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A STUDY ON TOPOLOGICAL MULTI-SEMIGROUPS
By Younki Chae

The Study of discrete set-valued multiplications on a set is originated and devc
loped by O. Ore. On the other hand, the topological observations of set-valued
functions have been investigated extensively over the past forty years. The
author developed a basic theory of set-valued topological algebra [1] combining
the above two algebraic and topological concepts together.

This paper is devoted to the investigation of multi-semigroup multiplications on
an interval. It is shown that a multi-semilattice on an interval in which an end
point is a zero has the exact structure of a topological semilattice. Also some
other properties of multi-semigroups are studied in terms of usual standard threads.

The author wishes to express his sincere gratitude to Professor Alexander D.
Wallace for his continued guidance and suggestions.

1. Inftroduction

Let X be a space and let 2% be the set of all non-vold closed subsets of X.
With each subset A of X we associate the following subsets of 2%

L(A)={B=2*|BCA}, M(A)={B<2*|BNA=[]}.

Throughout this paper, all spaces in consideration are assumed to be Hausdorff

and 2% is assumed to have the Vietoris topology having the family
{LHU=U'CX} U (M(V)|V=V'"CX}
as a subbase of it [2].

DEFINITION 1.1. A multi-semigroup is a nonvoid Hausdorff space S together
with a continuous function
SxS—2°
(whose value at (x, ) will be denoted by xy) satisfying
(xy)z = 2(y2)
for all x,9, z in S. Here, AB is defined to denote the union U{ebleE4, b&B]

for A, BCS.
The proof of the following lemma may be found in [1].
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LEMMA 1.2. Let A and B be compact subsets of the multi-semigroup S. If AB
S contarned tn an open subset W of S, then there exist open subsets U and V of
S such that

ACU, BCV, and UV CW.

By using the above lemma, one may obtain

LEMMA 1.3. Let S be a multi-semigroup. If A ts compact and if B is open in
S, then the set
{x&ES| AxC B)
1S open in S.
The following theorem, for a semigroup, is due to A.D. Wallace and J. M. Day
and appears In {7]. By the aid of lemma 1.3, the same theorem holds for a
multi-semigroup.

THEOREM 1.4. Swuppose S is a continuum multi-semigroup. If H is a subset of
S with nonempty boundary F(H) and if H* contains a point t such that StCHT,

then SOCH* for some b in F(H).

DEFINITION 1.5. Let S be a multi-semigroup.
(1) An element s of S i1s called a /left scalar if and only if sx 1s a singleton

for each x 1In S.
(2) An element # of S is called a left unit(left scalar untt) if and only .

xSux (x=ux) for each x in S.
(3) An element e of S is called an idempotent(multi-idempotent) if and only if

e=¢ (eEez).
(4) An element f of S is called a left scalar idempotent if and only if f is a
left scalar and an idempotent.

In ench definition above, right and two-sided elements are defined analogously.

CONVENTIONS Throughout, I=[a, b] will denote the real closed interval from

g to b and a semigroup will always mean a topological semigroup([6], [7]).

DEFINTION 1.6. A subset A of a multi-semigroup S is called a lefi(right, two-

stded) fdeal of S if and only if
SACA (ASCA, SAUASCA).

As an immediate application to theorem 1.4, we have

COROLLARY 1.7. Suppose I is a mulii-semigroup in which ¢ s a zero. Then
(1) [a, x] ts an ideal of I for each x in 1.
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(2) If I has a untt, then Ix=(a, x]l=xl for each x in I.
(3) If e is a multi-idempotent of I, then
le=[a, e]=cel.

LEMMA 1.8. If f, g: 2'——1I are functions defined by
f(A)=inf 4, g(A)=sup 4
then f and g are comlinuous.

PROOF. Let Ac2' and let U =(¢, d), the open interval from ¢ to d such that
f(A)=xcU. Let V=_c, b]. Then AcL(VONMU). If BeLV)NMU), then BC
V and BNU#[]. Therefore c<f(B)<d, i.e., f(B)&U. Hence f 1s continuous.
Similarly, g is continuous. ' |

2. Standard multi-semigroups

DEFINITION 2.1. A multi-semigroup on [ will be called a stendard mult:-
semigroup if and only if ¢ is a zero and & is a scalar unit. For the definition of
a standard thread in the theory of semigroups, see{4] and[5].

LEMMA 2.2. Suppose I is a multi-semigroup in which a is a zero. If e is an
zdempotent of I, then (a, el ts a standard multi-semigroup. In particular, I is a
standard multi-semigroup if b is an idempotent.

PROOF For each x in [q, e], define x'=inf (ex). In view of (1) in Corollary
1.7, (#")’'<x’<x for each x in [a, ¢]. Note that x’&ex for cach x in [a, e] since
ex is closed. Now since ex=e(ex)=U {ey|ySex}, eyCex for each y=ex. It follows
that ex"Cex, and

(#’)’ =inf (ex’) = inf (ex)=x" > (&)’

1.e, (x°)'=x". Define a function f: [e, el —— [a, e], via f(x)=x'. Then f is conti-
nuous by Lemma 1.8. Morover,

Fr@=fUE@)=f()=(x") =2 =F(x),
i.e., f 2 f and f is a retraction. Since f(e)=a¢'=a and f(e)=¢e'=e, f 1S a surjec-
tion. Hence f(x)=x, i.e., ex=x for each x in [a, e]. Similarly, xe=x for each
x 1n [a, e] so that e is a scalar unit for [e, e]. By (1) in Corollary 1.7, [a, e] 1s
a standard multi-semigroup.

CONVENTION For a multi-semigroup on I, the following notation will be adop-
ted throughout the remainder of this paper. For each x and each ¥ in /, denote

xA\y=Inf (xy), xVy=sup (xy).
LEMMA 2.3. Let [ be a standard multi-semigroup and let x, v, u, v&E1 with xy
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and w<v. 1T hen
rVu < y\Vo.

PROOF. Since x<y, x&[a, yl=Iy. Then
xuC(IVu=I(yu)=U{lt|tEyu} =Ula, {]|tE€Eyu}=[a V.
It follows that xV«#<<yV#. In a similar way, yV#<yVv may be established.
Therefore xVuyVuly\Vo.

THEOREM. 2.4. If I is a standard multi-semigroup, then(l,N') is e standard
thread.

PROOF. Let x,v,z&l. Since xVyExy, (xNy)zC{(xy)z=xyz, 1i.e€.,
(xNVy)Vz< sup (xyz)=sup (U {{z]|tExy})=sup {t\Vz|tExy}.
Since {<<xVy for every {&xy, by Lemma 2.3, tVz(xVy)Vz for all ¢ in xy. It
follows that
(xVy)Vz<sup (xyz)=sup {{Vz|it€xy} < (xVy)Vz,
and (x\Vy)Vz=sup (xyz). Similarly, xV(yVz)=sup (xyz), i.e.,
(xVy)Vz=sup (xyz)=a2V{(yVz).

LEMMA 2.5. Let I be a standard multi-semigroup such that xN\z7ZyNz for all
%, ¥, 2l with x<y and z7a. Then x<y tmplies x \z2yAz2 for all z&].

PROOF. Let #<v in I and let
A= {zE€(a, b]|lurnz<vnz}.
Then A#[ ] since b€A. If z0&A, then uAzo<vAzo. Pick a point £ so that
u/N\zo <t<vAz. By the continuity of the operation A, there is an open set W
about z, such that {urw|lwEW}Clae, t) and vAw|lwEW}C(, 5], 1.e., WCA.
Therefore A is an open subset of (@, b). By hypothesis, (a, b] —A={z2&(a, b] |2
z>vAz}. Ina similar way, it can be also shown that (¢, 8] —A4 is open. Then
A i1s a proper clopen subset of (e, 5] if (@, 8] — A is nonvoid. Therefore A=(a, 5].

THEOREM 2.6. Suppose I is a standard multi-semigroup such that x/\z#yNz
for all x,y zE€I with x<y and z7#a. Then (I, N) is a standard thread. |

PROOF. Let x,y,z&1. Since xAyExy, (xAY)2C(xy)z =xyz. Hence
(xAyINz = inf (xyz)=inf (U {tz|t€xy}) =inf {t z]tExy).

Since t=>x/A\y for every {Exy, by Lemma 2.5, tAz>(xAy)Az for all ¢ in zy. It
follows that

(xAYIAz = Inf (xyz)=inf {{Az]iExy} = (AP NZ
e, (xrywNAz=inf (xyz). Similarly, zxA(yAz)=inf (xy2).
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THEOREM 2.7. Suppose (I, *) and (I, ¥') are standard threads such that xxy
<xx'y for each x, yEI. Then I is a standard multi-semigroup under the mulliplti-

plication(denoted by juxtaposition)

xy= [xxy, x%'y].

PROOF Clearly the multiplication is continuous. To show the associative law,
let x,3,2z be in I. Then #*z2<t;xz and #*"z<<f2*"z whenever #;<f,. If {&xy then
ry<t<ax'y so that (axxy)xz<txz and &+ z<(xx'y)*’z, Since ?{z is connected for
all £ In xy, (xy)z is connected [2]. It follows that

(xy)z= [(xxy)xz, (ax'y)*'z] = [xx(y*2), 2¢"(y¥'2)] =x(y2),
L.e., (xy)z=x(yz). Clearly, ex=a=xa and bx=x=uxb.

3. Multi-semilattices

DEFINITION 3.1. A multi-semigroup S is said to be a multi-band if and only
if every element is an idempotent.
A mulii-semilattice is a commutative multi-band.

THEOREM 3.2. If I is a multi-band in which a is a zero, then xy=min{x, y},
i.e., each such mulii-band is a fopological semilattice.

PROOF. Since every element is an idempotent, by Lemma 2.2, it is readily
shown that xy=x=yx whenever x<y, i.e., xy=min{x, y).

LEMMA 3.8. Suppose I is a multi-band. If v&Euv (uSuv) for all u and v in
I with u<v, then

uv(Y(v, bl =] (uvN e, un)=[]).

PROOF. Let # and » be in I with #<v. For each x&[u, 8], let #«\/x=x". By
hypothesis, x<<2’. Since x’'&[#, b], x’<<(x’)’. Since u#x is closed for each x, ux’
Cux. Then (x’)'<x’ so that (x’)’=x". Let A= {ux|x&[u, b]}. Dfine the functions

f:lu, b)—A, g:A— [u, D] |
via f(x)=ux and glux)=x". Then h=gf is continuous and n°=h. Since h(u)=1u
and 2(b)=5b, h is a surjection. It follows that 2Z(x)=x for all x&[«, 5], and hence
uNv=v, i.e., uv(v, bl =[]

As an immediate consequence to the above lemma, one may obtain the fol-

lowing:
THEOREM 3.4. If I is a multi-band such that x, y=xy and xyN(x, y)=0[] for
each x,y=I with x<y, then I is a multi-semilattice and
xy= [z, ¥].
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THEOREM 3.5. If I is a multi-band such that xy(\(x, y)#Z[] for each x, y&I

with x<y, then I s a multi-semilattice and
’ xy=[x, ¥].

PROOF. Let x, y&I with x<y. Suppose [z, y] —xy2[] and let z&[x, y] —xy.
Since z is in the open set I —xy, let (¢, d) be the component containing z in I -—xy.
Since xy is closed, ¢, d&xy. Then ¢dCxy, and cdN (¢, d)=[]. This is a contdra-
diction. Therefore [x, y]Cxy. Since x, yExy for each x, y&I, by using Theorem
3.4, xy=l[x, y].

In the following, some multi-semilattice operations on 7, other than those that
have been given, may be found. Let a<c <b. |

([x, y] (x, yEa, c], x=<y)
(D xy=yx={x, y} (x,yE e, b])
[z, Uy} € e, ], yEle, bl)
([x, ¥] (x, € e, c], x<y)
(2) xy=9yx={min{x, ¥} (,y&[c, b])
Jx, c] (xE€E[a, c], yEl[c, b])
({x, ¥} (x, yEa, c])
(3) xy=yx= {min{x, 3} (x,yE[c, b])
\{x, c} (& (a, c], y&le, b))
Kyungpook University
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