of (F1)iea.

THEOREM 1. Let (Fi)ia be an indexed set of presheaves of abelian group on
topological space X. Let(F, ($.)ia) be a direct product of (F;) ia. Then a pair (G,
(4:)1¢a), where each q; : G-—>F; is a presheaf morphism, is alse a direct product of
(F3)ua iff there exists a (necessarily unigue) isomorphism p : G ——»F such that for each

AeA, the following diagram

p
Geoveenverenenreinn —F
N Iz
AN /
g\ /b
'
Fa

commutes.

PROOF. Since (F, ($:1)1ea) is a direct product, there is a unique presheaf morphism
P G—F with p(U) p(U)=q,(U) for U open in X and each AeA.

() If(G, 93)1ea) is direct proiuct of (F;)ia, then there is a unique presheaf morphism
p' i F—>G whth ¢;(U) p’ (U)=p:(U) for each AeA. Then ¢, (U)=p(U) p(U)=q; p'(U)
p(U). By uniqueness p’{(U)p(U)=Igw>. Similarly, pU)p (U) =1z w>.

(&) If fo: H——F,,(Aed). are presheaf morphims, then there exists a unique
presheaf morphism & : H ——F with p:.(U)AU) =f(U) for each AeA since (F, (P:)iea)
is a direct product. Since p is an isdmorphism, there exists a‘:presheaf morphism 7 :
—F with p(Ur(U)=Icw> and r(U)p(U)=Ipq>. Let us take

SWYy =r{NRU) : HUY—GU).

Then f : H——( is a presheaf morphism and q,(U) /()= q,( v Y=~ po (1)) I(U)
=f,(U). So that (G,(4:):4) is a direet product.

DEFINITION. Let (F;)iea be an indexed set of presheaves of abelian group on
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topological space X. A pair (F, (/1):4) consisting of a presheaf F on X and presheaf
morphism j; : Fy—F (ZeA) is called a direct sum of (Fi)jea if there exists a unique
presheaf moOrphism f : FF——G such that fi(U)=fU)7:(l/) for each presheaf G on X and
each set of presheaf morphism f, : F,—(.

Following theorem is the dual of therem 1

THEOREM 2, theorem 1, Let (F;)zea be an indexed set of presheaves of abelian
group on topological space X. Let (F (7)) be a direct sum of (F;)icsae Then a pair
(G, (1)1e4), where 7, : Fy-~—G (X€4), is a presheaf morphism, is also direct sum of
(F1)zen iff there exists a (necessarily unique) isomorphism j: F——( such that for each

A€/ the following diagram

J
Gevvrvrnirrensonnns Y
AN S
N v
la\ e
N
Fi

commutes.
Let (F1)1a be an indexed set of presheaves of abilian group on topological space
X. We can define a presheaf @ F; by

(‘(;EA-FD (U)=1(;i2(F;_(U) for U open in X.
oy (}@Fa) (U)——*(@F;) (V) (82)rea~~ =055 ) 1e4)

for VCU open in X. where ;0¥ is a restriction of F;. We have presheaf morphism ¢;
and m, such that
a(U) : FaU) —(PF3) (U) (53 —mss(0,0, 00200 0,57,0, e 0)
7 U) : A(DF2) U)——FU) ((s)2en~ 1)
PROPOSITION 2. Let (Fy)ia be an indexed set of presheaves of abelian group on
topological space X. Let G be a presheaf abelian groupon X and (/)i be an indexed

set of presheaf morphism f;: F,—G for ied. Then there exists a unique presheaf

morphism f: (PF;-»G such that the following diagram

commutes fore each AeA,
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PROOF For each se®F,(U), let A(s)={Aed|n,(U) (5)==0}. Define f:@F,—GC by
J) (s)ilﬂts{xw) 7,(U)(s). Then f is a unique presheaf morphism such that fo,=f.

From proposition 2, (@F,, (£1)ia) is a direct sum of (Fi)ieae Let (F¥)4 be an indexed
set of presheaves on topological space X and (G:)es be second indexed set of presheaves
on X. Let f;: Fi——G; be presheaf morphism for each ied. If (F,{pi)s) and (G,
(22" )12ea) are direct product of (F3)za and (Gi)ia respectively, then it is easy to see
that there exists a unique mopphisms f : F——G such that p," f=f 10a(eA)

|
yi 5 b
)

Dually, if (H,(ji)ia) and (K, (72)acs) are direct sum of (F3};ea and (Gi)aea respectively,
then there exists a unique morphism 4 : H—K such that  7,=7,"fx (led).

h
Heeorerroroennn K
Ja I Ij;t'
2 |
Fi—— e (3

Particulary, in case of direct product (FF:, (7:)14) and (HG,, (2:'D24) the unique
morphism f : IF,—— G, is
S AFU)——0GyU) ((2)aea— > (F2U) (x2)2ea)

So that Im f(U)=1 Im f(U), Ker f(U)= Ker fy(IJ). From Ker f(I/y=E Ker £, (U)
=(/ Ker f,) (U), kernal of f is a product of kernel of f;.

Suppose we are given a continuous map ¢ : XY of topological spaces and a presheaf
F on X, we obtain the direct image of F by ¢ (deneted by ¢,F).Given a continuous map
¢, ¥y is a functor.

Let F and G be presheaves on X. @u(FXG) (U)=(FxG) (¢ (UN=F(¢ (/)6
(@ HU))=(@uF WU) X (0 G) (U)=(9uF > 94G) (U) for U open in Y and ¢ (F > ) (i) -
(PuF X94G) (i) for i : V-——U. Therefore 0u(F XG)=0F X0, G.

THEOREM 3. Let ¢:X—Y be a homeomorphism. Then
() (F, (f)ea) is a direct product of (F;)ra iff (@u(F), ©ulf1)1e4) is a direct product

of (PxF1)2ea.
2 (F, (£2)ea is adirect sum of (F;)ia f (0uF, ©4(c1)sca) is a direct sSum of (9,

F)aea-
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PROOF. We shall do (1) because the proof of (2 is dual. Since ¢:X-—-Y is a
homeomorphism. there exist a continuous map ¥:Y-—-X such that Fo=1,, o¥=1,.
The ¥, is functor such that ¥udu=1, &, =1.

(=). Suppose that (F,(f1)i) is a direct product of (F;);a. For each morphism
byt H— @4 F,, there exists ¥ (h;): ¥ H—-F; and so there exists a unigue morphism
Fi¥ H -~ »F such that ¥ (k) =F:f for Aed.

This ¢x(f) is such that 2 =@, (1) du(f) and is unique morphism H— ¢y F such
that A, =@u(f3) $&(f) for; If another morphism &:/-+¢F such that 4,=d¢«(f3) &, then

V() =F1Uu(h)=1] -
From uniqueness of f, Tu(h)=f.
Therefore hA=¢x(f).

(4 ). Suppose that (@wF. Gx(f1)iea) is a direct product of (éeF:);a. For each
morphism %;:K—F;, there exists a morphism ¢x(£1): 0K —— +@uf"; and there exists a

unique morphism k:PxK ——¢uF such that ¢u(k:)=de(f1) &,

Therefore, there exists a unique morphism Vu(k): K

»F such that ky=f3 Ue(k)

for each morphism k;:K——1F;,
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