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1. Introduction.

It is well known [1] that the convergence of filters on a topological space essentially
determines its topological structures. In order to generalize topological structures, Fischer
and Kent among others, have proposed various kinds of structures of the convergences of
filters. In this note, we introduce the concept of semiconvergence structures, and show that
initial and final structures in the sense of Bourbaki[1] of semiconvergence structures exist.

Moreover we show that the category of convergence spaces introduced by Kent[4], the
category of limit spaces introduced by Fischer[2] and the category of topological spaces
are all bireflective in the category of semiconvergence spaces and continuous maps.

2. Semiconvergences spaces.

Definition. Let X be a set, let F(X) be the set of all filters on X and le. P(F{X)) be the
power set of F(X). Then c:X—PFX)) is a semiconvergence structure cn X if ¢ satisfies
the following two statements: . '

C) For each xeX, x={AcX|xeA}ec(x).
C) If Fec(x) and Fc g, then gsc(x).

In this case (X,c) is called the semiconvergence space. If Fec(x), then x is called a

limit of &, and & is said to converge to x, and we write F—x.

Definition. Let (X,¢) and (Y, c”) are the semiconvergence spaces. A map f: X—Y is
called continuous if Fe=c(x) implies f(F) ec’(f(x)).

Proposition. For each semiconvergence space (X,c), the identity map 1, : (X,c)—>(X,¢) is
continuous and if £: (X,c)—(Y,c") is continwous and g: (Y,c’)—(Z,c”) is continuous
then gf :+ (X,c)——(Z,c") is also continuous.

Remark. By the above proposition, the class of all semiconvergence spaces and contini~us
maps form a category which will be denoted by SConv.

Definition. For any (X,c)&SConv and AcX, the set A={xeX|there is a filter F 0. X
with Fec(x) and Ae5). is called the closure of A.
Remark. A= {xeX| there is an ultrafilter U on X with Y ec(x) and Aeq}.



The following proposition is then obvious by the above remark.

Proposition. Let (X,¢) belong to SComv. Then 1) ¢=¢, 2) AcA, 3) AUB=AUB,
4) In general, A+A.

Theorem. Let ({X;,¢)ie1 be a family in SConv and f, : X—X,; a map for each i€l. Then
there is a semiconvergence structure ¢ on X such that (f;: (X, c)—(X,, ¢.))ie1 7s z‘m'tz'dl, in
the sense of Bourbaki, i.e., for each i€l, f; is comtinuous, and for amy semi convergence
space (Y,¢") a map g (Y, )— (X, c) is continuous iff for eact i€l, fig: (Y,c3— (X, )
1S continuous.

Proof.: Define ¢ as follows: A filter & belongs to c¢(x) for some xeX iff for each ig],

£.(F) belongs to ¢;{{;(x)). For each xeX, fi(}})=ﬂ§); hence xec(x). If Fec(x) and
Fcg, then {{(F)ec,(f;(x)) and f;(F)cf(€) and hence ¢ ec{x). Thus c is a semiconver-
gence structure on X. Obviously for each i€l, f; is continuous.

Suppose for each iel, fig: (Y, )— (X, c,) is continuous and suppose Fec’(y). Then
for each iel fig(F)=1,(@@P))ec(f;(@(¥y)). Hence g(F)ec(g(y))). This completes the
proof.

Definition. The semiconvergence structure defined in the above theorem is called the iuitial
semiconvergence structure with respect to (f.).

Definition. For a semiconvergence space (X,c¢) and a subset A of X, the initial convergence
structure ¢, with respect to the natural embedding A——X is called the relative semiconver-
gence structure of ¢ on A, and (A, c,) is called a subspace of (X,c).

Remark. A filter & on A belongs to ca(x) iff the filter generated by & on X belongs to
c(x).

Definition. Let ((X;,c))ie1 be a family of semiconvergence spaces indexed by a set L
Then the initial semiconvergence structure [lIc; on [IX; with respect to projections is called
the product semicomvergence structure and (11X, Ilc;) is called the product semicomvergence
space of the family.

Remark. A filter & on [IX; belongs to [lc;(x) iff for each projection Pr,, Pr.(F) ec,(Pr;(x)).

The following proposition is immediate by the above theorem.
Proposition. A map f: (X, )—1X,, Ilc) is continuous iff’ for each iel, Prif : (X,c)—
(Xi,¢) is continuous. Hence (I1X;,Ilc)) is a categorical product of ((X,,c))ier in SConw.

Theorem. Let ((X;,c.))is1 be a family of semiconvergence spaces and for each i€l, f,: x,—
X a map. Then there is a semiconvergence structure ¢ such that (£, : (Xi, c)—— (X, C))iei is
Simal in the sense of Bourbaki.

Proof. Define c as follows: Fec(x) iff either F=x or there are i€l and K ec,(y) such
that f,(X)c% and f;,(y)=x. Then it is obvious that )Eec(x) for each xeX.

Suppose Fec(x) and FSg. If F=x, then F=g=xec(x). If there is Kec(y) for
some i€l such that fi(X) ST and f,(y)=%, then fi{(KX)CSF<c & and hence ¢ec(x). Hence
¢ is a semiconvergence structure on X. It is obvious that for eachi€l, f;: (X, c)—(X,¢)



is continuous. Suppose for a semiconvergence space (Y,¢’) and a map g:X—Y, gf;:
(X,,c.)—(Y, ) is continuous, and Fec(x). If g=x, then obviously g(F)ec’(g(x)). If
there is K ec,(y) for some i€l with f(K)SF and f,(y)=x. then gf,(X) e/ (f,(g(¥))) and
hence g(F)ec’(gx)). Thus g is also continuous.

Definition. The semiconvergence structure ¢ defined in the above theorem is called the
Sfinal structure on X with respect to (f7).

Using the final structures, one can define quotient spaces and coproducts in SConv.

Definition. 1) For a set X, a map ¢ : X—PF X)) is called a convergence structure on X
if ¢ is a semiconvergence structure and for any Fec(x), Fnxece(x). And (X,c) is called
a convergence space.

2) A semiconvergence structure on a set X is called a limit structure on X if F, @=c(x)
implies ¥ N g €c(x).

It is known [4] that the category Conv of convergence spaces and continuous maps
contains the category Lim of limit spaces and the category Top of topological spaces as
bireflective subcategories.

Theorem. The category Conv is bireflective in SCony.

Proof. It is enough [3] to show that Conv is closed under the formation of initial sources
in SConv. Let (f;: (X,c)—>(X;,c)) be an initial source in SConv such that for each i€l
(X, c)eConv. Suppose Fec(x). Then for each i€l, f;(F)ec(fi(x)) and hence f,(F) nf/(_;)
also belongs to c(f;(x)).

Since £(FNx)=f(F) nf(_x\), Fnx also belongs to c(x). Thus (X,c) belongs to Conv.

Remark. 1) For any (X,¢)&eSConv, the Conv-reflection of (X,c) is given as follows:
define ¢, by Fec.(x) iff there is §ec(x) with GNXCSY, and then the identity map (X, c)
—— (X, c,) is the desired reflection.

2) Lim and Top are also bireflective in SConv.
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