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Introduction

In this note, we shall prove that a smooth affine variety is a differentiable manifold
(Theorem 9).
This shows that algebraic geometry is connected with theory of manifolds.
In §1, we shall define the following:
(i) dimensions of the affine variety
(ii) tangent space of the affine variety at a point in the variety.
Also, we shall prove some propesties about tangent space (Proposition 3 and 4).
In §2, we shall define the following:
( i) simple points
( ii) local parameters
(iii) Taylor series of a rational function in fa.
The above things ie deseribed to prove Theorem 9.
In order to make this note we refer the books [1] and [2].

§ 1. Tangent spaces

Let & be an algebraically closed field, and let us put T'=(Ty,---», T,). For an alg-

ebraic variety X is given by a system of equations

F‘(T);:O‘ ...... , }-‘.(’1‘);_;0,
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we put such that
Ar=the n-dimensional affine space over 4.
kl X}=the coordinate ring of X.
Pa==(Fyyeeeee y Fa)TRIT

Then, XCA". As is well known, for an irreducible subvariety Y of X, kY] is a
prime ideal of kl«}.

Similary, for each 2x3=X there exists a prime ideal P=M.= [f&E[X] ]| F(x)=0},
k[ X1p=0. is the local ring of the point x. For a point ¥&Y we assume that the system
of coordinates in A* is chosen so that x=(0, , 0)=0. A line L{ZA" passing through
O is L={ta | t=k}, where a="{a;, , 4,y is a fixed point other than O.

DEFINITION 1 The intersection multiplicity at a point O of a line L and an algebr-
aic variety X is the multiplicity of the root ¢=0 in the polynomial f(¢)=g.c.d. (F\(ta)
------ , Fa(ta), where g.c.d.=greatest common divisor.

If the polynomials F,(fa) vanish identically, then the intersection multiplicity is ta-
ken to be +oo.

DEFINITION 2 A line L touches the variety X at O if their intersection multiplicity
at this point is greater than 1. The locus of points on lines touching X at x(€X) is
called the tangent space at the point x, which is denoted by &. (or 6., x).

PROPOSITION 3 In the samz notations as above, th2 equations of the tangent space

6, are
Li(a)y=+=La(a)=0,
where L;(f=1, ,m) is the linear part of F,.
PROOF For f==1, e ,m, since £,(0) =0 the free terms of all the polynomials F.(T")
are zero, we put for =1, ,m osuch that F==L; +04,

where L; is the linear part of F, and G, consists of terms of degree at least 2 in Fy. In
this case it follows that F;(at)=1{L;(a)+G(at).

Since the inteisection multiplicity of L={fa | 1=k} and X is at least 2, F(at) must
be divided by #2. This equivalent to the equations L;(a)=---- = Lu(a)=0.

For F(T)= k[X], we can define a regular function F: X-»k such that for each =X
F(x). For each x:=X, let F, be the linear part of F and we denote this by d«F. Then,
for F(T) and G(T') in k[ X] it follows that.

(1) dlF+G)=d F+dLs

(ii) dl(F.G)=dF « G(x)+F(x) * duls
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Let 6,* be the dual space of 6..

PROPOSITION 4 M./(M.)? is ismorphic to 8.* under ‘the homomorphism d..

PROOF Recall that M.={/<kIX] | f(2)=0}. Thus Im (de: M.—8>)=6* is cl-
ear. We assume that d.g =0, where gc=M.,. Since 0, =(F;, oo ,Fq) and dig==0 on 6,*
by our assumption, d.g is a linear combination of dF,, - , and d.F., that is,

A =A@k Ao A Anddw (Aiek).

We put Gy=g— {4+ AaFa). Then G, dogs not contain any terms of degree
Oorlim Ty » T

ln:thié case G, | X==g and ge(fy, - Jin)? where ¢;=T,| X for i=1,.--- .n (Note
that (¢;,+-,¢,)==m. in this case).

As we well know, the dimension of tangent space at xeX is invariant under some

isomorphisms.
§2. Simple points

With the notations in §1, k(X) is the quotient field of the integral domain k(X).
Then, the dimension of X (dim X) is the transcendence degree of k(X) over k.

DEFINITION 5 Let X be an affine variety. A point xe¢X is said to be simple if
dim 8.=dim X, where dim 8, is the dimension.of the vector space 6. over k. A.variety
X is called a.smooth variety if all its points are.simple.

A .point xeX is-said to be singular if it is-not simple.

DEFINITION 6 Functions #;,++-- , #.€0. are called local parameters at xeX if wjelMy
and #y, o= ,#, form a base of the space Mu/{My)*.

By the isomorphism dx: M.—Mx/(m)?, w0y, u, form a system. of local para-
meters if and only if the linear forms d.ay, - ,d., are linear independent on 6,. Since
dim 6.=n, the conditions of local parameters is equivalent to the fact that the equations

duty =+ ditty =0
have ohly ‘the trivial solution in 6,.

PROPOSITION 7 The system of local parameters generate the maximal ideal M. of
the local ring 0.

PROOF We have seen that M.=({;, - ,in) where XCAY and x=(0, - ,0)eAN,
If we assume that u,,::-,u, are local parameters at'x, then we have to claim that

tie(ayy e thy) (E=1,00men »N). At first, by induction-on N-i we shall prove that /e
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Suppose that M= (uy, - N2 STRIISE N ') FEY €/ TRt y Muy Lgyeeeen » i)

Then, since #,+ , i, are base of M./(m:)?
"
=X ap(m?), aek.
i1

But, every element of M. is of the form

My Uy ity el (T €,
and thus

n b

f‘ “‘
b= D wit Ny 3
=1 i1 =

Therefore we have
» ik
U —p 3 :?la;‘ u;+ Zlﬂilt;‘ €(ay, oo s gy oo s tiig)e
= = ,

Since y;’ ems, 1—p;Em., and thus (I—p;’ 7! 6. ‘

Therefore, in 6 fe(uy, - y Uy t,,--‘----, ti-,).‘,lt is easily pfove that ¢we(uy, - 3 Un,
byyoeeeee . tvop)e k '

It is clear that x is a simple point if and only if dim X=dim (my/m?y, In general,
the dimension of a variety X at x can be defined as the smallest integer 7 for ‘which
there is 7 functions #;,----- s Wrems such that the set determined by the eqdations Upz=ee
=u,==0 consists in a neighborhood of x.In this case (#y,- -+ » %) DM for some >0
by Hilbert's Nullstellensatz. ‘ /

Let k([T1) be the ring of formal power series in variables T = (T, , T,

Then each ¢ek([T1) can be represented by ‘ -

¢:'_‘IJ‘0+F]+'}"‘2+ """" ]

where Fiek{T ] is a form of degree ¢,
DEFINITION 8 A formal power series ¢ is called a Taylor series of the function
" fel. if for all Ix0

S —Se(uyyeery wn) ML, Se==Y Fi.

1%
Then, if x is a simple point there exists only one Taylor series of the function Fef,.
Therefore, there is a monomorphism '

v 0. — k([T]],
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that 1s the mapping z is an isomorphic embedding of the local ring #. in the ring of
formal power series kI'{7 1.

Furthermore, by using this statements we can prove that there is only one component
of X papping through a simple point ¥, where a component is an irreducible subvariety
of X containing x.

THFOREM 9 Let £ be the field of real or complex nunbers and let X be a smooth

affine variety. Then the formal Taylor series of functions fefx converge for small values

Therefore X is a differentiable manifold.
PROOF Let 0la=(fy,were- s Fu), XAY and dim X=:n, If x¢X 13 a simple point of

X then dim 6.=n and 8. is determined by the equations

AN }”l' 6_14‘!\ N — wiif) eraans A N' 2& R
dutiy= 5 () (T =250,y dibu= 3 (5F%) ((Tu-2)=0
Therefore the rank of matrix
or; 20 TR T
(o) Gty m =L, N)
is N-n. Thus we may assume that
jmg’;,* ) | %0 (=1, Nowy j=nte D,y mbm) coeees()
i .
Let x be the origin of coordinates. Then £y, - ., t, form a system of local parame-

ters of x. Let X’ be the set of components passing through x of the wvariety which is

determined by the equations

Then, we can prove that X’=X. So, we may take X  as neighborhood of x by the
equations of (2) with (1) holding.

Fo(Lgyerer s Tos G(T), e s O (TI)=0 e, )
where the coefficients of ¢, -« , @n., are uniquely determined and 7=1,.---- , N-—n.
By (2 the formal power series T(fs;1), -+ s TUINY (fpyreneer , I are a system of local

—1G



6 KWANG - HO 80

parameters) satisfy (3). Therefore j=1,--.- JN=8 G r(l,y)
and z(f,,;) converges for |7,1< ¢ where ¢==1,-.--.- , M.

For each function fef
f“"p(th """" ] [N)/Q(tl’ """ ] l'?") Q(x)'\a
and t(fy=p(x(ty)s e s Tt )Q((t), e » 7N}

Therefore the series z( f) converge for |7;|<Ce j=1, e , #. In genperal, the series
7(f) has a positive radius of convergence for any choic: of local parameters. Thus, the
inplicit function theorem says the following.

(i) there are convergent power series @, -+ .

(ii) for some % and for any point (£, - y In)EX with [£,1<, fuyi=@(Hy, ooeeee y Ea)
(i=1,nn , N—n) (see 3))

It follows that the mapping

(tly"'i tﬂ) ——s (th """ ' tn)

carries tha set (f;, .- » tn) X, (41<y (G=1, - ,» %), one-to-one and bicontinuously
onto a domain of the n-dimensional space.
(Note: (tn ...... . tN)z(tl, ...... y bns ¢1(¢“ ...... , t”) ...... . @‘n(gl, ...... y tn)) and
F(ty, e , tn)=0).

Therefore, each point xeX has an open neighborhood which is homeomorphic to an
open subset in k.
Fhat is, X is a differentiable manifold.
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