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INTEGRAL REPRESENTATION OF APPELL’S FUNCTIONS

By K.C. Mittal

1. Introduetion

The object of this paper is to obtain integral representations of Appell’s func-
tions [3] with the help of fractional integration and differentiation.
For the sake of convenience the rules of fractional integration and differentia-

tion are given below. Following Erdely: [2], we write the rules of fractional

integration by parts in the form
b

-f d(b x) dx—f d(x a) (1)

a

The fractional derivatives in (1] can be defined by integrals, if the real part of
2 18 negative. Thus

_E’.w_”__z_ 1 ( _y—w—1
d(x—a)” T(—w) {(x y) u(y) dy @)
B dwv . .1 _ —w—1
d(b—x)w ~T(—w) [ (y—=x) v(y) dy (3)

where R(w) <0.
If # and v are expressible by means the series

(4)

then the fractional derivatives are obtained by differentiating these series term by
term and using the definiton.

dw”#_l __I'Ce) ft~w=—1
i T@-wy )

for the fractional derivative, which holds for all values of w except w=gp.
In our investigation we require the result
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and the definition of J. Kampe de Feriets’ hypergeometric series of two variables

[1].
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2. The following results are to be established in this section

11

bi~1 b— —b — b,
ffu v 1(1_ )" 1(1"' p)* F(a,cqcoid ux, vy)du dv
00

oI, )I(c,=b )1 (c,—b,) |
=— 12“(61)11’ (czl) Py by byid3n )

valid for R(,)>0, R(5,)>0, R(c,~8)>0, R(c,~b,)>0 and |z|, |y]<1

1 1
ff ucl""lv&'z—l (1_u)ﬂh_cl—'l(l_v)ﬂz—ﬂa'—lecb, bl, bz’, (,‘1, 62; ux. vy)du dv
0 O

I ECIDF (e (@ —cDI (ay—c,)
I'(a)I'(a,)

'F2(b, bl’ bz;a]_p az;x:y) (9)

valid for R(¢c;)>0, R(¢,)>0,R(¢;—¢)>0, R(a,—¢,)>0 and |x|+[y] <L

11
ff ”al_lf’az_l(l—#)b’_alfl(1—?))&2_%_11"3(51,bz;cl,cz;d;ux,vy)du dv
0 ‘0

P(a (e )" (b, —a ) (b,—a,)
=— lzﬂ(al)lﬂ(agl) “Fyay, a5 cp,055 43 5,9) (10)

valid for R(e;)>0, R(a,)>0, R(b;—a;)>0, R(bz—a2)>0 and |z, |y]| <1
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I, I'(a,) I'(b;—ay) I'(b,—a,) | |
— L 1'2'(61)1}(52)1 2z F (¢ 05 b1, 00; %,9) (11)

valid for R(e;)>0, R(e,)>0, R(4;—a;)>0, R(bz—czz)>0, and |/ % |+ [/ ¥ ]| <L

We give below the proof of (8) and other results can be proved in the similar
manner. Let us consider

0b,—c,+b.—c
1 1 2 2 - _
[xbl 1 ybg 1

axbl — aybg—ﬂz

F((a,c,cyid;%, )]

abl ":1 : bg Cz OO

= e &
axbl ] aybz Co m=0 ?EJ (d)m-i—n m! ﬂ!

using (5) the right side

e o (@6, o [(mtb) Tntby)
= 2T @D, ml % y T(m+cy) I'(ntey)

G rédy |
ST IGey * ¥ Flabpbydis )]

Making use of (8) we have

x )
ffﬁb‘_lqb*_lCx-ﬁ)c‘_b‘“l(y—q)cz_bz_lFl(cz. Cpr Co3dip, q) dp dg
0 0

EACORKCS
BEECORECS

Taking p=ux and g=vy, we obtain (8)

x{?l-—-l ng—l Fl(a’ bl’ bz;d;x,y)

3. The following results are to be pfoved in this section

11
ff ”ﬂz—'l vﬂi—l (I_u)ﬁi_ﬁz_ﬂz‘l'ﬂl—l (l_v)ﬁa“ﬁi 0,4+ 03—1
00 .

X F1(By—By Bo—0y; 51—182_102+|0_1; 1—u)
X2F1(483—484r :34_103; 53"'54_94""93; l—v)XFl(“«’f:”y)d” dx

_ TBPrBII (oI (0 )T (B3~ By— 04+ 0T (By—B,— 03109
1'Coy) I'Cog) I'(By) I'(B3)

F (a, By Byi 73 %9) . (12)
valid for R(8,)>0, R(8)>0, R(o)>0, R(p,)>0, '
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R(433"164"'ﬂ4+ﬂ3)>0: R(51‘52“02+101)>0- and |x], [y|<1

where

F,(ux,v9)=F Ux, vy (13)

11
ff uzn—l vzl'—l (l—u)pl_rl_22+zl_l (l-ﬂ)p’ _72—21'1‘21"1
00

><2F1(21—?’1. 01715 pl—7’1—22+21;1—u)2F1(Z3-7’2, 05705 102_"72_24"'23;1“9)-
XFy(ux, vy) du dv

FORIGIIAPIQAY  I'oy=r =4+ AP (0= 1= 44y
I'Co)I"(0,) I'(A I (A)
XFy(ext, By, B3 015097 %) (14)
valid for R(r)>0, R(,)>0, R(AN>0, R(A) >0, R(p;—~7;—2A,+2)>0,
R(oy~7,—4,+4)>0 and |z +1y| <1

where

L
L)

Fluz,op)=F| o | .. Uz, vy (15)

r(PIDF(Pg)rczg)F(Z._@) |
XFuzx,vy) dw dy=— T Ca )T (aty) |

F(ay— 05— A, 2) T'(cto— 07— A5+ A1)

— ;(ZS 1’(23)2 —— F3(01, 00 By Bys 135, 5) (16)
valid for R(p)>0, R(0,)>0, R(4,0>0, R(4)>0, R(ay—0,—2,+23)>0, R(a;—p;
—A,+2)>0, and |x], [¥]<1 |
where
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0
/ 3 | ap, By, Ay Xy, B, Ag \
Fy(ux, vy)=F 1 ux, vy (17)
8
\ 1 | A 4, | /

11
2 ~1 24'—1 17— 71 sz 1= 2= F27 Ay
0 0

B F(Tl)F(Tz)F(Rz)P(Z4)P(Pl-71—22+21)F(ﬂ2-?’2‘24+23)
F4(ﬁx1 UJ’) du d?)-—' r(pl)r(pz)r(21>r(23) |

valid for R(7;)>0, R(7,)>0, R(2)>0, R(2P>0 R(o;—7—4;+4)>0, R(p,~7,
— 44420, [T [+]+/y|<1 where

F,(ux,v9)=F 0 ux, vy (19)

\2 | 71: 2-2; ?’2: T4l

We shall give the proof of (12) only and other results can be proved in the

similar way.
Let us consider
aﬂ:“ﬂﬁﬂi"ﬂu
8u’* " G0 TP
_gehtece (= 2 (@, 4 w(B1)(Bo) (010, 03), N y"]
94”0 g™ 0 | m=0 1=0  V)py(02),(0y), m! 7!

Wt F(pz)l’(m)“
= Gy TCo) F (e, By, Bos 7, ux,09) (20)

[t P! F(ux,vy)]

Substituting the value of F; from (20) in (8), we get

11
Jf ”ﬁz"‘ﬁh vﬁr‘ﬁa (l_u)ﬁl'_ﬁﬂ_‘l (l_v)ﬁu_‘ﬁl—l

apﬂ 101+IDI O3

auﬂz o auﬂi ﬂa

W PN F Cux, 09)) du dv
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_ TBIr BRI oI (oI (81— BT (B3~ B,
- Tl ol (BT By L1l By By % 9).

Now using the relation (1), we obtain

11
ff u’ ! vp‘_lFl(ux,vy)
00

a.ﬂz—'ﬁh
a(l _ u)ﬁz—'ﬂ

) [uﬁz_ﬂl (1 _ ﬁ)ﬁl _'132_1]

apt"ﬁak
a(l _v) Oi— 8

 TBRT BRI (0 ) (01 (B =8I (B3=8y) N
- I'Co I Qo)L (B (B3) - Fi(a, By 184’7:3":3’)-

Using (6) we obtain (12).

{vﬁi—ﬂa (1_,0)5:‘"&54"1] du dv

4. The following double integrals given in this section can rbe robtained from
the definitions of Appell’s functions (1].

f P y”_l e_(Hy)lFl(a,,Bmx—l-vy) dx dy
0 0

=PI (WF(a, A p:8:4,0) (21)
valid for RGD>0, R(w>0, lul, lv]<1

ff N S IR Cat) F(pir: ax) Fy(0;8%y) dx dy
00

="' (DI(WF LR, 0,157, 03, 8) (22)
valid for R(A)>0, R(u)>0, lal+]8]l<1

. ff 2 13’2!1 kzu(x)kzp(y) of 1(7: ax —I—ﬁyz) dx dy
-0 0

I'(A+)'(u+
= (2;”2%_2(#“—‘9) Fo(A+v, pto, A—v, u—0; 7; o, B). (23)

valid for R(2+»)>0, R(u+0)>0, {a|, |8|<1

A—-1 p—1 - 2 -
f f #70yT eTED F oy dPay) oFi(ogs VoY) dx dy
00 -

=T WF A 1 0 095 @5 (24)
validfor R(A)>0, R(u)>0, |a|+|b| <.
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