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INTEGRAL REPRESENTATION OF APPELL’S FUNCTIONS 

By K. C. Mittal 

1. Introduetion 

The object of this paper is to obtain integraI representations of AppeIl’s func. 

tions [3] with the help of fractional integration and differentiation. 
For the sake of convenience the rules of fractional integration and differentia. 

tion are given below. Following Erdely; [2] , we write the rules of fractional 

integration by parts in the form 
b 

d /Qt’ , μ 
a d(b-x)w 

b .W 

dx=' v.-오프 ... dx 
; d(x-a)w 

(1) 

The fractionaI derivatives in [1] can be defined by integrals, if the reaI part of 
w is negative. Thus 

where R(w)<O. 

dWμ 

d(x-a)w 

d U’v 
d(b-x)W 

=T7L「{ l (x--y)-w-l μ(y) dy 
a 

-1(-꾀 
(y_xrw- 1 v(y) dy 

t 

If κ and v are expressible by means the series 
c。 ‘ · 

μ= ~그~ C
r 
(x_a)A+r-l 

r=u 

00 • 

v= 월 A s(b-xl+s-
1 

(2) 

(3) 

(4) 

then the fractionaI derivatives are obtainec;l. by differentiating these series term by 
term and using the definiton. 

dWvμ-1 

dvW =짧삶 uμ-w-1 

for the fractionaI derivative. which holds for aIl values of w except w=μ. 

In our investigation we require the result 
1μ， 

뜨 .... [x-å(1-x)λ一 1] = 
d(1-x)W 

(5) 

(6) 
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and the definition of J. Kampe de Feriets’ hypergeometric series of two variables 
[lJ. 

I I a" a.." "., a , l' u2’ 1 

I b" b", …, b_; b’ b’ FI""IVl' v2' , vm ’ 1’ 2’ 
n I c" c", ... 

l' v2 

---, κm 
x,y 

yq, 

ql ! 

2. The following results are to be estab!ished in this section 

1 1 
b,-I .. b,-1 r. ..,\c,-b,-l r. __ 

,\c,-b,-1 (l-u)"'-U'-' (1-ν) F1(a， c1， c2;d;μx， vy)du dv 
o 0 

r(b1)r(b2)r(c1-b1)r(c2-b2) 
~/ 、 ~/ 、 F 1(a1, bl' b2;d;x,y) 

valid for R(b1)>ü, R(b2)>ü, R(c1-b1)>ü, R(c2-b2)>ü and Ixl , Iyl <1 

1 1 
-IJ,-l ,. __ ,a

‘
-c,-lr. _.,\ a,-c,-l u"'-'v.'-' (l-u)"'-.'-' (1 -v)U'-.'-' F 2(b , bl' b2, c1' c2; μx， vy)du dv 

o 0 

r(c1)r(c2)r(a1- Cl)r(a2-c2) 
π/ 、T">/ 、 ‘ F ib,b1, b2;a l' a2;x,y) -. 

’ V' 、‘ι/

valid for R(c1)>ü, R(c2)>ü, R(al-c1)>ü, R(a2-c2)>ü and Ixl + Iyl <1. 
1 1 

값， -lVa，-I(l_ μ)bl-al-1(1-u)b2-aa-IF3(bl， b2;Cl, c2;d;%x, uy)dμ dv 

(7) 

(9) 

F (al)r(a2)r(b1-a1)J’ (b2-a2) 
= π/ 、 T"'/ 、 F3(a l' a2; c1'c2; d; x,y) (10) 

valid for R(a1)>0, R(a2)>ü, R(bCal)>ü, R(b2-a2)>ü and Ixl , Iyl <1. 
1 1 

-1_ .a,-lr. _.,\ b,-a
‘
-1 r1 _.,\ b,-a,-1 μ ν (1-μ)"'-U'-. (1 -VY'-u,-. F lc1' c2;a1, a2 ; μx， vy)du dv 

o 0 

-
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T (a1) r(a2) r(b1- a1) r(b2-a2) 
F(b1)F(b2) F4(C1, c2; bl, b2; x,y) (11) 

valid for R(a1)>0, R(a2)> 0, R(b1-a1)>0, R(b2-a2)> 0, and l.v x 1+1ν yl<1. 

We give below the proof of (8) and other results can be proved in the similar 

manner. Let us consider 

3b, -c, +bn-c 1 1 'V2 ~2 

3xÓ,-c, 3yó,-c, 
[xbl-l ba-1 yV'-' F 1(a , c1 , c2;d;x,y)] 

∞
 
ZJm ∞

 Z
셈
 

얘
 -
‘
이
t
 

• 

-
히
 

a-bX (a) _~ _(c1 ) _(c,,) 
l m'V2 ” • .m+ó,-l . .n +ó,-l 

(d)m+n m! η! X y 

using (5) the right side 

∞ ∞ ( a) m+n(c1) m(c2) n 
= :E .I:’ ‘ 

m"=b :='0 (d)m+n m! n! 
xm+Cl-1yn+Cg-l 

F (m+b1) r(n+b2) 

r(m+c1) r(n+c2) 

F (b 1) r(b") , , 
- ‘ “ c,-‘ 17'.-1 F

J 
[a , b1, b,, ;d;x,y] - r(C

1
) r(C

2
) . x' y - L" 1 ’ l' v2 

Making use of (3) we have 

x y 

ó，一 l_ó， -l/.. .,c,-ó‘-1/.. _ ,c,-ó,-l þv'-y'-' (X_p)" ,-v'-'(y_q)"'-v,-, F
1
(a , Cl' c2;d;þ, q) dþ d q 

o 0 

r (b1) r(b") . , 
= n/ ι 、 "r7'(r-='Wì:- XC,-l /,-1 F j (a , bl' b

2
;d;x,y) 

、 -1 ..... - 、-Z/

Taking þ=χx and q=vy, we obtain (8) 

3. The following results are to be proved in this section 

1 1 

I , μP2-1 uP‘ -1 (1-μ)β，-ß，-p，+p， -l (1-vl ,-ß‘-p‘ +p,-l 
o 0 

X 2F 1(ß1-ß2, ß2- pl; βl-ß2- p2+pl; 1- μ) 

X2F1 (얘3-ß4， ß4- p3; β3-ß4- p4+p3; 1-v)XF1 (μx， vy)dμ dx 

- r (ß2)r(ß4)r(p2)r(P4)r(ß3- ß4- .04+ .03)r(ß1 -β2- .02+ .03) 

r(p1) r(p3) r(ß1) r(ß3) 

F1(α， βl' ß2 ; r; x,y) 

valid for R(ß2))0, R(ß4)> 0, R(p2) > 0, R(p4)>0, 

(12) 
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R(β3-ß4-P4+P3)>0， R(βCß2- P2+P1)>0， and Ixl , Iyl <1 

where 

1 I a 

21 βl' P1;β2' P3 
F1(μx， vy)==F 11 1 r 

1 I P2;P4 

ux, νy (13) 
/ 

1 1 

Ã., -1 _.Ã.‘ -1 r1 •• , pl-r,-Ã.,+Ã., -1 r1 _.，1'，-η-λ+ Ã.， -1 μ v"'-. (1-μ)"1-' 1-"'aT"'l- .I, (l-v) 

X#1(신 -r1' P1-r1; P1-r1-À2+À1;1-씨#1(À3-r2’ P2-r2; P2- r2- À4+ À3;I-v). 

-
、
l
/
-

A“---A 

-

”
v 

F’ 
-

J“ 

、
μ
γ
/
 

μ
 

%
-
n영
 

얘
 
π
 -
π
 

、
’
/

、
l
/
r1/ 

1“ 

n
ι
-
’
i
 

U
‘ 

γ
I
 
-nr 

/
l、

7
’
、

짜
 ”
이7
 

(
-
η
-

@‘ 

π
 
- r (P1-r1-À2+À1)r(P2-r2-À4+À3) 

r(λl)r(λ3) 

XF2(a， βl' ß2 ; Pl' P2; x,y) (14) 

vaIid for R(r1)>0, R(r2) > 0, R (À2)> 0, R (À4) >0, R(P1-r1-À2+À1)>0, 

R(P2-r2-À4+À3)>0 and Ixl + Iyl <1 

where 

l 

2 
F2(μx， ν'Y)==F I 0 

α 

β1 ， À1 ; ß2,À3 
μx， νy (15) 

••••••••• 

2 I r1 , À2; r2,À4 

1 1 

O o 
X2F1(À1- P1' α2- Pl; α1-P1-À2+À1; 1- μ)#1(À3- P2' α2- P2; α2-P2-À4+À3; l-v) 

T (Pl)r(P2)r(À2)r(À4) 
XF3(짜， ν'y) d u. dv==- ‘ F(a1)r(α강 

T(αl-P2-À4+À3) r(a2-P1- À2+ À1) 
“ j(λ13 r(AJ F3(P1, p2, βl' β2; r:x,y) (16) 

valid for R(Pl)>O, R(P2)> 0, R (À2)>0, R(À씨>0， R(a2-P2-À4+À3)> 0, R(αl-Pl 

-À2+À1)>0, and Ixl , Iyl <1 

where 

μA2-l yX‘ -1 (1-μ)a ， -p， +λ，-Ã.，-1 (1- v)a,-p,-Ã.‘ +Ã., -1 
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nU 

qJ 

1i 

1i 

αl' βl' Æ1' α2' β2， Æ3 

r1 

Æ2; Æ4 

ux, νy (17) F3(μx， vy)=F 

1 1 

XXg-1 UX‘-1 (1- u)p,-r,-À'+À,-1 (1- v)p， -r，-λ+À， -1 

X2Fl(Æl-rl ,Pl-rl:Pl-r1-Æ2+Æl; 1- μ) 2F l (it3-r 2; P2- r2: P2 -r2- Æ4+ Æ3; 

F (r1)r(r2)r (it2)r(it4)r(Pl- r l- Æ2+ Æl)r(P2- r 2- Æ4+ Æ3) 
Flux, ν~) du dv= 

XFlα， β ; Pl' P2; x ,y) (18) 

1-v) 

valid for R(rl)>O, R(r2)> 0, R (it2) > 0, R (it4)>0 R(P1-η-Æ2+Æ1)>0， R(p2-r2 

-Æ4+Æ~>0， I-vl x 1+I -vI고 1<1 where 

2 I α， β 

Flux, ν~)=F 
1 

0 

Æ, ; Æ l' "3 
ux, vy (19) 

••••••••• 

2 I η， À2; r2' r4 

We shalI give the proof of (12) only and other results can be proved in the 

similar way. 
Let us consider 

òp,-p,+p‘-p, 1 

-p, [μP.-1 νP‘ -1 F1 (μx， vy)J 
a상，-p， ÒV 

ÒP'-P'+P‘ -P’ 「 ∞ ∞ (α)m+/ßl)m(β2)n(Pl)m(P3)n 
= l Z그 ￡’ t1 -1-

òuP'-P' Ò~.-P， I ，;;=σ :=0 (r)m+n(P2)m(P4)n m! n! 

μp， -l vp,-l r(p，)r(pð) 야 
=----'n77/ 、 n/ ‘、 ~ F1(a， ßl' β2; r , UX， νry) 

m " x y 

(20) 

Substituting the value of F 1 from (20) in (8), we get 
1 1 

‘ μβ，-p， I ‘-P, (1-μl'-βg-1 (1-u)as-a‘-1 
6 

× frPl+P·Ti [μp， -1 vP‘-1 F，(짜’ vy)J du dv 
aμ"，-"， òμ「‘ pa - 1 
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r(β2)r(ß4)r(P2)J’(P4)r(βl-ß2)r(ß3-ß4) 
r(ρl)r(P3)r(gl)r〔a3) 1 F1(α， ß앙 ß4 ;r;x， y). 

Now using the relation (1) , we obtain 
1 1 

얘
 

l 

2 썩
 냉 

1 
l 
A κ

 

ψ
 

따
 

/ 
、

’ i 
F 」ι

 

‘ p ” v 」‘ 。‘ 
μ
 

[μß，-p， (l-u)βl 一ß2- 1]

o 0 

얻펴τ-[영.-p. (l_v)ß.-ß.-l] du dv 
ò(1 -v)"‘-1'3 

r (ß2)r(ß4)r(P2)r(P4)r(ß1-ß2)r(ß3-ß4) 
= “ f(Pl)F(P3)F(gI)I ’(a3) 1 FI(α， ß2, ß4 ;r;x,y). 

USing (6) we obtain (12). 

4. The following double integrals given in this section can be obtained from 

the definitions of Appel1’ s functions [1]. 

ooc。

xA-l yμ-l e-(x+y)lF1(α， β;μx+vy) dx dy 

o 0 

=r(À)r(μ)F 1 (a, Â., μ;β:μ， v) 

valid for R(À)>O, R(μ)>0， I 씨， I v I <1 

(21) 

。00。

xx-l yμ-1 e-(x+y) 1F l(p;r; ax) OFl(δ ;ßxy) dx dy 

o 0 

=r(À)r(μ)F2(À， p, μ; r , δ;α， ß) 

valid for R(Ã.) > 0, R(μ)>0， Iα1+1떼 <1 

(22) 

00 0。

.:1. - 1 .21l -1 •. /' .. , .. /' .. , ~ /' .. 2 . " 2 y μ k2v(x)k2pCy) OF1(r; αx~ + ßy') dx dy 
. ù 0 

- F(À :!:v)r(μ :!:p) 
- 24-2X-2μ F3(Â.+ν， μ+p， Â. -V, μ-p; r; α， ß). (23) 

valid for R(Ã. :!:v)>O, R(μ±ρ)>0， I a 1, Iβ1<1 
。o c。

xX-1 yμ-l e-(x+Y) oF1(P1; a2xy) oF1(P2; b2xy) dx dy 
ð Õ 

=r(Ã.)r(μ)F 4(Â., μ ; P1' P2; i , b
2
) 

vaIidfor R(Â.) > 0, R(μ)>0， lal + Ibl <1. 

The authors are highly grateful to Dr. B. 1. Sharma for his guidance and interest 

(24) 
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in the preparation of this paper. 
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