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On A Semitopological Semigroup
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1. Introduction

In this paper | investigated some properties of translational hull of a semigroup.

If S is a semigroup, then a function 2:S——S is a left translation of S if, for all x,y €S,
Axy)=(Ax)y and a function p:S——S is a right transiation of S if, for all x,yeS,
(xy)o=x(yp). A left translation 4 and a right translation p are said to be linked if x(dy)=
(xp)y, for all x,y<S and the linked pair (4, p)is called a bitransiation of S. If w=(4,p)
is a bitranslation of S and a<S, then we denote w a=Aa and aw=ap.

For x,yeS we have o(xy)=(ax)y, GY)eo=xWoe), and x(ey)=w)y. Clearly A(S)
and P(S) of all left and right translations of S, respectively, are semigroups with respect
to composition of functions and Q(S) is a subsemigroup of A(S)XP(S). The semigroup
Q(S) is called the translational hull of S. ,

If a semigroup S is endowed with a topology and w=(4, p) is a bitranslation of S, o is
a continuous bitranslation if A and p are both continuous. For each asS, we use 4,(p,) 1o
denote the left (right) translation x——ax(x—xa). Then 4, and p, are linked for each
as$S, and hence w,=(d., p.) is a bitranslation of S. For a€S, the translations A, and p,
are called imner left and inner right tramslations respectively and w, is called an inuer
bitranslation.

The set z(S) of all inner bitranslation of S is a subsemigroup of Q(5) and the function
7t S—x(S) defined by n(a)=w, is a homomorphism. The semigroup =(S) is called the
inner tramslational hull of S and the homomorphism # is called the canonical homomorphism.
Let A,(S) and P,(S) are denoted by the semigroups A(S) and P(S), respectively, endowed
with the relative topology of pointwise convergence on S* and Q,(S) be the semigroup
Q(S) with the product topology on A,(S)xP,(S). Also, Q.8) be the semigroup Q(S)
with the topology of continuous convergence. A semigroup S is said to act on a set X if there
exists a function 7z: XXS——X (X is a topological space) satisfying z(x, st)=z(x(x, 8), t)
for all s, teS, xeX.

Let z(x,s)=xs. The function = is called a (left) action of S on X.

2. Translational hull
A semigroup on a Hausdorff space is called a semitopological semigroup if multiplication is
separately continuous, and is called a topological semigroup if multipication is jointly continuous.



Lemma 2.1 ([2]) Let S de a semitopological semigroup. Then the canonical homomorphism
n : S—Q,(8) is continyous.

Lemma 2.2 ([2]) Let S be a semigroup on a topological space. Then the multipication of
Q.(S) is continuous.

A semigroup S is said to be left (right) reductive if xa=xb (ax=bx) for all xS implies
a=b, and is said to be reductive if S is both left and right reductive. A semitopological
semigroup S is said to be left (right) net reductive if xa,——xa (a,x—ax) for all xS
implies that a,—a, and S is said to be met reductive if S is both left and right net
reductive. A semitopological semigroup S is saidto be left (right) bi-net reduclive if for a net
a, in S and a€S, the condition that x;a,—xa (a,x,——ax) for x,——x in S implies a,—a.

And S is said to be bi-net reductive if S is both left and right bi-net reductive.

Lemma 2.3 ([2]) In a semitopological semigroup S, net reductivity implies bi-net reductivity
which in turn implies reductivity.

Theorem 2.4 Let S bw a semitopological semigroup. Then the canonicol homomorphism
w1 S——Q,(S) is both an isomorphism and a homeomorphism if and only if S is net reductive.

Proof. Suppose S be a semitopological semigroup which is net reductive. By Lemma 2.1,
r 1 S—0,(8) is a continuous homomorphism. From Lemma 2.3, S is bi-net reductive and
hence is monomorphism. Suppose now that a, is a net in S such that xa,——xa for all xS
and aeS. For constant net x,=X, Xsa,—>xa. By bi-net reductivity, a, converges to a. It
follows that z7':z(S)—>S is continuous (z(S) with the reductive topology of .(S)) and
= is a homeomorphism into £,(S).

Conversely suppose that z:S——Q,(S) is a homeomorphism. And suppose that a, is a net
in S, aeS such that xa,—xa for all x€S. By definition of the topology of Q,(S), A.(a.)
—A.(a) in £,(S). Since  is a homeomorphism, we have a,—a.

Similarly for the right.

Theorem 2.5 Each bitranslation of a bi-net reductive semitopological semigroup S is continuous.

Proof. Let w be a bitranslation and let y, be a net in S converging to y. Then for each
X—X in S, X(wy.)—(Xw)yx(wy). Since S is bi-net reductive and for x,——x in S,
wy,—wy and y,o—yw. Hence w is continuous.

Theorem 2.6 Let S be a compact net reductive semilopological semigroup. Then Q.(S) is a
compact topological semigyoud.

Proof. Q(S) is embedded in z{SXS}a=s by w——(wa, aw) in the a-th coordinate for each
a€S. We have to show that Q(S) embedded is a closed subset of #{SXS}aes. Let w, be a
net in Q(5) convergent to an element w of {SXS}aes. Let w be a bifunction by defining wx
to be the first term in the x-th coordinate of z{SXS}.es and xw the second. Let x,yeS.
Then x(wy) =x(limw,y)=limx(e.y)=limxe.)y=(imxe,)y=(&e)y. Hence o is a linked
pair. Since S is net reductive, o is a bitranslation of S. In view of Theorem 2.5, o is
continuous and thus Q(S) is closed in #{SXS}.es. Therefore Q.(S) is a closed subset of a
compact space and hence compact. By Lemma 2.2, multiplication on Q.(S) is continuous.
Hence Q.(S) is a topological semigroup.



3. Continuity

A semigroup S on a topological space is a left (right) semitopological semigroup if the
multiplication function is left (right) continuous. For x,y€X, define C(x,y)={seS: xs#ys}.

Lemma 3.1 ([4]) Let S be a left semitopological semigroup, X a Hausdoroff space and
r 1 XXS——X a left separately coniinuous action. If for s€S, x,yve€X, y#xs, there exists
reC(y, xs) such that r is coniinuous at (x,sr), them ihere exists open sets U, W,V such
that x€U, seW, yeV and z(UXW)NV=4¢g.

Theorem 3.2 Let S be a left semilopological semigroup, X a compact Hausdorff space and
7t XXS——X a left separately continuous action. Let (x,s)eXXS. If for each v+#Xs, there
exists vreC(y, xs) such that = is continuous at (x,$).

Proof. Let T be an open set containing xs. Then X\T is compact. By Lemma 3.1, each
yeX\T, there exist open sets U,, V,, W, such that x€U, seV,, yeW, and »(U,xV,)
NW,=¢. A finite number of {W,:yeX\T} cover X\T. Let U be the intersection of the
corresponding U, and V be the intersection of the corresponding V,. Then U and V are
open, x€U, seV and n(UXV)cT.

Theorem 3.3 Let S be a compact Hausdorff lefl semitopological semigroup with the identily
i, X a compact Havsdoroff space, and = : X XS
a unit in S, then n 1s continuous at (X,s) for all xeX.

Proof. By hypothesis, there exists u™*eS such that u™'u=uu '=i. Since ixs=ix(is)=

»X a separately coatinmous action. If u is

i(xis) €iX, z(XxS)«iX, and zlixxs 15 continuous at (y,u) for all yeiX. Since ixsu 'u=
i(xs)i=xs, define the composition X XS—iXX5—X—X by (x,s)—(ix, su™)—ixsu™'—ixsu 'u

Since the composition (%, W)—(ix, uu D=(x, i)—{x)i=ix—ixu=xu is continuous, =z is
continuous at (x,u). .

Theorem 3.4 Let S be a locally compact Hausdorff left semitopological semigroup, X a
compact metric space and n : XXS—X a separately continuous action. If there exists S€S
such that aS=S and #(Sxs)=X, then n is continuwous at (x,s) for each xsX.

Proof. Let xeX, and suppose yxs. There exist open sets U and V such that yeU,
xseV and UnV=¢. By hypothesis, there exists z€X such that y=zs. Hence there exists
open W, seW such that z(zxXxW)cU. And there exists t€W such that » is continuous at
(x,t). By hypothesis, there exists reS such that t=sr.

Then =z is continuous at (x, sr). Thus xsr=xtez(XXxW)cV and yr=zsr=ztz(zx W) cU.
Hence yraxsr. By Theorem 3.2, = is continuous at (X,s).
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