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O. Abstract 

ON THE DISTO,nTION THEOREMS 1 

By Shigeyoshi Owa 
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, -

The coefficiëi'iτ.þF"öbTëîüs.orüñivälent functións 짜a냥-항veri.õÿBíèbèï-bach. As 

1S well-known, Koebe distortion theorem has close connection with the coef
ficient problems of univalent functions. It is purpose of this paper to give the 

distortion theorems for fractional integral and derivative of univalent functions. 

1. Definitions of the fractional integral and derivative 

There are many. definitions of • the fractional integral and 
first, Liouville [lJ defined the fractional integral of order a by 

x 

derivative. At 

where f(z) is an analytic function that has no branch point inside of C, C

and C+, which are the integral curves which are shown in Fig. 1 and Fig. 2, 



54 Shigeyoshi Owa 

respectively, and n is any positive integer. 
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In this paper, the fractional integral and derivative of order α are defined 
by the following. 

DEFINITION 1. The fracUonal integral of ordør α is defined by 
z 1 

{ -서
 

K 4 

Z 
D 전잊 

。 ('_Z)l-a d', 

f(z) = 짧 D;a f(z) , 

where a is a positive real number, f(z) is an analytic function in a simply 
connected region of the z-plane containing the origin, and the multipIicity of 

('_z)a-l is removed by requiring ln({;'-z) to be real when ({;'-z)>O. 

DEFINITION 2. The fractional derivative of order a t"s defined by 

ZJ=?4-←」츄 r 1.와;-d' 

f(z) = 짧D:f(z)， 
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f ’ (z)= lim D~ f(z) , 
g • 1 • 

where 0<，α <1, f(z) is an analytic function in a simply connected region of 

the z-plane containing the origin. and the multipIicity of (, - z) -a is removed 

by requiring ln('-z) to be real when ('-z)>O. 

2. The class of univalent functions 

Let S denote the class of functions 

(1) f(z)=z+ 뀔atZ” 

are analytic and univalent in the unit disk, S용 denote the class of functions 

(1) are univalent starlike with respect to the origin in the unit disk, and C 

denote the class of functions (1) are univalent convex in the unit disk. 
A necessary and sufficient condition for f(z)εS to be univalent starlike in 

the unit disk is 

(2) zf' (z) 
Re~-τrr- ’>0, Izl <1. 

A necessary and sufficient condition for f(z) ε S to be univalent convex in 
the unit disk is 

(3) f"( 、
Re ~1+ 주.r， r _ "\’>0, 1 zl <1. 

For the functions f(z) of the form (1), the simple computations give 

(4) Fμ)=r(2+α)z-aD;af(z) 

∞ %!r(2+a) __ n 
=z+ ε;’ ” ;='2 r(n+ 1 +a) 

where α is a positive real number, and 
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where 0<，α<1. 

THEOREM 1. There are the μm·νalent starUke functions of the form (1) in the 

μmï disk sμch that F(z)ES* 

EXAMPLE 1. Let 

(6) f(z)=z+a2 Z2εS*. 
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Then, from (2), it is clear that 21azl <1. 

Therefore, 
2 Re{3E년) ) = (2+a) +6(2+a)la2| 1zlcos(6+￠)+8la2l2lz1 2 

F(z) J - (2+α)2 +4(2+α)la2llz1cos(6+￠)+4laι 1 2 1z1 2 

>
(2+α -21 a2 1년1)(딴α-4I a2 1I z l) 

(2+α+2|aal |zl)2 

for Izl <1, 
”
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REMARK 1. If the function (6) belongs to S*, then F(z) is an univalent 
convex function in Izl <(2+a)/4, where α is a positive real number. 

THEOREM 2. There are the univalent coηvex functions of the form (1) iκ the 

:unzï dz"sk sμch that F(z)εC. 

EXAMPLE 2. Let the function (6) belong to C. Then, the necessary and 

sufficient condition (3) gives 41a21 <1. 

Therefore, 

Re {1+ 캘2강 F'(z) 
- (2+ai+12(2+α)la2l |zlcos(6+￠)+32la2|2lzl2 

(2+α)2+8(2+a) la2! l z| cos(6+￠)+ 16la2l2l zl2 

(2+α-4Ia.， llz )(2+a-8Ia., llzl) 
는 

i 

n 
‘ 

(2+α+41a2 1 Iz l)~ 

for 1 zl <1, 
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THEOREM 3. There are the μ%juα1 ent convex /:μncUons of the form (1) in the 

:unzï disk such that G(z)εS*. 

EXAMPLE 3. Let the function (6) belong to C. Then, 

zG'(z) 1 (2-α -2I a2 1I z !)(2-α -4I a2 1I z l) 
Rel ，0운뜯스’는 

lrl,.z) ) - (2-α+2la2l |zl)2 

>0 
for 1 zl <1, where z= | zl e18 and a2= 1 G- J 

>.
• 

REMARK 2. If the function (6) belongs to C, then G(z) is an univalent 

'Convex function in Izl <(2-α)/2， where 0<α<1. 
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REMARK 3. If the function (6) belongs to S*, . then G(z) is an univaient 

!Starlike function in 1 z 1 <(2-a)/2, where 0 <α <1. 

REMARK 4. If the function (6) belongs to Sξ then G(z) is an univalent 

.convex function in 1 z 1 <(2-α)/4， where 0<α<1. 

Now, let S; denote the class of functions of the form (1) that F(z)εs용， 

‘C F denote the class of functions of the form (1) that F(z)εC ~nd S*G denote 

ithe class of functions of the form (1) that G(z)ES휴. 

3. The distortion thearems for anaJytic univaJent functions 

Owa [5J gave the folllowing conjecture for fractional derivative of univalent 

functions. 
/ 

CON]ECTURE. . Let f(z)εS. Then, perhaps, for any nonnegative α and 1 z 1 

<1, 

ID:f(z) 1 르 「(α+1)(α짧|) • 
(I -Iz l) 

Now, the following theorems are given by Theorem 1, Theorem 2, and 

Theorem 3. 

THEOREM 4. [f f(z)εs;， tke% for lzl < 1,
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Iwhere α is a posz"Uve real nμηzber. EquaUty holds for Koebe fiμnction 

(l-e 

PROOF. Since the function F(z) belongs to Sξ 

낮L「「르 Ir(2+α)z -a D;a f(z) 1 든 1강「; 
(1+ Izl)‘ (1 -lzl)" 

Hence, Theorem 4 is right. 

COROLLARY 1. [f f(z)E얄 , then D;α f(z) contaz"ns the di삶 wz"th cenler at 

.the orz"g z"n and radius 1!4r(2+α). 

THEOREM 5. [f f(z)εCF， theχ for Izl <1, 

!zla -α < 1zla 
r(2+α)(1+ Izl) 르 1 D~a f(z) 1 ~7 ’(2+α) (1 -1ε7 ’ 
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where α Z"S a þostïi:νe real number. Eqμality holds for the function 

f(z) =τ즈-

COROLLARY 2. 11 I(z)εCF• then D;a f(z) contains the disk with center at the

origin and 1’adz.us 1/2r(2+a). 

THEOREM 6. U f(z)es§, the% for l z l <1, 

a - !zl-a 
Jl~-α八l+)Z I) -'-Z ‘ 、 , . - 1 ι-하건: 

where 0<α <1. Equality holds lor the f.μncUon 

f(z) =τ즈r 

COROLLARY 3. 111(z)εs~. then D압(z) contains the d z"sk wzïh center at the 

oyz.gz.n and radius 1/2r(2-a). 

The proofs of Theorem 5 and Theorem 6 are given much the same way as; 

Theorem 4. 

The folIowing theorem holds for the conjecture in [되 • 

’‘ THEOREM 7. 11 f(z)εSG , the% for O <α <1 and 

PROOF. 

(α4-α3_ 1) + 、/α8_2α7+a6_za4_2α3+4α2+1 를 1 zl <1, 
2α2(1_α) 

l~f(z)1 르 F(α+ 1) (α+l3l ~. 
‘ (1 -lz l)"" ‘ 

Izl-a 
r(2-a)(1-lz l) 

r (a+ 1)(a+ Iz l) 
(l-lz l)a十2

Let 

Then, 

_11-lz l)a+l-r(α+ 1)rC2-a) 1 zla(α+ Iz l) 
- T(2-a)Izlα(l-lz l)a十2

P(a, Iz l) =(l-lz l)a+l_rcα+1)[’(2-α) Izla(a+ Iz l). 

P(a, 1 z 1) = (1- 1 z 1 ) -α(1-찍앓 !zla(a+ Iz l) 

<(1-lzl)-a2(1-α)Izl(α+ 1 Z!). 
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Therefore, P(α， I z J) is negative for 0 <α <1 and 

4 3 /8 7 6 4 3 
’ -α -1)+'<1α -2α +α -2α -2α +4α 

2α2(1_α) 

Hence, Theorem 7 is established. 
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