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A CHARACTERIZATION OF THE SIMPLE GROUPS U4 (2)

AND L 4 (2) BY A NON-CENTRAL INVOLUTION

By SEUNG AHN PARK

1. Introduction.

The four-dimensional projective unimodular unitary group PSU4 (q2) and the four-dime
nsional projective unimodular linear group PSL4 (q), where q=2n>2, have been chara
cterized by the structure of the centralizer of a non-central involution in [3]. In this
-paper we will have the similar characterization for the case q=2. Denote PSU4 (22) and
PSL4(2) by U4 (2) and L 4 (2), respectively. The characterization is contained in the
following theorem:

THEOREM. Let H 2 be the centralizer in U4 (2) of a non-central involution of U4 (2).
If G is a finite group containing an involution z such that the centralizer H of z in G is
isomorphic to H2, then one of the following holds:

( i ) G contains a normal subgroup of index 2,
(ii) G=02(G)L, where 02(G) is elementary abelian of order ~ and L is isomorpkic

.to ~(4),

(iii) G=U4 (2), or
(iv) G=L4 (2).

The method used in proving this theorem is essentially the same as that in [3]. The
structure of the group U4(2) and the properties of the subgroup H 2 have been discussed
in [3J. Thus some of the proofs in section 2 and section 4 will be omitted. The group
L 4 (2) is isomorphic to the alternating group of degree 8, and the structure of this group
has been studied in [4] and [6]. The author wishes to express his gratitude to Professor
M. Suzuki for his guidance in the preparation of this paper.

2. The structure of U4(2).

Let F be a finite field with 4 elements. Then the group U4 (2) has the following pro
perties:

(2.1) Define

1'hen Ui is an elementary abelian subgroup whose multiplication is given by
Xi (a) Xi(f3) =Xi(a+ /3).
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(2.2) Vl=V1V2V3U4 is a Sylow 2-group of V4(2) of order 26
, and ZeVl) =V4

Each element of VI is uniquely expressed as a product xl(a)x2(.8)x3(r)x4(o). We have

[XI (a) , X2]=X3(a)X4' a*O,

[XI (a), X3(r)]=X4, a*r and ar*O,

and all other types of commutators between elements of the various Vi are trivial.

(2.3) The subgroup Kl= {hCu): p.EF, t#O} is cyclic of order 3. It is a complemeFlt
of VI in the normalzer Bl of VI, and the action of Kl on Bl is given by

h(a)h(m =h(af3) , h(l) =1,

Xi(a)h(pl=Xi(p.a), i=1,3,

(2. 4) The subgroup <nr. n2> generated by two involutions nl and n2 is a dihedral
group of order 8, where (nln2)4=1. The subgroup Kl is inverted by nl and centrali2ed
by n2.

(2.5) The involutions nl and n2 transform the elements of VI as follows:

nlXl (a)nl =Xl (a2)h(a2)nlxl (a2) ,

In particular (nlXl)3=1 and (n2X2) 3= 1.

(2.6) The subgroups Bl and Nl=<K\ nt. n2> form a (B, N)-pair of V 4(2).

3. Necessary lemmas.

The following lemmas will be used in this paper. Denote the dihedral group of order
2m by D2m•

(3. 1) Let u and v be two involutions of a finite group G such that u is not conjugate
to v in G. Then there is an involution winG such that:

(i) w commutes with both u and v, and
(ii) wu is conjugate in G to either u or v.

Moreover, if wu is conjugate to u [resp. v], then wv is conjugate to v [resp. u].

Proof. This is a well-known result. The proof may be found in [4].

(3.2) Let G be a finite group with a Sylow 2-group S of order 2 and let K be a
complement of Sin NG(S). If IG:NG(S) I=p, P prime, then G=NK with NnK=l
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where N is a normal subgrop generated by all involutions and N~D2P'

In particular if P=3 then G=NxK.

Proof. Let u and v be two distinct involutions in G. Let N=<u, v>. Then it is easy
to see that Iuvl isoddandCN(u)=<u>. Since CG(S)=NG(S) it follows that j'NI=2P
and N contains all involutions of G. Now the Frattini argument yields the assertion. If
P=3, there are exactly three involutions in G, and K centralizes N.

(3. 3) Let G be a finite group with an elementary abelian Sylow 2-group
S=<u>x<v> of order 4. Suppose that G is not 2-closed and S is the only Sylow
2-group of G containing the involution UV.

(i) If NG(S) *CG(S), then G contains a normal subgroup isomorphic to L 2(4).
(ii) If NG(S) =CG(S), IG:NG(S) I=p2, P prime, and SnSI=l for some

Sylow 2-group S10 then G contains a normal subgroup isomorphic to D2P X D2p.

Proof. Consider the case (i). The three involutions of S are conjugate, and G is a
(TI)-group which is not 2-closed. Hence this assertion follows from (4.2) of [4].

Consider the case (ii). By Burnside lemma three involutions of S lie in distinct cos
jugate classes in G.

Let UI and Vi be involutions of G which are conjugate to U and v, respectively. Since
they are not conjugate in G, there is an involution w which commutes with both UI and
VI by (3. 1). Hence <Ub w> and <Vb w> are Sylow 2-groups, and w must be conjugate
to UV. By the assumption this implies that <Ub VI> is a Sylow 2-group. In particular
UI and VI commute.

These arguments and the assumption in (ii) yield that IG:CG(u) I= ICG(u) :NG(S) I=p
and all conjugates of V in G are contained in CG(u). By applying (3.2) for CG(u) I<u>.
we can see that the subgroup NI generated by all conjugates of V is isomorphic to D 2P
Moreover, NI is normal in G and centrali2ed by any involution conjugate to u. Similarly
the subgroup N 2 generated by all conjugates of u is isomorphic to D2p and it is normal
in G. Hence N=<N1o N 2>=NI XN2 and N is normal in G.

4. Nonsimple eases.

For the remainder of this paper G stands for a group satisfying the condition of the
Theorem.

The element Xs is a non-central involution of U4 (2). Hence we may define H2 to be
the centralizer of Xs in U4 (2). Thus

and its order is 25 .3.
Since the center of H2 is <xs> we will identify the subgroup H of G with 112, and

in particular H=CGCxs). The following subgroups of H will be fixed throughout this
paper:
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Subgroups Orders

Q=<Xl>U.JJ3U4
T=U.p~4

U=<Xh X3, X4>
V = <X2, X3, X4>
E=U3U4

Hence
Since

(4.1) H=CG(X3) and it is isomorphic to the centralizer in £4(2) of a non-central
involution of £4 (2).

(4.2) T is the maximal normal 2-subgroup of H, and it has a complement <Xh nl>

in H with (nlxl)30== 1.

(4.3) A Sylow 2-group Q of H has the following properties:
(i) Z(Q) =[Q, QJ=<X3' X4> and Q/Z(Q) is elementary abelian, and
(ii) Q=CG(Z(Q» =C;q(X4) =NH(Q) and NG(Q) =NG(Z(Q».

(4.4) T is the unique elementary abelian subgroup of order ~ in H. If
T 1 is an elementary abelian subgroup of order Zi in G such that T 1 nT contains an
element conjugate to X3, then T1=T.

(4.5) Elementary abelian subgroups E and U4 are characteristic in Q.
V is an elementary abelian normal subgroup of H which is the union of all conjuga

tes of Z(Q) in H.

(4.6) There are five conjugate classes of involutions of T in H:
(i) X3 (ii) X3X4"'X2X4rvX2X3

(iii) X.;"'X2"'X2X3X4 (iv) X2X3(r)X4rvX2X3(r2)X4
(v) x2x3(r)rvx2x3(r2)rvall elements in E-Z(Q)

where r is a fixed primitive cubic root of unity in F.

(4.7) U and T are the only maximal elementary abelian subgroups of Q, where
un T=Z(Q). No conjugate of T in G contains U.

(4.8) There are exactly four involutions in Q-T, and any two of them are conjugate
by an element of T. If w is an involution in Q-T, then wEU and U=CQ(w).

(4.9) Define S=NcCQ). Then ISI =25 or 26•

Proof. By (4.3) and (4.5) the group S normalizes Z(Q) and centralizes X4.
either S centralizes Z(Q) or cyclically permutes two elements in Z(Q) -U4.
CcCZ(Q» =Q by (4.3), the assertion follows.

(4.10) Assume that Q is a Sylow 2-group of G. Then G contains a normal subgroup
of index 2.

Proof· It follows from (4.9) that Nc(Q) =Q. By Griin [2J and (4.3) this implies
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that the focal subgroup Q* of Q in G is

Q*=<QnZ(Q)X: xEG>'

By (4.5) we have V~Q* and it suffices to show that Q*~T. Suppose that there is an
element w in Q-T which is conjugate to some involution z of Z(Q). Then
wEU-Z(Q) by (4.8), and zX=w and U~Qx for some x in G. From (4.7) and (4.4)
we can see that U= UX and Z(Q) is not contained in TX. This implies that two
involutions in Z(Q) -Tx are conjugate by (4.8). But no two involutions of Z(Q) can
be conjugate by Burnside lemma. This is a contradiction.

If Q is a Sylow 2-group of G, then (4.10) yields the case (i) of Theorem. For the
remainder of this paper, therefore, we will assume that Q is not a Sylow 2-group of
G. Note that 8=NG(Q) is of order ~.

(4. ll) Z(8) = U4• Two involutions X3 and X3X4 contained in Z(Q) - U4 are conjugate
in 8, and Xs and X4 are not conjugate in G.

Proof. This follows from the proof of (4.9).

(4.12) T is the unique elementary abelian subgroup of order 24 in 8.
In particular NG(S)~NG(T).

Proof. Suppose that 8 contains another elementary abelian subgroup T 1 of order 24.
Then IT1 nQ I;;;; 23

, and from (4. 7) and (4. 4) it is easy to see that TInQ~T. Since
all involutions in Z(Q) - U4 are conjugate to X3 by (4. ll), it follows from "(4.4) that
T 1 nZ(Q)h=U4h for all h in H. In particular T 1 containsx2x4 which is conjugate to X3'
This implies that T1=T by (4.4). But this is a contradiction.

(4.13) Let x be any element in 8-Q. Then
T=EU VU vx and En V=En VX= Vn VX=Z(Q).

Proof. Since 8 normalizes E and Z(Q) by (4.5), it suffices to show that VXi: V.
Suppose that Vx=V. Then X2x is contained in V-Z(Q). Since X2x is conjugate to X4,

from (4.6) and (4. ll) it is easy to see that X2xX3 is conjugate to X3. The element x 2

is in Q, and it centralizes X3. Hence X2X3x is conjuate to X3. But X2X3x=X2X3X4 by
(4.11), and it is conjugate to X4 by (4.6). This is a contradiction.

(4.14) 0) Each element of T-E is conjugate in S to either X2 or X2X4.
(ii) Let A be a subgroup of T containing U4• If A is not contained in E,

then A - E contains both an element conjugate to X3 and an element conjugate to X4'

Proof. This follows from (4.6), (4.11) and (4.13).

(4.15) We have NG(8) =NG(T) n CcCX4) =NG(E).

Proof. By (4.11) and (4.12) we have NG(S)~NG(T)nCG(X4)' Let x be any ele
ment of NcCT) nCG(X4). Then it is easy to see from (4.14) and (4. ll) that Z(Q)x~E.

Since all elements in E-Z(Q) are conjugate by (4.6), this implies that EX=E
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by (4.14) (ii). Hence we have NG(T) nCG(x4)r;;;;,NG(E).
Let k be any element of NG(E). Then from (4.6) and (4.11) we can see that

U4r;;;;,Z(Q)kr;;;;,E. By the action of the involution Xl on E this implies that Q normalizes
Z(Q)k, and Qr;;;;,NG(Q)k=Sk by (4.3)(ii). Hence kENG(S). This proves the assertion.

(4.16) Each involution of T is conjugate in NG(T) to either X3 or X4. Moreover one
of the following holds:

(i) ING(T) I=Z;·32 and NG(S) =NG(Q) =S. Conjugate classes of T listed in (4.6)
are fused as follows: (i) r-v (ii) r-v (iv), (iii) rv (v), or

(ii) ING(T) 1=2"·3·5, ING(S) :SI =3 and S=NG(Q). Conjugate classes of T listed
ln (4.6) are fusedas follows: (i)r-v(ii)rv(v), (iii)r-v(iv).

Proof. This follows from (4.11), (4.13) and (4.15). We remark that
IHI = ICG (X3) I=25.3.

(4.17) Let v be any element in T-E. Then CG(v) nCG(X4) is 2-closed with Sylow
2-group T.

Proof. By (4.13) we can see that Cs (v) =CQ(v) =T. Since S is the only Sylow
2-group of CG(X4) which contains T by (4.15), it follows that T is a Sylow 2-group of
CcCv) nCG(X4). Let T I be a Sylow 2-group of CG(v) nCG(X4). Then T I contains
<v, X4>, and it contains an element conjugate to X3 by (4.14). Hence we have T 1=T
by (4,4).

(4.18) Suppose that w is an involution in S-T. Let P=<w>T and R=Cp(w). Then
(i) Cs(w) is a non-abelian subgroup of order ~,

(ii) R=<w>Z(P) and it is the unique maximal elementary abelian subgroup of order
23 in P, and

(iii) S=Cs(w)T, Cr(m) =Z(P) =[P, PJr;;;;,E and P!Z(P) is elementary abelian of
.order 4.

Proof. If wEQ then the assertion follows from (4.8) and (4.3), where R=U. If (ii)
of (4.16) holds, then S is the union of three conjugates of Q in NG(S), and the above
fact yields the result.

Assume that (i) of (4.16) holds and there is an involution w in S-Q. Since
P=<w>T and w is an involution, it is easy to see that Cr(w) =Z(P) and P!Z(P) is
elementary abelian. By (4.11), (4.13) and (4.16) the action of w on T yields that
[P,PJ=Z(P)r;;;;,E and IZ(P) 1=4. Since all involutions in P-T are contained in
<w>Z(P), the assertion follows.

(4.19) S is a Sylow 2-group of G.

Proof. SinceSis a Sylow 2-group of NG(T) and NG(S) r;;;;;,NG(T) , the assertion
follows from the property of p-groups.

(4.20) If (i) of (4.16) holds, then NG(T) contains a normal subgroup of index 2.
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Assume that (ii) of (4.16) holds. Then T is the maximal normal 2-subgroup of
.NG(T) , and NG(T) contains a complement L of T such that U=.L2 (4).

Proof. If (i) of (4. 16) holds, then NG(T) IT contains a self-normalizing abelian
Sylow 2-group 81T, and NG(T)IT has a normal 2-complement by Bumside's Transfer
.theorem. This yields the assertion.

Assume that (ii) of (4.16) holds. Let w be an involution in Q-T. It is easy to see
from (4.18) that S=Cs(w)Z(Q)k and Cs(w) nZ(Q)k=U4 for any k in NcCS) -S. He
nce Cs(w) nUk is of order 4, and there is some involution in S-Q which commutes
with w. This implies that 8 splits over T. By Gaschiitz Cl], the group NG(T) contains a

.complement L of T whose order is 22 .3.5. By (3. 2) this yields the assertion.

5. Identification of G with L 4 (2)

If T is normal in G, then (4.20) yields the cases (i) and (ii) of Theorem. In order
.to finish the proof of Theorem we will show in section 5 and section 6 that G is isom
.orphic to either U4 (2) or L 4 (2) if T is not normal in G.

This section will be devoted to proving that G is isomorphic to L 4 (2) under the ass
umption that T is not normal in G and (i) of (4. 16) holds. Note that in this case we
have 8=NG(S) =NG(Q).

(5.1) CG(X4) is not 2-closed.

Proof. Suppose that CG(X4) is 2-closed. Then CG(X4) =8 by (4.15), and the follo
'wing arguments yield the contradiction:

(i) T:&nT=T or 1 for any x in G.
If TxnT contains an element conjugate to xs, then Tx=T by (4.4). If TxnT con

-tains an element conjugate to X4, then both TX and T are contained in some conjugate
of S, which yields that TX=T by (4.12).

(ii) No element of S-T is conjugate to an element of T.
Let w be an element in S-T. If w is not an involution, then w is not conjugate to

any element of T. Assume that w is an involution. To prove (ii) it suffices to show that
'Cs(w) is a Sylow 2-group of CG(w) by (4.18) (i) and (4.16). Suppose not. Since S is
the only Sylow 2-group of NG(T) containing CG(w) by (4.18) (Hi), it follows that
there is an element x in G-NG(T) such that CcCw) nSx is a Sylow 2-group of CG(w)
containing Cs (w). Then Tx nT = 1 by (i) and it is easy to see that Cs (w) IS

.elementary abelian. But this contradicts (4.18).
(iii) Take any element x in G-NG(T). Then xsx and X4 are not conjugate in G,

.and there is an involution w which commutes with both xsx and X4 by (3. 1). Hence
'wEH:&nS, and it follows from (i) and (ii) that wES-T. This implies that WX4 is in
.8-T and it is not conjugate to any element of T. But this contradicts (3. 1).

(5.2) For any element x in CG(X4) -S the following holds:

(i) S:rnT=E, ExnE=T:&nT=U4 , Ux=U, QInE=ZeQ), and
(ii) SnT:r=Ex, QnEx=Z(Q):r, S=TEx.
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Proof. Since rx=l=T by (4.15), it follows from (4.14) and (4.4) that
U4r;;,TxnT=Ex nE=I=E. Suppose that SxnT is not contained in E. Then SX-T},.
contains an involution w in T-E, which implies that CG(w) nCG(X4) is 2-cIosed with
Sylow 2-group T by (4.17). But this contradicts (4.18). Hence SxnT~E.

The involutions xax and X4 are in CG(X4) and they are not conjugate in CG(X4). Hence
there is an involution w in H xnCG(X2) nCG(X4) satisfying (3.1). Since QX is a normal
Sylow 2-group of HX(lCG(X4) by (4.3) (ii), it follows from (4.17) that wEQ"(lT~E.
The similar argument yields that WX2 of T-E can not be conjugate in CG(X4) to
Xa. Hence WX2 is conjugate to X2, and wxax is conjugate to xax in CG(X4). Clearly no>
element of Ex (l E is conjugate to Xa. By considering conjugate classes in (4. 16) we can
show that w$Ex(lE. This implies that wEQ"-Tx, and w is conjugate to wxax. Hence
w is conjugate to X3, and it is contained in Z(Q)-U4. Thus we have Q%(lT=Z(Q)
and rxnT=U4. Since Q=CG(Z(Q» by (4.3), by applying (4.18) for SX we obtain
that sxnQ is of order 24 and u=Q"nQ=ux. Now it is easy to show the assertion(i).

Since the assertion (i) holds for any x in CG (X4) - S, the assertion (ii) follows.

(5.3) S contains exactly three normal subgroups Q, PI and P 2 of index 2 which contain.
T. Each Pi contains a unique maximal elementary abelian subgroup R; of order 2a.
Each Ri is normal in CG(X4) and Rj(lT=Z(Pj).

Proof. By (5. 2) the group S contains a complement of T which is a conjugate of Ua:
in CG (X4)' In particular S-Q contains involutions. Hence, by (4.18), it suffices to·
show that Ri is normal in CG(X4).

Let x be any element of CG(X4) -So By (5.2) and (4.18) it is easy to see that the
centralizer of PI (l Ex in CG(X4) is a subgroup of order z4 in S and the centralizer of
PI (l Ex in Sx is either PIx or P 2x. Again by (4.18) this yields that
R 1=P1 (lP1x=R1x or R 1=P1 (lP2x=R2x. Since CG(x4)/S is of odd order and Ri IS.

normalized by S, it follows that RI = R1x.

(5.4) Define D to be the intersection of two distinct Sylow 2-groups of CG (X4). Then.

(i) All conjugates of E in CG (X4) are contained in D,
(ii) D is the maximal normal2-subgroup of CG (X4) and D/U4 is elementary abelian,.

and
(iii) U, RI and R 2 are contained in D.

Proof. This follows from (5.2) and (5.3).

(5.5) If x is an element of S such that x 2EU4, then either xET mr xED.
Proof. By (5.3) and (4.13) it is easy to see that x is contained in either T or

EUnER1 nER2• Hence the assertion follows from (5. 4).

(5.6) ICG(X4) :SI =3. Moreover, CG(X4) contains a subgroup M which satisfies the.
following:

(i) M is a complement of D which is a dihedral group of order fit a:md
(ii) S(lM is either <X2> or <X2X4>'
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Proof. From (5.3) and (5.2) it follows that there are 12 involutions in S-T, and'

each conjugate of E, =l=E, in CG(X4) contains exactly 6 involutions in S-T. This yields.
that ICG(X4): NG(E) I=3. Since S=NG(S) =NG(E) by (4.15), we have
ICG(X4):S\=3, and CG(x4)/D is a dihedral group of order 6 by (3.2).

By (5.4) the group CG(X4) /U4 contains an abelian normal subgroup D/U4, and S/U4
contains a complement U2U4/U4 of D/U4. Hence, by Gaschutz, there is a subgroup MI

such that CG(x4)=DMI and DnMI=U4. Since SnMdU4 is of order 2, it follows from
(5.5) that SnMI S;;:;T, and SnM1 splits over U4• Again by Gaschiitz this implies that
M1 contains a complement M of U4• Hence 111. is a complement of D in CG (X4). Since
S nT is contained in T but not in E, it follows from (4. 14) (i) that we may assume
that M itself satisfies the condition.

(5.7) There is an involution S in CG(X4) which satisfies the following:
(i) (SX2)S= 1 and CG(X4) =<D, s, X2>, and
(ii) Uss is a complement of T in S such that XSs=XI.

Proof. M is generated by two involutions e and f such that SnM=<e> and
(ef)s=1. Since either e=X2 or e=X2X4, either s=f or s=fx4 satisfies (i). By (5.2) we
have xssEQ-T. Since any conjugate of s by an element of T satisfies (i), it follows
from (4. 8) that we may assume that S itself satisfies (ii).

(5.8) Let u and v be involutions of Us. Then
(i) [us, X2] = XsX4 or u according as u = Xs or u =I xs, and
(ii) [us, vJ=1 or X4 according as u=v or u=l=v.

Proof. If U=Xs then the assertion follows from (5.7) and (2.2). By (5.3) the in
volution s normalizes RI and R2• Hence the assertion can be easily seen by using(4. 18)
and (4.16).

(5. 9) The group G is isomorphic to L 4 (2).

Proof. The structure of CG(X4) is determined by (5. 7) and (5. 8). Let W be a fixed
primitive cubic root of unity in F. Then each element r of F is uniquely expressed as.
r= r; +7jw, where r; and 7j are either 0 or 1. Define a map from CG (X4) into L4(2),
which sends

into

into

1
r; 1

I1
.; +7j 1 I,

1
1

I.; f3 1
0';+1) 1 " r=';+7jw,

1
1

1
1
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-Then it is easy to see that this map defines an isomorphism of CG(X4) onto the central
izer in L4(2) of a central involution of L4(2). Hence G is isomorphic to L4(2) by The
orem of [6J.

We remark that (5.9) can be proved by constructing a (B, N)-pair of G as in [4].
The structure of NG(T) can be determined by using (3.3) and that of NG(Ri ) can be

. determined by using (5. 3) and the argument in [4].

6. Identification of G with U 4 (2)

This section will be devoted to proving that G is isomorphic to U4 (2) under the assu
mption that T is not normal in G and (ii) of (4.16) holds. Note that \NG(S) :SI =3.

(6.1) CG(X4) is not 2-closed. For any element x in CG(X4) -NG(S) the following
holds:

(i) SxnT=E, SnTx=Ex, E xnE=rxnT=U4, and
(ii) S=TEx and Ux=Uk for some k in NG(S).

Proof. The proof is similar to those of (5. 1) and (5.2). Note that S is the union of
-three conjugates of Q in NG(S).

(6.2) Define D to be the intersection of two distinct Sylow 2-groups of CG(X4). Then
(i) All conjugates of E and all conjugates of U in CG (X4) are contained in D, and
(ii) D is the maximal normal2-subgroup of CGCX4) , and D/U4 is elementary abelian.

Proof. This follows from (6.1).

(6. 3) Each involution of G is conjugate to either X3 or X4. Moreover,
(i) Each involution in S - T is conjugate to X3 in CG (X4) , and
(ii) Cs (X2) =T and an element of S conjugate to X4 is either X4 or a conjugate of

X2 in S.

Proof. The assertion can be easily seen from (4.16). Since S is the union of three
-conjugates of Q in NG(S), it follows from (4.8) that all involutions in S-T are conju
gate in NG(S). On the other hand S-T contains a conjugate of X3 in CcCX4) by (6.1) .

.This proves the assertion.

(6.4) NG(T) contains subgroups Land K which satisfy the following:
( i) L is a complement of T in NG(T) which is isomorphic to ~(4),

(ii) HnL=<xl> nl> with (nIXI) 3=1, and
(iii) K is a complement of S in NG(S) which is inverted by nl and contained in L.

Proof. By (4.20) there is a subgroup L satisfying (i). The abelian normal subgroup
T of H has a complement in Q. Moreover, all complement of T in Q are conjugate in

..() by (4.8). By Gaschiitz it follows from (4.2) that all complements of T in Hare
conjugate to <Xl> nl> in H. Hence we may assume that L satisfies both (i) and (ii).

_:By the property of ~(4) it is easy to see the existence of the required subgroup K.

(6. 5) Define W=S nL. Then
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( i) K acts regularly on Us$ and W$, and CT(K) = U2U4,
(ii) K normalizes exactly two Sylow 2-groups Sand sn" and
(iii) NG(T) =<T, K, nr, Xl>'

Proof. Kr;;;NG(E)r;;;CG(X4) by (4.15). Moreover, Us=EnEn, and u 2=u4n,.
By (6.4) (iii) this yields that K normalizes Us and centralizes U2U4. Since K nCG(xs) =1,
it follows that K acts regularly on Us$ and we have CT(K) = U2U4. The remaining
.assertions follow from the property of £:?(4).

(6. 6) The statement in (5. 5) holds.

Proof. Let x be an element of Q such that x2 E U4• By the structure of Q it follows
that either xET or xEEUr;;;D. Hence the assertion follows from (6.2) since S is the
union of conjugates of Q in NG(S).

(6.7) ICG(X4) :NoCS) I=3. Moreover, CG(X4) contains a complement M of D which
is the direct product of K and a dihedral group of order 6.

Proof. As in (5.6), by using (6.1) and (4.15) we can show that ICG(X4) :NG(S) 1=
3. Hence, by (3. 2), CG (X4) ID is the direct product of K and a dihedral group of
-order 6. Again by using (6.2) and (6.6) we can repeat the same argument as that in
(5. 6) to show that CG (X4) splits over D. This proves the assertion.

(6. 8) There is an involution S in CG (X4) which satisfies the following:
(i) (sx2)3=1 and CG(x4)=<D,K,s,X2>'
(ii) S centralizes K, and
(iii) W= Us$ and Xl =xs$.

Proof. Since SnM is contained T and is centralized by K, it follows from (6.5) (i)
that either SnM=<X2> or SnM=<X2X4>' Note that K is a direct factor of M by
(6.7). Now the similar argument to that in (5.7) yields the existence of the involution
.s satisfying (i) and (ii). Since any involution of S - T is contained in either E$ or
EX'$X2, and xzsXz also satisfies (i) and (ii) , it follows from (6.5) (i) that we may assume
that Wr;;;E$. It is easy to see that Us is the only subgroup of order 4 in E which is
normalized by K. Hence we have WS= Us. By (6. 1) (ii) it can be easily seen that
Us=u. Thus <XI>=WnU=(UsnU)$=<xs>s. This proves the assertion.

(6.9) The following holds:
(i) Define k(r) to be an element of K such that x/Cr>=xs(r). ThenxlkCr>=xs(r)$.
(ii) Let u and v be involutions in Us. Then

[us,XZ]=UX4, and [us,vJ=1 or X4 according as u=v or u=l=v.

Proof. The assertion (i) follows from (6. 5) (i) and (6. 8) (iii). By (2. 2), (6. 5)
.and (6.8) the assertion (i) yields (ii).

(6. 10) Let v be any conjugate of X4 which is not in T. Then v centralizes the unique
<conujgate of X4 which lies in T.

Proof. Since v and Xs are not conjugate in G, there is an involution win CG(v) nH
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by (3.1). By (6.3) no element of H-T is conjugate to X4' Hence if w is conjugate to
X4, then w is in T, and w is the required conjugate. Assume that w is conjugate to
X3. Since wEQh for some hER, it follows from (6.3) that wETxh for some
XECG(X4). Since CGCw) is conjugate to H, the above argument yields that vETxh, and
v centralizes X4xh which lies in T.

To show the uniqueness suppose that v centralizes two distinct conjugates e and f of
X4 which lie in T. By using (4.16) and (4.17) we can easily see that CG(e) nCc(f) is
2-closed with Sylow 2-group T. This implies that v is contained in T, which is a
contradiction.

(6.11) Denote nl by t. Then <t, s>is a dihedral group of order 8 where (tS)4=1.

Proof. By (6. 5) 0) the involutions X4 and X2 are the only conjugates of X4 contained
in T which are centralized by K. Moreover x2=xi.

Let x be any element of NG(K). Then xi'; is centralized by K. Hence if x4xET,
then either X4x=X4 or X4x=X2' Assume that x4xEt;T. By (6.10) there is a unique conj
ugate v of X4 contained in T which is centralized by X4x. By uniqueness v is centralized
by K, and either V=X4 or V=X2' If V=X4, then X4x is constained in either Ts or Tsx 2,

and either X4x=X2s or X4x=X2sX2 =S. Note that (SX2)3=1. Hence if V=X2, then either
X4x=X2st or X4x=St. On the other hand, it follows from (6.3) (ii) and (6.5) (i) that
CG(X2) nCG(x4)=TK.

From the above argument it follows that the conjugation defines a permutation repre
sentation of NG(K) on six letters whose kernel is K. Suppose that S transforms X2st

into st. Then an easy computation yields that (SX2)3 transforms X2st into st, which con
tradicts (6.8). Hence s transforms X2st into X2st, and we can easily see that (tS)4EK.
Since s centralizes K and inverts (tS)4 it follows that (tS)4=1. Now the assertion is.
proved.

(6.12) The group G is the union of the following eight cosets:

B, BsU2, BtW, BstU4W, BtSU2U3, BstsT, BtstD, BststS,

where B=NG(S).

Proof. Let x be any element of G. By using (6.10) and (6.3) (ii) we consider the
possibilities for X4x. The details are in [3].

(6.13) Each of the double cosets of (6. 12) is of the form BdSd,
where dE<t, s> and Sd is a complement of snsd in S.

Proof. The proof is the same as that in [3].

(6.14) Each element of G is expressible in just one way in the form x=bdy
where bEB, dE<t, s> and yESd.

Proof. We can show that the eight double cosets of (6.12) decompose G as the union
of the double cosets with respect to B. This yields the assertion. For details see [3].
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(6.15) The group G is isomorphic to U4 (2).

Proof. Define a map from U4 (2) into G which sends

Xl (a) X2 (f3) X3 (r) X4 (0)

h(fl)

into

into

into

into

X3(a) 'X2 ((3)X3(r)X4(0)

k(fl) ,

s.

By (6. 8), (6.9), (6. 11), (6. 14) and (2. 1) - (2.6) It IS easy to see that this map is a
homomorphism of U 4 (2) onto G. Since U 4 (2) is simple, this map is an isomorphism of
U4 (2) onto G.
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