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A Note On Semi-developable Spaces

By Heung Ki Kim

Kang Won National University, Chun Cheon, Korea.

In (5], c-semi-developable space was introduced and it was shown that a space X is
c-semi-developable iff X is c-first countable and c-semi-stratifiable. In this note we will
show some properties of c-semi-developable space.

Throughout this note, the spaces stand for T.-spaces and N stands for the natural

numbers.

Definition1. Let(X,3) be a topological space and let g be a function g:'N X X—3J. Then
g is called a COC-function for X if it satisfies these two conditions:

(i) xe n gln, x) for all xeX
n=1
i) gn+1,¥)cgln, x) for all neN and x=X.

Definition 2. A space X is c-semi-stratifiable if there is a COC-function which satisfies
the condition:If A is a closed compact subset of X and xrX—A, then there exists # such
that x&g(n, a) for each acA. ‘

Lemma 1. The following statements are equivalent:

(1) X is c-semi-stratifiable.

(2) There is a COC-function such that if x=gn, x,) for all neN and x<U for a
cocompact open set U, then {(x,) is eventually in U.

(3) Tv each cocompact open set U, one can assign a sequence {U,},= of closed subsets of
X such that

G U=0 U,
ne-1

@ U,12U,
Gy U,cV, whenever UcV, where {V,},2, is the sequence assigned to cocompact open
set V.
(8) To each compact closed set A, one can assign a sequence{A,) .=, of open subsets of X
such that

() A=n A,
n=1



i) A.CA,
(i) A,cB, whenever ACB, where {B},~, is the sequence assigned to cmhpact closed set
B.

Proof. (1)=>(2). Let xeg(n,x,) Jor all neN and x€U. Then x& A=X—U. Since X—U=A
is closed and compact, from the hypothesis, there exists s, such that x&g(n, A), and
also if nzn, then xe&g(n, A)Dgn, A). If x,.€A for nzn, then xsgln, x,)cgln, A).
This contradicts to xe&g(n, A). Hence x,¢ A=X-U for n=n, that is, x,€U for n=n,.
(2)=>3). Let U,=X-—g(n, X_U):XTE y Ug(n, x) for a cocompact open set U and for all

neN. Then U, is a closed subset of X. Have to show that (i), (i) and i in (3) are satisfied.
(i) xe D:IU,:>erU,=X—g(n, X—U) for all n
> zxegn, X—U) for all n
>z Ugnx,) for all n
2&EX-U
= there exists x,€X—U such that xeg(n, x,) for all #
> xeU [ xeU and x€g(n, x,)>4n, such that x,€U for all n=n,].
Therefore UCG;U,. Since U,=X—g01, X-U)=X— &:"ﬁ'(”' X)X~ (X—-U)=U for all #,
L& re=X--U
l—JlU" cU.
G U,=X—~g(n, X—-U)=X~-Ugnx)cX~ Ugn+l,2)=U,,.
neX-U reX—-U
@ If UcV, then gn, X—U)>gn, X—V). Hence U,=X—g(n, X—U)cX—-gN,X—V)
=V,
(3)=>(1). Since X— {x} is a cocompact open set for each x&X, there is a sequence {(X—
{x}).,:n=N} of closed subsets of X, which satisfies (3).
Let g(n, x)=X-—-{(X— (4} ).:neN}. Then
(@ gln, x)=X—{(X~{a})ineN}o2X—-(X—-{x})={x} 3x for all n.
{b) Since (X-- {1} ), c (X~ {2} )iy g+1,2)=X—[(X~ (x})n ] cX-[(X~ {2} ), ]=g(n, 2.

(c) Let A be a compact closed set and xreX—A. Since t:jl (X—A),=X—-A>za,
gin A= U gon@)= U (X~ X~ {a)J=X~0 (X~ {a)).] and (X~A), (X~ laD.,
there exists an #, such that x&X—(X—A),.2>X -(X— {a} )n=g(n, a) for all asA.
(3)=(4). Clear.

Theorem 2. The countable product of c-semi-siratifiable spaces is c-semi-stratifiable.
Proof. For each 7, let X; be a c-semi-stratifiable space and {g,},”. be a sequence of
functions on X, satisfying the condition (2) of Lemma 1. Then it can be proved by the
same method of Theorem 2.1 in [3].

Definition 3. A space X is ¢-first countable iff Kn {x} =¢ for a closed compact subset
K then therc exists n such that Kng(n, x)=¢ or, if V is the complement of closed and
compact set and x€V, then there exists n such that gn,x)<V.



Theorem 3. The countable product of c-first countable space is c-first countable.
Proof. Let {g.};-, be a sequence of functions on X; which satisfies definition 3, and let
‘_ gii(”i(x))v VS
hii(x)= {Xi j>i
N;8;(x) and g;..(x) cg;(x). Also, if Kn (s} =¢ for a closed compact set K then there
exists n such that g,(x) nK=4¢.

where z.:[] X.—X, is the projection. Put g;(x) =1’I hi;(x), then xe
i =y

Definitiond. A space X is c-semi-developable iff there is a sequence {y,, 7z, --<} of cover
of X such that xest(x,r,)° for each xeX and if x€U for some cocompact open set U then
there exists n such that st(x,y,) cU.

Corollary 4. The countable product of c-semi-developable space is c-semi-developable.
Proof. By [5], X is c-semi-developable space iff X is c-semi-stratifiable and c-first countable
space. Hence this is clear from Theorem 2 and Theorem 3.

Theorem. 5. A c-semi-stratifiable space X is hereditarily c-semi-stratifiable,
Proof. Let A be a compact closed subset of Y, then A is compact closedset of X. By
Lemma 1, there exists a sequence {A,} of open subsets of X such that
(1) A=nA, 2) AnicA, (3) A,cB, whenever AcB.
Put A/-:A,nY, then A,” is open set in Y and QA,,’=£](A,,{JY)=((JA,.)nY=AnY=A.

Also A/, ,=A.. NY<CA,NnY=A,. If AcB, where A and B are compact closed subsets
of Y, there exist sequences {A,} and {B,} of open subsets of X such that A,cB,. But
A,=A,nY and B,/=B,NnY. Therefore A,//<B,’.

Theorem 6. A c-first countable space X is hereditarily c-first countable.
Proof. Let K be a compact closed subset of Y. Then K=Y NnK’ for some compact closed
subset K/ of X. Hence, {x} NK=¢=> {3} N(YNK)=¢= {x} nK'=¢ = Fn such that ¢=
g(n, ) NK'2g(n, 1) nK.

Covollary 7. A c-semi-developable space is herediterily c-semi-developable.
Proof. By Theorem 5 and Theorem 6, this theorem is clear.

REFERENCES

1. Charles C. Alexender, (1971), Semi-developable space and quotient images of metric
spaces, Pacific J. Matk., Vol. 37, 277-293.

2. C. Borges, (1966), On stratifiable spaces, Pacific /. Math., Vol. 17, 1-16.

3. Geoffrey D. Creede, (1970), Concerning semi-stratifiable spaces, Pacific J. Math., Vol.
32, 47-54.

4. Harold W. Martin, (1973), Metrizability of M-spaces, Canad. J. Math., Vol. 25, 840-841.

5. H.K. Kim, (1976), A note on c-semi-developable spaces and c-first countable spaces,
J. of Rorea Math. Ed., Vol. 15, 47-49. ’

6. J. Kelly (1955), General topology, Van Nostrand

~ n



