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HYPERSURF ACES OF A SASAKIAN MANIFOLD WITH 
ANTINORMAL (f, g, u, v, À)-STRUCTURE 1 

By Mohd Shoeb 

Introduetion 

K. Yano, and U-Hang Ki [1] introduced the concept of antinormality of 

(f, g , μ， ι À)-structure and obtained many useful results. Lim, J. K. and Choe. 

Y. W. [2] also defined the antinormality of (f, g , μ， v, 지-structure and invest­

igated the necessary and sufficient condition for (/, g , μ， v, À)-structure to be 

antinormal. 

The purpose of the present paper is to obtain few more conditions for an­

tinormality of (/, g , μ， v, λ)-structure. 

1. PreIiminaries 

We consider a C∞ differentiable manifold with an σ， g , μ， v, À)-structure, that 

is, a Riemannian manifold with metric tensor g which admits a tensor field f 
of type (1, 1), two l-forms μ and v and a function .1 satisfying [3] 

(1.1) 

(1.2) 

(1. 3) 

(1. 4) 

(1. 5) 

(1.6) 

(1. 7) 

and 

(1 .8) 

호+X=μ(X)U +vXV, /(X) 걷뜩 X , 
g(호， Y)=g(X， Y)- μ(X)μ(Y) - v(X)v(Y), 
μ(X)=Àv(X) ， 

v(호)=-.1μ(X)， 

U=-ÀV, 
V=ÀU, 
%(U)=1-X2=u(V), 

μ(V)=O=v(U)， 

for arbitrary vector fields X and Y, U alid V being vector fields defined by 

μ(X)=g(U， X) and v(X)=g(V, X) respectively. If the tensor defined by 

(1. 9) S(X, Y)=N(X, Y)+dμ(X， Y)U+d싸X， Y)V， 

N(X, Y) being the Nijenhuis tensor formed with /, vanishes, the (f, g. μ， v, 지­
structure is said to be normal [3]. 

We put 
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(1. 10) [/./] (X , Y)=(DXu)(Y)-(Dyu)(X)-μ {(Dxf)Y) - (Dyf) (X)} 

+À{(Dxv)(Y)-(Dyv)(X)} , 

where D is the Riemannian connexion. If the tensor [f'/J vanishes, the (1, g , 
u, v, À.)-structure is said to be antinormal [2]. 

2. Hypersurfaces of a Sasakian ManifoId 

Let M be an orientable hypersurface of a Sasakian manifold .M2n
+

1
• Then 

there is an (f, g , χ， v, À)-structure induced in M, having the following properties [2] r 

(2.1) (Dyf) (Y) = - g(X, Y)U +μ(Y)X - K(X, Y)V +k(X)v(Y), 
(2.2) (DX찌(Y) =F(X, Y) - ÀK(X, Y) , 
(2.3) (Dxv)(Y) = -K(X, Y)+ À.g(X, Y) 

and 
(2.4) DXÀ.=K(X,U)-v(X) , 

where K(X , Y)=g(k(X) , Y) is the second fundamental tensor in hypersurface. 
M re1ative to m2，써. 

Substituting (2. 1), (2.2) and (2.3) into (1. 10), we find, 
(2.5) [f.l] (X, Y)=K(Y, U)v(X)-K(X, U)v(Y). 

Using (2.4) in (2.5), we get [2] 

(2.6) [f'/] (X. Y) = (Dy지v(X) - (D XÀ)v(Y). 

From (2. 6) it is obvious that if À is a constant, the induced (1, g , μ， v, À)-structure­

on M is antinormaI. From [2] , we know the following: 

THEOREM A. Let M be an orz"entable hypersurface of a Sasakz"an manzfold sμcJr 

that the func !z"on À z"s not a constant. In order that the 쩌duced Cf, g , μ， v, À)-stru­

cture be an tz"normal zï z"s neceSSa1’y and sμiffz"cz"ent that kf+fk=O. 

The condition kf+fk=O is equivalent to 

(2.7) k(X) + k(호)=0 
and 

(2.8) K(호， Y)-K(X， Y)=O. 

And from [1] , we know the following: 

THEOREM B. 1 n an or썼table hypersurface M wzïh an (1, g , U, v, À.)-structμre 
of a Sasak z"an manzfold such that À(l-i) z"s almost every-μIhere non-zero, the 

condz"tz"ons 

(2.9) K(X ,Y)-K(X ,Y)=O 

and 
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S(X， Y)=2ν(X) {DyV -.:lY} -2v(Y) {DxV -.:lX} 

and using (2.3), we have [Bl and Theorem [Al 

(2. 10) 

are equz.valent. 

Com bining Theorem 

’nanz"fold, 
and only if 

Sasakian hypersurface M of a 

is anhnormal if 

“ 
ν
 휠
 

h 
i * • 

THEOREM (2.1). In an orientable 

the induced (1, g , u, v, .:l)-strμcture 

(2.11) S(X, Y) =2v(X) kY - 2v(Y) kX. 

.:l ~constant， 

3. Some theorems on antinormal (f, g , u, v, .:l)-structure 

N z"jenhuis tens-In an orientable hypersurface M , λ~O， z"f the 

or vanishes the induced (1, g. u, v, À)-structure z.s anhnormal. 

THEOREM 3. 1. 

PROOF. Let the Nijenhuis tensor of M vanishes, we have 

(3.1) N(X , Y)=(Dxf)(Y)-(Dyf)(X)-(D깔)(Y)+(Dyf)(호)=0. 

U sing (2. 1) in above, we get 

(3.2) {K(Y , X)-K(X , Y)}V + {k(X)-k(X)}v(Y)- {k(Y)-k(Y)}v(X) 

-2g(X,Y)U=0. 

respect to X and using (1.4), 
-2.:l(K(U, X)-v(X))=O. 

By virtue of (2.4) the above equation reduces to 

(3.3) DxÀ=O. 

we get (1.5) and (1.6), Contracting (3.2) with 

that is λ is a constant and hence the structure is antinormaI. 

THEOREM 3.2. In an orz"entable hyþersurface M. λ~constant， the 쩌duced Ct, g , 

u , v, À)-strμctμre z"s anUnormal z"f aηd only z"f 
(3.4) (D xF)(Y, Z) + (DyF)(Z , X) + (DzF)(X, Y) =2 {F(Y, X)μ(Z) 

+F(Z，Y)μ(X)+F(X， Z)μ(Y)}， 

g(호， Y). 
def 

where F(X. Y) 

f ‘‘ 
, / 

1 

l 

From (2.1) , we have 

(3.5) (DxF)(Y.Z)=F(Y.X)μ(Z) + F(X. Z)u(Y) - K(호， Y)v(Z)+K(호， Z)v(Y). 

Taking cyclic permutation of (3.5). we get 

(3.6) (D}{F)(Y, Z)+ (DyF)(Z, X) + (DzF)(X , Y) =2 {F(Y, X)μ(Z)+F(Z， Y)μ(X) 

+F(X， Z)μ(Y)} +ν(X) {K(Z , Y)-K(Y , Z)} +v(Y) {K(X, Z) 

- KCZ, X)} +v(Z) {K(Y , X) - K(호， Y)}. 

[Al in (3.6), we get the result. 

PROOF. 

Using Theorem 

induced the constant’ λ;ξ an orientable hypersurface M , In THEOREM 3. 3. 

1μ 
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(f, g, κ， v, Ã.) is an!z"norma 1 zl and only 21 
(3.7) , N(X, y , Z)+' N(Y, Z , X)+' N(Z, X , Y)=(DXF)(Y, Z)+(DyF)(Z, X) 

+ (DzF)(X, Y) , 

where ' N(X, Y , Z) 걷믿L g(N(X, Y), Z)· 

PROOF. With the help of (2.1) , we have 

(3.8) 'N(X, y , Z)= {K(Y， X)-K(호， Y)}v(Z) + {K(호， Z)+K(X， Z)}v(Y) 

- {K(Y,Z)+K(Y, Z)}v(X)-2F(X, Y)μ(Z). 
Which gives 

(3.9) ’N(X,Y ,Z)+'N(Y,Z ,X)+'N(Z,X , Y)= {K(Y, X)-K(X, Y)}v(Z) 

+ {KCZ, Y)-K(Y, Z)} v(X) + {K(X, Z)-K(Z,X)}v(Y) 

+2{F(Y， X)μ(Z)+F(Z， Y)μ(X)+F(X， Z)μ(Y)}. 

1n view of Theorem [Al and Theorem (3.2) , (3.9) proves the statement. 

PROPOSITION 3. 1. In an orientable hyþersμrface M , the z'ndμced Cf, g , U, v, λ)­
strμctχre is an!z"normal tl and only if 

(3.10) (DxF) (Y,U)=(DyF) (X.U). 

PROOF. From (2.1) and (2.5) , we get 

(DxF)(Y, U)-(DyF)(X, U)= [f.fl (Y, X). 

which proves the result. 

THEOREM 3.4. In an orientable hyþersurface M , À울 constant, the z'nduced 

Cf, g , u, v, À)-strμctμre is antinormal ZI and only zl 

(3.11) ’S(X,Y , V)='N(X,Y , V)=(DxF)(Y, V) -(DxF))(Y, V), 

where ’S(X, Y ,Z) 
def 

g(S(X, Y) , Z) , 

PROOF. Transvecting (1. 9) with V and using (1. 8) , (2.3) and Theorem [AJ. 
we get 

S(X, Y , V) =' N(X, y , V). 

From (3. 1), we have 

(3.12) 'N(X, y , V)=(DxF)(Y, V) -(DyF)(X, V)+(DxF)(Y, Y)-(DyF)(X, γ). 
which, due to (3.10) , implies (3.11). 

PROPOSITION 3.2. In an orientable hyþersurface M , λ~O and .:1.혹 constant, the 

induced Cf, g , μ• v, .:I.)-structαre is antz'normal z'j and only if 

(3.13) 'S(X, Y , V) =0= ’N(X,Y ,V). 

PROOF. . Transvecting (2. 11) with V and using (1.6), (2.5), we get 
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(3.14) , S(X, Y , V) = 2À [f,jJ (X , Y) , 

which proves the statement. 

COROLLARY 3.1. In an orientable hypersμrface M , À~O and À~ constant, the 

z.nduced (f, g , μ， ν， λ)-siructure z.s anUnormal if and only zf 

(3.15) (DxF)(Y, V) = (DxF)(Y, V). 

PROOF. Just follows from (3.11) and (3.13). 
In an orientable hypersurface M , À~ constant, with antinormal (/, g , u, v, 지­

structure, we know [1] 
(3.16) 

and 

(3.17) 

where 

(3.18) 

K(X， V)=βμ(X) 

K(X， U)=βv(X)， 

β_ K(U, V 
- 1-À

2 

THEOREM 3.5 β， as gtν'en 쩌 (3. 18), is constant tf and only tf 

(3.19) K(X, kY =ßF(X, Y). 

PROOF. 

(3.20) 

Differentiating (3. l'i) and using (2.2), (2.3), (2.8) and 

(DxK)(Y, Z)-(DyK)(X, Z)=O, 

we get, 

(D xß)v(Y) = (Dyß)v(X) 

which, on putting Y=V, gives 

(Dxβ)(1- i) = (Dvß)v(X) , 
that is Dxß is proportionaI to v(X) and hence we can write 

(3.21) Dxβ=pv(X)， 

where p is a function. 

Now differentiating (3. 16) and using (2.2) , (2.3), (2.8), (3.20) and (3.21), 
we get 

(3.22) p{v(X)μ(Y)- ν(Y)μ(X)}=2ß(F(X， Y)-2K(X， kY) 

From (3.22) it is clear that p=α that is, β=constant if and only if (3.19) 

holds. 

Banaras Hindu University 
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