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ZEROS AND ORTHOGONALITY OF THE POLYNOMIAL SET B, (x,y)

By I. K. Khanna

1. Introduction

The present paper comprises of a discussion on the nature of the zeros of the
polynomial set B (%, y) followed by a note on its orthogonality. B (%, y), the

generalization of as many as eighteen classical polynomials like Hermite poly-
nomial, Laguerre polynomial, Legendre polynomial etc. have been defined by
means of the generating relation

> B,(£,9) t"= F,[(a); (8); vat] Fil(a); (B);py "¢"] (L.
valid under suitable conditions given in [1] and [2].

2. Zeros of B (x,y)

By the use of ‘Descartes’ Rule of signs of the theory of equation [4], the fol-
lowing conclusions regarding the zerosof the polynomial set B, (x,y) can be sum-
marized as:

A. If u, u, v, (ap), (ﬂq), (e,) and (&) be all positive, then

(1) B, (x,y) has no positive zero.

(ii) It has no negative zero if m be even

(iii) If m be o°d, the number of negative zeros is not more than [-—:T}

(iv) If » be not an integral multiple of m, then x=0 is at least one of the
zeroS, while otherwise, results, (i) to (iii) again hold good.

B. If v, 9, (), (B, (a,) and (b,) be all positive, but p be negative then

(i) Numbers of positive zeros of B (x,y) are not more than [—ﬁ—] .
(ii) It has no negative zero, if m be odd.
(iii) If m be even, maximum number of its negative zeros is [_:z_:’
(iv) Same as (iv) of (A).
C, If K ¥, (ap), (Bq), (e¢,) and (&,) be all positive, but v be negative, then

according as m is even or odd, all the four conclusions of (A) and (B) respec-
tively hold good.
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D. If u, v, (a’p), (ﬁq), (a,) and (b,) be all positive, but ¥ be negative then ac-

cording as = is even or odd, all the four conclusions of (A) and (B) respec-
tively hold good.

E. If y, (ap), (ﬁq), (a,) and (b,) be all positive, but ¢ and » be both negative,
then according as # is odd or even, (A) and (B) respectively hold good.

. If v, (ap), (5q), (af) and (b,) be all positive, but ¢ and y be both negative,
then according as m is odd or even, (A) and (B) respectively hold good.

G. If g, (a'p), (/j’q), (a,) and (&) be all positive, but v and y be both negative,
then all the conclusions of (A) hold good.

H. If (ap), (ﬂq), (ar) and (b)) be all positive, but v, # and ¥ be all negative,
then all the conclusions of (B) hold good.

I. Furthermore, by virtue of several examples similar to the two given below,
it is evident that the zeros of B, (x,y) are not all distinct:

oY 2
EXAMPLE 1. Béji_gj’gjgj’i (r,D=—1" (ury+w)”

» | p ’ r 2y

Cpp e — —1/9. | 9
EXAMPLE 2. Béi /2, 1/2':((‘:)) (x,y)= 12 (vxy-+4u).

8y
J. The zeros of B (x, y) are not interlaced.

3. Orthogonality

The polynomial set B, (x,y) is not orthogonal, which is evident because of the
following observations:

I. we know that, if a simple set of real polynomials ¢ (x) is orthogonal, then
the zeros of ¢ (x) are all distinct [5; p. 149. theorem, 55]. But in our case, res
ults of article 2 show that the zeros of B (x,y) is not orthognal.

II. Recently, J. Shohat [6] has shown that a necessary and sufficient condition,
that the sequence of polynomials

@0(-’5):1
gél(x): — 0y
¢yn(x)=xﬂ_snxn—1 +dﬁ_n_2xn_2+ ...... (#=2,3, «eoeee )

form a sequence of orthogonal polynomial, is that they satisfy a differential equ-
ation of the form
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6 ()=(x—c)p _(x)=A 0, (%), (n=>2;c, A are constants)
with positive 4,.

Now, our polynomial set B (x,y) does not satisfy this type of difference ey
uation. Hence it is not orthogonal.

III. Abdul Halim and W. A. Al-Salam [3] have given two elegent proofs of
the result, that the only orthogonal polynomials of the form

—n, (a,)
(3. 1) p41Fq] % x)

where # is a non-negative integer and the ¢;’s and &4;'s are independent of x and
n. are ,F[—wn; b; xl.

Hence, clearly, our polynomial, which is a generalization of (3.2) cannot be
orthogonal.

[V. Since our polynomial set does not satisfy the three-term recurrence relation,
we observe [5;p. 151(1)] that B, (x,y) is not orthogonal.
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