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ZEROS AND ORTHOGONALITY OF THE POLYNOMIAL SET Bn(x, y) 

By 1. K. Khanna 

1. Introduetion 

The present paper comprises of a discussion on the nature of the zeros of the 

polynomiaI set B nCx,y) foIIowed by a note on its orthogonaIity. Bη(x， y) ， the 

generaIization of as many as eighteen cIassicaI polynomiaIs Iike Hermite poly­
nomiaI, Laguerre polynomiaI, Legendre polynomiaI etc. have been defined by 

means of the generating relation 
00 

원 Bη(x， y) tn=pFq [(α'p); (βq); lJxt] 파[(ar); (bs); μy-깎] (1.0 

vaIid under suitable conditions given in [1] and [2]. 

2. Zeros of Bn(x, y) 

By the use of ‘Descartes’ RuIe of signs of the theory of equation [4] , the foI­

Iowing concIusions regarding the zerosof the polynomiaI set BnCx,y) can be sum­

marized as: 

A. If ν， μ， y , (αj，)， (ßq) , (ar) and (bs) be aII positive, then 

(i) B
lI
(x, y) has no positive zero. 

(ii) It has no negative zero if m be even 

(iii) If m be 0 -d, the number of negative zeros is not more than 

(iv) If n be not an integraI multiple of m, then x==O is at Ieast 

zeros, while otherwise, results, (i) to (iii) again hold good. 
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B. If ν， y , (α'p)' (βq)' (ar ) and (bs) be alI positive, but μ be negative then 

(i) Numbers of positive zeros of B/x,y) are not more than 

(ii) It has no negative zero, if m be odd. 

(iii) If m be even, maximum number of its negative zeros is 

(iv) Same as (iv) of (A). 
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C, If μ， y , (α'p)' (ßq) , (ar) and (br ) be aII positive, but ν be negative. then 

according as m is even or odd, aII the four concIusions of (A) and (B) respec­

tively hold good. 
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D. If μ， ν， (α?) ， (aq), (ar) and (bs) be alI positive, but y be negative then ac· 

cording as 1n is even or odd, alI the four conclusions of (A) and (B) respec. 

tively hold good. 

E. If y , (αp)' (껴q)' (a) and (bs) be alI positive, but μ and v be both negative, 

then according as m is odd or even, (A) and (B) respectively hold good. 

F. If v , (αp)' (ßq) , (ar) and (bs) be alI positive, but μ and y be both negative, 

then according as m is odd or even, (A) and (B) respectively hold good. 

G. If μ， (α'p)' (βq)' (ar ) and (안) be a lI positive, but v and y be both negative, 

then alI the conclusions of (A) hold lSood. 

H. If (α) ， (ßq) , (ar ) and (b) be alI positive, but ν， μ and y be alI negative, 

then alI the conclusions of (B) hold good. 

1. Furthermore, by virtue of severaI examples similar to the two given below, 
it is evident that the zeros of Bn(x, y) are not alI distinct: 

EXAMPLE 1. 

(vxy+4μi. 

3. Orthogonality 

The polynomial set Bn(x,y) is not orthogonaI, which is evident because of the 

foIlowing observations: 

I. we know that, if a simple set of real polynomiaIs 와(X) is orthogonaI, then 

the zeros of Øn(x) are alI distinct [5; p. 149. theorem, 55]. But in our case, res 

ults of article 2 show that the zeros of B,/x,y) is not orthognal. 

II. Recently, J. Shohat [6] has shown that a necessary and sufficient condition, 
that the sequence of polynomiaIs 

ØO(x)=l 

Ø1(X)=X-C1 

•••••••••••••••••• 

• • • • • • • • • • • • • • • • • • 

￠”(x)=x”-s”xn-1 +d” t-2Xx-2+------(%=2, 3, 

form a sequence of orthogonal polynomial, is that they satisfy a differential equ. 

ation of the form 
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1>n(x) = (X-Cn)CÞn_l (X)-À째n-lX)， (1Z르2;c"， 신 are constants) 

with positive Àn' 
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Now, our polynomiaI set B/x,y) does not satisfy this type of difference e4" 

uation. Hence it is not orthogonaI. 

III. AbduI Halim and W. A. AI-Salam [3) have given two elegent proofs of 

the result, that the only orthogonaI polynomiaIs of the form 

(3.1) P 1 -n, (ap). ν 
þ+l~. qL (b,) ’ -" 1, 

where n is a non-negative integer and the ai ’s and 한’ s are independent of x and 

n. are lFl [-1Z; b; x). 

Hence , cIearIy , our polynomiaI , which is a generaIization of (3.2) cannot be 

orthogonaI. 

IV. Since our polynomiaI set does not satisfy the three-term recurrence relation , 
we observe [5;p. 151(1)) that Bη(x， y) is not orthogonaI. 
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