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By Robert W. Heath (1) and Charles C. Alexander (2), a space X is semidevelopable if and only
if X is first countable and semistratifiable, and by Harold W. Martin (3), the c-semistratifiable space
was introduced.

Thus the following diagram is described:

semidevelopable—— [semistratifiable—>c-semistratifiable
first countable

In this paper we will define c-semidevelopable space and c-first countable space, and then we will
be shown that the following diagram holds:

/semistratifiable —_— N
semidevelopable ———  C-SEMIDEVELOPABLE ————— > point is GO
“first countable — NC-FIRST COUNTABLE”

/c-semistratifiable

1. Definitions and characterizations.

We adopt the convention that Fis a closed set and K is a closed and compact set in this paper.
Definition 1. For a space X, g: NxX—>F isa countably open cover(COC) function provided
that xe=g(n, x) for each x&X and n, and g(n+1,x)Cg(n, x).

Definition 2. A space X is semidevelopable iff there is a sequence {71,732, **=+=<} of covers of X
such that {st(x, 7s); D=1, 2, s+ } forms a local system of neighborhood at x for each x=X,
Equivalently,
there exists a sequence {r1,72----++} of cover of X such that xEst(x,74)° for each xeX and if x&U

for some open set U then there exists n such that st(x,7.) CU.

Definition 8. A space X is semistratifiable iff there is a sequence {gn},2; of function from X into-
the collection of open sets of X such that (1) N,2g(n,x)=cl{x} for each x, and (2) if y is a point
of X and {x,),> is a sequence of points in X, with y&g(n,x,) for all n, then ({x.},2, converges
to y. (This definition is the characterized from by Geoffrey D. Creede.)

Equivalently,
F=N.,2; g(n,F) and if x&X-—F then there exists n such that xe£g(n, F),

Definition 4. A space X is first countable iffF {x} =¢ then there exists n such that FNg(n, x) =¢.
Equivalently,



if XU for some open set there exists n such that g(n,x)CU. (Or, if x.Eg(n,x) then {x.}
converges to Xx,)

Definition 5. A space X is c-semistratifiable if there is a sequence {g(n,x);xSX,n=1,2, -+cee }
of open subsets of X which satisfies the following conditions:

(1) zx=g(n,x)

(2) gln+1, x)Cg(n,x)

(3) If A is a closed compact subset of X and x&X—A, then there exists n such that xeg(n, a)
for each ac=A,

Equivalently,
K=N,2; g(n, k) and if {x} NK=¢ then there exists n such that xNg(n,K)=4¢.
Definition 6. A space X is c-semidevelopable iff there is a sequence {1, 72, ==+ } of cover of X

such that x&st(x,7x)° for each x=X and if x&U for some cocompact open set U then there exists
n such that st(x, 7.) CU,
Equivalently,
there is a sequence {r1,72, *++** } of covers of X such that x=st(x,7.)° for each x&=X and if x¢£K
then there exists n such that Kst(x, r.) =¢.

Definition 7. A space X is c-first countable iff K[ {x} =¢ then there exists n such that
KNg(n, x)=¢.
Equivalently,
if V is the complement of closed and compact set and x&V, then there exists n such that
g(n,x)CV,

Definition 8. A space X is a g-space iff x,Eg(n, x) for n=1, 2, ++-+- , then the sequence {x»} has
a cluster point.

2. The relations between the spaces in diagram.

Theorem 1. If X is a c-semidevelopable space then X is a c-first countable space.
proof. Let g(l, x) =st(x,71)°, g(2, x)=st(x, 71)° Nst(x, 72)°, **=**- , gn,x)=st(x,71)°Neeeerr (st
(%,77)°. Then g is a COC function and g(n,x)Cst(x, 7). Also, if KM {x} =¢ for any K, then
there exists n such that ¢=Kst(x,7.) DKNg(n,x). Therefore X is a c-first countable,

Theorem 2. If X is a c-semdevelopable space, then X is a c-semistratifiable space.
proof. Take a function g as theorem 1. If {x} NK=¢ for any K, then there exists n such that
{x} Nst(K,7x) =¢. Because, x=st(K, 7.); iff AycK such that xSst(y, 7a) ; iff JyeK such
that y&st(x, 7») iff KNst(x,7s)#%¢. This contradicts to the hypothesis. Hence {x} Nst(K, 7x) =¢. But
{x} Ng(n, K) {x} Nst(K, 7s) =¢. Therefore X is a c-semistratifiable.

Theorem 3. If X is a c-first countable and c-smistratifiable space, then X is a c-semidevelopable
space.
proof. Let f be a COC function such that if K®x then there exists n such that KNf(n, x) =¢. And
let g be a COC function such that if xZK then there exists n such that xe£g(n,K).
Define 1(n,x) =g(n,x) Nf(n,x) and take n={{x,y} |x=I(n,y) or yEl(n,x)}. Then st(x,7s)=
{y|x€l(n, y) or yEl(m, %)} ={y|x€l(n, )} U y|€lm, x)=1(n, x) Uy|xEl(n, y)}. Therefore



st(x,7s)° Dl(n, x) Dx, and if x£K then there exists n such that KNst(x, 7.) =4.

Theorem 4. Any point is G, set iff there exists a COC function g:N—F such that if x#£y
then there exists n such that ye&g(n, x).
proof. necessity. Let G» be a sequence of open sets such that {x} =(,%, Gn for each x. If we take
Gn=g(n,x), then N,2, gln,x) = {x} =N,2; Gn.

Sufficiency. Let Gi=g(1, %), GiNG2=g(2, x), +++++- NeNgee NGr=g(n,x), e-ee- ,then gt NxX——F
is a COC function and since (&} =[),2 Gn={),= g(n,x), there exists n such that if x7#y then
yeg(m,x).

Theorem 5. In a regular g-space, the followings are equivalent:

1) first countable

2) xa=g(n, x)==>cl {xa} C {x}

3) c-first countable

4) point is Gs
proof. 1)>2) : Clear.
2)>3) : Let xne=g(n,x) and x&U where U is 2 cocompact open set. Assume {i|x;2U} is infinite;
{xi|x;i&X—~U)} is infinite. Since X—U is a compact set, {xi|x;&=X~—U} has a cluster point z which
is different from x in X—U, This contradicts to ¢l {x»} Cx., Hence there exists n such that g(n, x) CU,
3)=>4) : Since y is a closed and compact set and y#x, there exists n such that {y} Ng(n,x)=¢.
4)>1) By D.J. Lutzer (4).

3. Examples.

Let X be R? with a topology as follows: x#0(0 is origin), {(g(n,x) =S(x, %)] nEN} is a local
base at x and U is a neighborhood of 0 iff UMl contains an open interval containing ¢, where
le=a straight line through 0 intersecting x-axis with angle & for any 6.

Then X is a c-first countable but not first countable.
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