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Note On Infinitesimal Minimal Variation Of
Anti-Invariant Compact Submanifolds Of A Kaehlerian
Manifold With Vanishing Bochner Curvature Tensor

By Bong Koo Kang
Sang-Joo Agri. & Seri. Junior College, Sang-Joo, Korea

0. Introduction

Yano and Kon [3] have recently studied infinitesimal anti-invariant normal variations
of submanifolds M” of a Kaehlerian manifold M?".

On the other hand Pak and Ki [5] have investigated to infinitesimal anti-invariant
minimal variations of submanifolds of a Kaehierian manifold of constant holomorphic
sectional curvature.

In the present note, we study an infinitesimal anti-invariant minimal variation of

submanifold M” of a Kaehlerian manifold with vanishing Bochner curvature tensor. (See
Thm. 3.1.)

1. Preliminaries [3]

Let M*™ be a real 2m-dimensional Kaehlerian manifold covered by a system of
coordinate neighborhoods {U; #*} and almost complex structure tensor F; and Hermitian
metric tensor g;;, where here and in the sequel, the indices h, i, j, k,--- run over the
range{T, 2, --om}. Then we have
1. F/F!=-4/, F/F’g.=gu V,F'=0,
where V; denotes the operator of covariant differentiation with respect to the Christoffel
symbolds I';* formed with g;..

Let M" be an n-dimensional Riemannian manifold covered by a system of coordinate
neighborhoods {V;y‘} and with metric tensor g.,, where here and in the sequel, the
indices a, b, ¢, --- run over the range {1,2,---,n}.

We assume that M" is isometrically immersed in M?*” by the immersion 7: M"——M?"
and identify /(M") with M". We represent the immersion {1 M"——M?*" locally by
1.2 x'=x*(y")
and put
a.3 B.*=28,8", (3,=8/0y"),
which are n linearly independent vectors of M?” tangent to M".

Since the immersion 7 is isometric, we have



1.4 giB./B/=g..

We denote by C,*, 2m—n mutually orthogonal unit normals to M", where here and
in the sequel, indices x, ¥, z,--- run over the range {n+1, n--2,---, 2m}. Then the equations
of Gauss are written as .

1.5) V.B,'=h,"C/,

where v, denotes the operator of van der Waerden-Bortolotti covariant differentiation along
M" and h,,” are second fundamental tensor of M" with respect to the normals C.* and those
of Weingarten as

1.6 v.C/'=—h",B.",

where h*,=h,.g"=h,,'g"g.,

g*° denoting covariant components of the metric tensor g., of M", and g,, the metric tensor
of the normal bundle.

If the transform by F of any vector tangent to M" is always normal to M", that is,
if there exists a tensor field f,” of mixed type such that
a.n F/B,/=—1,"C,".

We say that M” is anti-invariant (or totally real) in M?*™.

For the transform by F of normal vectors C,*, we have equations of the form
(1.8 FrC)/=1,B+1,"Cr,
where f,'={,*g**g,,, which can also be written as f,,=f,,,
where {,,=f,*g,, and f,,=1,"g...

From (1.7) and (1.8) we find

1.9 £, {,°==4,",

1.10 £, f.7=0,

1.1D f, £.°=0,

1.12) : f £ =~d, "+, 1~

If m=n, from (1.9) we have f,” {,"==4," and consequently from (1.12) we find {;[.*=0,
that is, f., =0, f,,={f.'g., and [*==1"g* being skew-symmetric. Thus we have

1.13) f,7=0.
In this case, equations (1.9)~(1.12) reduce to
1.14) £, f,'=a,", f,"{,=0,"

Equation of Gauss and Codazzi are respectively
(1.1% K.'=K,” B/ b ha'~he by,
(L 16) 0=K“‘." Bd‘cibi C’h" (Vd hu‘—VChab‘),

K.+ and K,;* being curvature tensor of M" and M*" respectively,
where Bt/,,=B/B/ B, B4, B/ //=B/B/B,.
2. Infinitesimal variation of anti-invariant submanfold [3]
We consider an infinitesimal variation of anti-invariant submanifold M” of a Kaehlerian
manifold M?*™ given by
@D =2 () +E(Pe,
where &'(y) is a vetor field of M*" defined along M" and ¢ is an infinitesimal. We then



have
Q.2 B =B,"+(0:6")e,
where B,*=3,%* are n lineary independent vectors tangent to the varied submanifold. We
displace B,* parallely from the varied point (#*) to the original point (a*).
We then obtain the vectors
Bbh:—B—bh'{”riih(x“'e@)eijiE
at the point (»*), or

(2. 3) EI:A :Bbh + (Vb fh)é
neglecting the terms of order higher than one with respect to s, where
2.4) Vol =0,6"+1I";" B¢

In the sequel we always neglect term of order higher than one with respect to e.
Thus putting

(2- 5) 5Bbh:1§bk *Bbh.

we have from (2.3)

@.6 0 By'=(V,6"e.

Putting

Q.7 §=¢B, +-£6°CH,

we have

2.8 Vot =(V.§"~h,.€" B+ (V, € +h,, &) CA

We now denote by C,* 2m—n mutually orthogonal unit normals to varied submanifold
and by C,” the vectors obtained from C,* by parallel displacement of C,* from the point
(") to (). Then we have

Cr=C+Tt(x+8e) &C/

We put

2.9 §C=Ct—C}

and assume that 6C,” is of the form

.10 §C =0 Bl +9,"Che.

Then, from (2.6), (2.9) and (2.10), we have
’c}'h::c)h _riihsj C:is+(ﬂvaBah+vath)5-
An infinitesimal variation given by (2.1) is called an anfi-invariant variation if it carries
an anti-invariant submanifold into an anti-invariant submanifold. For an infinitesimal

variation given by (2.1), when &°=(, that is, when the variation vector & is normal to
the submanifold we say that variation is normal.

Yano and Kon[3] have proved in their paper:

Theorem 2.1. In order for an infinitesimal wvariation to carry an anti-invariant
submanifold into an anti-invariant submanifold, it is necessary and sufficient that the varic
tion vector & satisfies

2.1D (VENL =1"(VED.

In this case, the variation of f," is given by



(2.12) of," = L(Ve€" = B8 L~ (W 0y 801, - £, e,

Lemma 2.1. (1) In order for an infinitesimal variation lo be parallel, it is necessary
and sufficient that

213 Vié*+h,, ¢ =0.
(2) A parallel variation is an anti-invariant variation.

Applying the operator ¢ to (1.7) and using (2.6), (2.8) and dg;,=0, we find

(2- 14) 5gcb: (Vteb 'I‘Vo Ec_—zhcbxex>5y
from which
(2.19) 88" =— (V'€ +V°&~2h".&Ne.

A variation of a submanifold for which 3g.,=0 is said to be isometric.

Theorem 2.2.[3] If an anti-invariant variation preserves £, then the variation is
isometric.

It is well known that infinitesimal variation of the second fundamental tensors is
given by
Q. 16) Bh:bx: [fd thrbx +h,, (V:69) +h.. (V€9 "hcb’ 77"35
+(V.V, 6 +Ku B CL G —h. " hy', 6 de.
A variation carries a minimal submanifold into a minimal submanifold, that is,
(g h,,”)=0 and h,’,=0. Then we say that the variation is minimal.
Pak and Ki have proved the following:

Lemma 2.2.{5] Let M" be a compact ovientable submanifold of a Riemannian
manifold. If an infinitesimal varviation ¥'=x'+&% of M" is isometric and minimal, then
we have
.17 VUi=—Ken§ B &+ 1 V.6, R 1P+ 11 V&~ Do 87 117,
where

Moreover, if K,;,&'B"&" =0, then the variation is parallel.

3. Anti-invariant minimal variation with vanishing Bochner curvature tensor
We now suppose that the ambient Kaehlerian manifold has vanishing Bochner
curvature tensor [3], that is,

G.D Kiin=~[8uLi—8uLan+Lungi—Ling+FauM,
—Fih Mlu +Mu Fi.- _Mih Fn“Z(Fni Milx+Mki F-'A)]-

1 Kgjo Mj;=—-L,F/,

T 2m+2) 8(m+1%(m+2)
K;; and K being the Ricci tensor and scalar curvature of M*" respectively.

Suppose also that a submanifold M™ of M*" is anti-invariant. Then we have
3.2 — K& B & =[g,L;—g, L.+ Lg

where L;;= K+

Q
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—Liugu+FuM;—FiM,+MuF;,
"—Mfl. Fki“‘Z(Fn‘Mih'!'Mki Fih)]sﬁBﬁéhr
where B"=B/B,'g".
Substituting (2. 7) into (3.2), we find
3.3 —K,in§* B ¢ =0gu L, B"~g;,L..B"+L,,g;,B"—L,,g.B"
+FuM; B"—F,,M,,B"+M,,F, B"~M,,F,,B?
—2(F,; M, B0 F, B (8B, -8 CD (8B,

+&CMN.
On the ohter hand, we can easily verify that
(3.4) M;; B*=0, F,, B*=0
and
(3.5) EBf+ECHEB +ECN=¢6"6B,"'B,+28°¢ B C,/+£° € CAC
Substituting (3.4) and (3.5) into (3.3), we have
3.6) ~Kuué' B¢ =[g,L;B"—g;L,,B"+L,.g:.B"
~L;,g.B"—F;,M,,B"—M,,F,,B”
—Z(FkiMmBﬂ'*‘l\/Ik; FmBﬁ)] (Eu 5bBakah
+28°¢ B C+-67¢CCM.
Denoting L,=L;C/C,; L.,=L,B/C;, L=L,B" L,=L;B/., we have
3.7 Lot f=L,B/B/f,f.'=L,F/C/F;C’=L,,

because of L, F/F, =L, and (1.7), (1.8) and (1.13).

Using (1.7), (1.8), (1.13) and (3.7), (3.6) reduces to

@3.® ~Kuué'B¥ &=L+ L&+ (m—2L., 58
+2(m+2)L.. &8 +(m+6)L,. 8¢

According to Lemma 2.2, we have

Theorem 3.1. Suppose that M*™ is a Kaehlerian manifold with vanishing Bochner
tensor and M™ is a compact orientable anti-invariant submanifold of M*". If an anti-invariant

minimal variation of M"™ preserves f,” and

(Lg,+m—2DL.188 + [Lg,+ (m+6)L,.087¢" +2m+2DL..£§5 =2 0,

then the variation is parallel and & is harmonic vector field.

If the variation is normal, we have

Corollary 3.2.13) Suppose that M*" is a Kaehlerian manifold with vanishing Bochner
curcature tensor and that M" is a compact orientable anti-invariant submanifold of M".
I an anti-invariont normal variation of M™ preserves f," and the mean curvature vector and

(Lg,,+(m+6)L,.1&¢ = 0,
then lhe variation is parallel.
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